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ABSTRACT. We use the recent theory of integer points close to a smooth curve developed by
Huxley-Sargos and Filaseta-Trifonov to get an asymptotic formula for short sums of a class of
multiplicative functions.
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1. INTRODUCTION AND NOTATION

Let £ > 2 be an integer. A positive integeris said to bek—free (resp. k—full) if, for any
primep | n, the p—adic valuationw, (n) of n satisfiesv, (n) < k (resp.v, (n) > k), and we
use the termsquarefreer squarefullwhenk = 2. We denote by, the multiplicative function
defined by

1, if nisk — free

Y

e (n) :=
0, otherwise.

Obtaining gap results fot—free (ork—full) numbers is a very famous problem in analytic
number theory (see [1] and the references). The best estimation in this direction has been
obtained by Filaseta and Trifonov {[1]) who showed that,fa@ufficiently large, any interval
of the type|z; z + cz!/#** ) log z] (c := ¢ (k) > 0) contains &—free number.

A dual problem is to get an asymptotic formula f@¢. This requires estimations for short
sums of multiplicative functions, but such results are still relatively rare in the literature (see
[2, 16]). In this paper, we are motivated by finding asymptotic results for short sums of the
following class of arithmetical functions: define( to be the set of multiplicative functiong
verifying 0 < f (n) < 1 for any positive integen. and f (p) = 1 for any prime numbep. If
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f e M, we set

P(f)::H(l—]—l)) (1+§f

) )
We prove:

Theorem 1.1.Lete > 0 andz,y > 2 be real numbers such that® <y < z. If f € M, we

have ast — +o0 :
Y. F)=yP(f)+0 (& +y'?).

r<n<r+y
Moreover, ify < z'/3, then:
Z f (n) =yP (f) +0 (x1/7+€ + x1/21+sy2/3) _
r<n<r+y
For example, using this, we get:
6y
Z pe (n) = = +0 (x1/6+€ + y1/2)
r<n<z+y

with 2% < y < 2. The proof of this theorem uses a convolution argument, and the new theory of
integer points close to a curve (seel[1,13, 4]) arises as the crucial point to estimate the difference
of integer parts.

In what follows, a, b, d, k,l,m,n,q, B, N will always denote positive integers,will be a
prime number and] is the integral part of. For any X, Y > 0, the notationX < Y means
there exista” > 0 such thatX < CY. the notationX =< Y meansX <« Y andY <« X
simultaneously.

If f, g are two arithmetical functions, the Dirichlet convolution prodfietg is defined by

(fxg)(n):=>_f(d)g(n/d).
dln

1 (n) is the Mébius functiont (n) := 3, 1 the classical divisor function, and, more generally,
Tk (n) is the arithmetical function defined by

=> L
dk|n
If © is any smooth function and i > 0 is any real number, we set
R(p,N,6) :=={n € N;2N]NZ, Im € Z, |p (n) —m| < 5}|.

Thus, if ¢ is sufficiently small,R (¢, NV, d) counts the number of integer points close to the
curvey = ¢ (x) whenN < x < 2N, and then

Rp, N0y = > (lp(n)+6]—lp(n)—d]).

N<n<2N

We will therefore use the following principléet A/ be a large real number, (n) andé (n)
two functions such thak := max, < 0 (n) satisfied) < § < 1/4. Then we have

(L.1) Sl () + 6 ()] = o (W)]) < ax R (o, N,6) log M.

n<M
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2. AUXILIARY RESULTS

We collect here the lemmas we will use to show the theorem. The first was proved by Huxley
and Sargos ir |3,/4] using divided differences and the reduction principle, and the second is due
to a remarkable work by Filaseta and Trifonov/ ([1, Theorem 7]) who used divided differences
and a very useful polynomial identity:

Lemma 2.1. Letd > 0 be a real number ang € C* (]N;2N] — R) such that there exists a
real number\, > 0 such that

™ ()] = A
for any real number € |N;2N]. Then:
(i) Ifk>2

2
R (o, N,8§) < N + NEFETD + (5/\];1)1/k

(ii) Moreover, ifk > 5 and |~V (z)| < Aw_1 = N, for any real number € |N;2N],
then:

+ 1

2 1
R (g, N,8) < NAJFT 4 No®1=2 4+ (SA7L) 7T 4 1.

Lemma 2.2. Letk > 2 be an integer and:, ¢y > 0, § > 0 be real numbersd, sufficiently
small) satisfyingV*—'§ < ¢, and N < z'/*. Then we have:

6k24+k—1

R<%7N75> <<I2k+1 —|—x6k+36N 6k+3 |

Lemma 2.3.Let f € M andz > 1 any real number. Then:

(i)
1
1 <322 and — < 82712
2 > 5
n<z n>z
n squarefull n squarefull

(i)
Z (f * ) (n)] < 42'*  and Z ’(f*nﬂ < 8,12

n<z n>z

Proof. (i) Since every squarefull numbercan be written in a unique way as= a?0?
with b squarefree, we have:

Soe X 3 renyre(f) e

n<z b<z/3 a<Vzb—
n squarefull

and the well-known inequality (¢) < o/ (o — 1) gives the first part of the result. In
the same way, let > =z be any real number. We have:

1 1 1 1 1
PO DI - I DL D DR =2 D

a
z<nsZ b<2/3 T b B<agVZb 3 Z1/3<b<ZY3 0/ 23
n squarefull
—1/2
< 2z g 3/2 5 b3
b<z1/3 b>z1/3

2
< 6212 + 7T—z_Q/?’ < 82712,
6
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(ii) We setg := f % p. The hypothesig (p) = 1 implies|g (p)| = 0 and, using multiplica-
tivity, |g (nq1)| = 0 for any positive squarefree integer > 1. Since any positive integer
n can be written in a unique way as= n;n, with n; squarefreep, squarefull and
(n1,m2) = 1, we deduce thaly (n)| # 0 if eithern = 1 orn > 1 is squarefull. The
result follows by usind:) and the fact thafy (n)| < 1 for any positive integen.

O

Lemma 2.4. Letk > 1 be an integer and > 0 be a fixed real number. Then, for any positive

integerd, we have:
2 9l/e
d) < de'k.
o) (d) (ea log 2)

Proof. We setc (¢) := 22 (eslog2) 2" . The boundr (d) < c (<) d° is well-known (se€[5]).
Since any positive integer can be represented in a unique wayas ¢gm* with ¢ a positive
k—free integer, we have

Ty (d) = 7 (m) < c(e)m® < c(e) d/*,

3. PROOF OF THE THEOREM

Lete > 0 be a fixed real numbekVe takeg := f * . again, and we have:

Y fm= Y Y g@

r<n<a+y r<n<z+y dln

- Y s ([ -1))

d<z+y

:Z+ Z 1221—1—22.

d<y  y<d<az+y

(1) Using Lemma& 23, we have:

=yP (/) +0(y"?).
(2) Writing againd = a?b® with p, (b) = 1, we have:

Dol <) g (d)] ([ﬁy] - ED

y<d<z+y
d squarefull

J. Inequal. Pure and Appl. Math3(5) Art. 70, 2002 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

SHORT SUMS 5

N

(+y)b3]  [ab®
b<<%)1/3 \/bTSQ’ZWJPf‘([ ay2 } [aQD

- ¥ >

b<(w+y) /3 wb™3<d(z+y)b~3 a?|d

VE<asy /5
< > Y. @

b<(m+y) /3 wb™3<d(z+y)b3

<c@er” ¥ (|54 [F)

b<(z+y)' /3
xr
< 2  max R(—B,B,%> ,
1<B<(e+y)/?  \D B

where we usedl.1)) , Lemm (witht = 2) and the inequalityog = < 2 (eg) " 2°/2,
Now Lemma 2.[li) with & = 3 and)\; = xB~° gives
|5,| < 2° (1:1/6 +y1/3) < pl/6+e +y1/2

sincey > x%.
(3) We suppose now that< z'/3. One can improve the former estimation by using Lemma
instead of Lemma 2.1. The hypotheai§ ' < ¢, compels us to be more careful:

> (515

b<(z+y)

- (59 = (596D

b<cy 'y ¢y ly<b<(z+y)

<<{max R(x Bi>+ max R(w Bi)}logx.

L 137 »3 _ 137 D3
B<eyly \b B g ly<B<(z+y)/s  \D B

Lemmd 2.]Lii) with k& = 6 for the first sum and Lemnja 2.2 with= 3 for the second
yield:

r+y x _
Z ({ - 1 _ [ﬁ}) < {:c 1/51/6/5+y4/5+x1/7+:z:1/21y2/3}10g:€
b<(w+y)'/?

and one easily checks that

x—1/5y6/5 +y4/5 < x1/21y2/3

if y < 2'/3. The proof of the theorem is complete.
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