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Abstract

Denoting by (r,),>1 the increasing sequence of the numbers p® with p prime

and o > 2 integer, we prove that 7,1 — 2r, +r,,_1 iS positive for infinitely many
values of n and negative also for infinitely many values of n. We prove similar
properties for r2 — r,,_17,41 and - '71 -4 ,_! as well.
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Let (r,,)n>0 be the increasing sequence of the powers of prime numpreveith
p prime anda. > 2 integer). Thus, we have = 4, r, = 8, r3 = 9, ry = 16,
etc. Properties of the sequeneeg), >, were studied inf] and [3].

Denote byp, the n-th prime number. InT], Erdés and Turan proved that
Pni1 — 2pn + pn_1 IS positive for infinitely many values of and negative also
for infinitely many values of.. Until now, no answer is known for the following
question raised by E&d and Turan: Do there exist infinitely many numbers
such that

Pr+1 — 2pn + Pn-1 = 07

Erdés and Turan also proved that each of the sequepéesp,, _1pn+1)n>2 and

< Loz 1 ) has infinitely many positive terms and infinitely many
Pn—1 Pn Pn+1 n>2

negative ones.

Denoting by(g.,).>1 the increasing sequence of the powers of prime num-
bers, the author proved ir] that the value of;, ., — 2¢, + ¢,_1 changes its
sign infinitely many times.

In the present paper, we raise similar problems for the sequenge ;. We
need a few preliminary properties, which will be proved in the next section.
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Property 2.1. We have

(2.1) lim sup(rp41 — ) = 00.

n—oo

Proof. Letm > 4. We show that, among the numbers
m!+2,m!+3,...,m!+[/m],

there is no term of the sequen@s),,>1.
Assume that there exists an integesuch that < a < [\/m] and

(2.2) m! 4+ a = p’

wherep is prime and > 2.
The relation 2.2) can also be written in the form

| ‘ .
a(ﬁ+1) = p', whences = p/ with 1 < j <.
a
It follows that
m!

— +1=p7, hence'~ is not divisible byp.
v’ P’

If e,(n) is Legendre’s function, we havg(m) = j, that is,

(2.3) i E] -

s=1
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Sincea < +/m, it follows thatp’ < /m, that is,m > p%, and then 2.3

implies that
2 2 27
. p p p
)= H i H T H
=p7 T +p7 P44+
>2%7h 420 4 424
=29 1.
Since forj > 1 we have2?’ — 1 > j, we obtained a contradiction.

Since our assumption turned out to be false, it follows that for evety 4
there exists: = k(m) such that

re <m!+1landry > m!+[vm]+1,
whencery,; — rp > [y/m], and finally

lim Sup(rn-‘rl - Tn) = 00,

and the proof ends. [
We now denoter,, = % and recall that, inf], H. Meier proved that
(2.4) liminf 2242 P 048,
n—oo  logn

In connection with this result, we prove:
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Property 2.2. We have

(2.5) lim inf a,, < 0.496.

n—oo

Proof. We consider the indices such that

Pm+1 — Pm < 0.948.
logm

Both the numberg?, andp?,,, occur in the sequende;,),>1, that is,p2, = ry,
andp?, ., = r, with k = k(m), h = h(m) andh > k + 1. In [5], it was proved
that, form > 1783, we have

(2.6) P2, > 1y > mPlog? m.

Sincep,, ~ mlogm, it follows thatr, ~ k*log®k. Butr, = p2,, hence
klogk ~ mlogm. One can show without difficulty thdt(m) ~ m. It then

follows that
VTk+1 — \/ﬁ < \/T’_— \/E _ Pm+1 — Pm

log k log k log k
Sincelog k ~ logm, we get

T — T —
liminf YA = VIR i Pt TP g oyg.
k—o00 log k m—oo ogm

Since\/r; ~ klogk and, /a1 ~ (k + 1) log(k + 1) ~ klog k, it follows that
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wherek = k(m). Consequently,

lim inf " < 0,496,
n—oo  nlog‘n
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For k& > 2 we denote
Ry = g1 — 2rp + 11,

and prove

Property 3.1. There exist infinitely many values:otuch that
R, >0,

and also infinitely many ones such that
R, <O0.

Proof. DenotingsS,, = >_,", Rx, we haveS,, = 7,11 — 1, — 2 + 1. By (2.1)
we havelim sup S, = oo, henceR,, > 0 for infinitely many values of..

m—00

Denotingo,, = >_;", kR, we have
Om = M(Tms1 — Tm) — T — T2 + 211 = m?log® m | am, — T—mz )
m?log”m

Sincer,, ~ m?log?m, we get by 2.5 thatlim inf ¢,, = —oc0, henceR,, < 0
for infinitely many values of.. O

— 241 wehave

Th—1 Tk Thy1'

Fork > 2, denotingp, =
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Property 3.2. There exist infinitely many values:okuch that

pn > 0,
and also infinitely many ones such that
pn < 0.

Proof. Fora > 3, denotingS,, («) = > k%px, we get
k=2

m*(rmt1 —rm)  m* —(m—1)%

Erd 6s-Turan Type Inequalities

Sp(a) = —
TmTm+1 T'm Laurentiu Panaitopol
m—1
k¢ —2(k—1D)*+ (k—2)«
+ ( ) ( ) +O(1).
PR Tk Title Page
We have Contents
e ~ k?log?k, % o
kY —(k—1)" ~ ak® ™,
@ «@ «@ a—2 4 4
E* =2k —1)"+ (k—2)% ~ ala — 1)k*%,
Go Back
whence
ma(rmﬂ i Tm) ma_3am Close
TmTm+1 log2m ’ Quit
m* — (m—1)* N am®? Page 9 of 12
T'm logZm’
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Since

m—1 ka—4 (Oé _ 3)ma—3
2 2
T log"m log®m
it follows that
ma—3
Si(a) ~ —5— (= am —a+ala —1)(a - 3)).
log®m
Then lim S/, (3.1) = —oo, and thus there exist infinitely many valuesrof

m—00

such thap,, < 0.
On the other hand, we have b¥.9) thatlim sup S/ (4) = oo, which shows

m—0o0

that there exist infinitely many values ofsuch thap,, > 0. O

A consequence of Properti@sl and3.2is the following.
Property 3.3. There exist infinitely many values:o&uch that

2
Tn—1"p+1 > T
and also infinitely many ones such that
2
Tn—1Tn+1 < Ty

Proof. If r,, > "=t thenr, > \/r,_impq1. On the other hand, & >

L1+ 1 then
1 1
T < 2 + < A/Tn-1Tn+1,
Tn—1 Tn—l—l

Tn—1 Tn41’
and then the desired conclusion follows by Propeiiésand3.2 H
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Open problem. Do there exist infinitely many values efsuch that

Tna1 — 2T + 71 = 07
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