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Abstract

In this paper, we consider variational inequality problem over the product of sets
which is equivalent to the problem of system of variational inequalities. These
two problems are studied for single valued maps as well as for multivalued
maps. New concept of pseudomonotonicity in the sense of Brézis is introduced
to prove the existence of a solution of our problems. As an application of our
results, the existence of a coincidence point of two families of operators is also
established.
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1. Introduction
It is mentioned by J.P. Aubin in his book [3] that the Nash equilibrium problem
[12, 13] for differentiable functions can be formulated in the form of a vari-
ational inequality problem over product of sets (for short, VIPPS). Not only
the Nash equilibrium problem but also various equilibrium-type problems, like,
traffic equilibrium, spatial equilibrium, and general equilibrium programming
problems, from operations research, economics, game theory, mathematical
physics and other areas, can also be uniformly modelled as a (VIPPS), see for
example [8, 11, 14] and the references therein. Pang [14] decomposed the orig-
inal variational inequality problem defined on the product of sets into a system
of variational inequalities (for short, SVI), which is easy to solve, to establish
some solution methods for (VIPPS). Later, it was found that these two problems,
(VIPPS) and (SVI), are equivalent. In the recent past (VIPPS) or (SVI) has been
considered and studied by many authors, see for example [1, 7, 8, 9, 10, 11] and
references therein. Konnov [9] extended the concept of (pseudo) monotonicity
and established the existence results for a solution of (VIPPS). Recently, Ansari
and Yao [2] introduced the system of generalized implicit variational inequali-
ties and proved the existence of its solution. They derived the existence results
for a solution of system of generalized variational inequalities and used their
results as tools to establish the existence of a solution of system of optimization
problems, which include the Nash equilibrium problem as a special case, for
nondifferentiable functions.

In this paper, we study (VIPPS) or (SVI) without using arguments from gen-
eralized monotonicity as considered in [9]. For this, we introduce the concept
of relatively B-pseudomonotonicity which extends in a natural way the well-
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known pseudomonotonicity in the sense of Brézis [4] (see also [5]). By using
a fixed point theorem of Chowdhury and Tan [6], we establish the existence re-
sults for a solution of (VIPPS) or (SVI) under relatively B-pseudomonotonicity.
As an application of our results, we prove the existence of a coincidence point
for two families of nonlinear operators.

We also consider the generalized variational inequality problem over product
of sets (for short, GVIPPS) and system of generalized variational inequalities
(for short, SGVI). We adopt the technique of Yang and Yao [16] to establish the
existence of a solution of (GVIPPS) or (SGVI) by using the existence results
for a solution of (VIPPS) or (SVIP).
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2. Formulations and Preliminaries
Let I be a finite index set, that is,I = {1, 2, . . . , n}. For eachi ∈ I, let Xi be
a topological vector space with its dualX∗

i , Ki a nonempty and convex subset
of Xi, K =

∏
i∈I Ki, X =

∏
i∈I Xi, andX∗ =

∏
i∈I X∗

i . We denote by〈·, ·〉
the pairing betweenX∗

i andXi. For eachi ∈ I, whenXi is a normed space,
its norm is denoted by‖·‖i and the product norm onX will be denoted by‖·‖.
For eachx ∈ X, we writex = (xi)i∈I , wherexi ∈ Xi, that is, for eachx ∈ X,
xi ∈ Xi denotes theith component ofx. For eachi ∈ I, let fi : K → X∗

i be a
nonlinear map. We consider the followingvariational inequality problem over
product of sets(for short, VIPPS): Find̄x ∈ K such that

(2.1)
∑
i∈I

〈fi(x̄), yi − x̄i〉 ≥ 0, for all yi ∈ Ki, i ∈ I.

Of course, if we define the mappingf : K → X∗ by

(2.2) f(x) =
(
fi(x)

)
i∈I

,

then (VIPPS) can be equivalently re-written as the usual variational inequality
problem of findingx̄ ∈ K such that

〈f(x̄), y − x̄〉 ≥ 0, for all y ∈ K.

Very recently, Konnov [9] proved some existence results for a solution of
(VIPPS) under relatively pseudomonotonicity or strongly relative pseudomono-
tonicity assumptions in the setting of Banach spaces.

We also consider the following problem ofsystem of variational inequalities
which has been studied by many authors because of its applications in various
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equilibrium-type problems from operations research, economics, game theory,
mathematical physics and other areas, see for example, [1, 8, 10, 11, 14] and
references therein:

(SVIP) Find x̄ ∈ X such that for eachi ∈ I, 〈fi(x̄), yi − x̄i〉 ≥ 0,

for all yi ∈ Ki.

It is easy to see that these two problems, (VIPPS) and (SVIP), are equivalent.
Indeed, that (SVIP) implies (VIPPS) is obvious. The reverse implication holds
if we let yj = x̄j for all j 6= i.

For eachi ∈ I, whenfi and f are multivalued maps, then (VIPPS) and
(SVIP) are calledgeneralized variational inequality problem over product sets
andsystem of generalized variational inequalities, respectively. More precisely,
for eachi ∈ I, let Fi : K → 2X∗

i be a multivalued map with nonempty values
so that if we set

(2.3) F = (Fi : i ∈ I),

thenF : K → 2X∗
is a multivalued map with nonempty values. We shall also

consider the following problems:

(GVIPPS) Find̄x ∈ K andū ∈ F (x̄) such that
∑
i∈I

〈ūi, yi − x̄i〉 ≥ 0,

for all yi ∈ Ki, i ∈ I,

whereui is theith component ofu.

(SGVIP) Findx̄ ∈ K and ū ∈ F (x̄) such that 〈ūi, yi − x̄i〉 ≥ 0,

for all yi ∈ Ki, i ∈ I,
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whereui is theith component ofu. As in the single valued case, it is easy to
see that (GVIPPS) and (SGVIP) are equivalent.

In [2], Ansari and Yao used (SGVIP) as a tool to prove the existence of a
solution of Nash equilibrium problem for nondifferentiable functions.

For every nonempty setA, we denote by2A (respectively,F(A)) the family
of all subsets (respectively, finite subsets) ofA. If A is a nonempty subset of a
vector space, thencoA denotes the convex hull ofA.

The following result of Chowdhury and Tan [6] will be used to establish the
main result of this paper.

Theorem 2.1. Let K be a nonempty and convex subset of a topological vector
space (not necessarily Hausdorff)X and T : K → 2K a multivalued map.
Assume that the following conditions hold:

(i) For all x ∈ K, T (x) is convex.

(ii) For eachA ∈ F(K) and for ally ∈ coA, T−1(y) ∩ coA is open incoA.

(iii) For eachA ∈ F(K) and all x, y ∈ coA and every net{xα}α∈Γ in K
converging tox such thatty + (1− t)x /∈ T (xα) for all α ∈ Γ and for all
t ∈ [0, 1], we havey /∈ T (x).

(iv) There exist a nonempty, closed and compact subsetD of K and an element
ỹ ∈ D such that̃y ∈ T (x) for all x ∈ K \D.

(v) For all x ∈ D, T (x) is nonempty.

Then there existŝx ∈ K such that̂x ∈ T (x̂).
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3. Existence Results for (VIPPS) and (SVIP)
Definition 3.1. The mapf : K → X∗, defined by (2.2), is said to be relatively
B-pseudomonotone (respectively,relatively demimonotone) if for eachx ∈ K
and every net{xα}α∈Γ in K converging tox (respectively, weakly tox) with

lim infα

[∑
i∈I

〈fi(x
α), xi − xα

i 〉

]
≥ 0

we have

∑
i∈I

〈fi(x), yi − xi〉 ≥ lim supα

[∑
i∈I

〈fi(x
α), yi − xα

i 〉

]
for all y ∈ K.

Of course, ifI is a singleton set, then the above definition reduces to the
definition of a pseudomonotone map, introduced by Brézis [4] (see also [5] and
[3, p. 410]).

Now we are ready to establish the main result of this paper on the existence
of a solution of (VIPPS) under relatively B-pseudomonotonicity assumption.

Theorem 3.1. For eachi ∈ I, let Ki be a nonempty and convex subset of a
real topological vector space (not necessarily, Hausdorff)Xi. Let f , defined
by (2.2), be relatively B-pseudomonotone such that for eachA ∈ F(K), x 7→∑

i∈I〈fi(x), yi − xi〉 is upper semicontinuous oncoA. Assume that there exists
a nonempty, closed and compact subsetD of K and an element̃y ∈ D such
that for all x ∈ K \D,

∑
i∈I〈fi(x), ỹi − xi〉 < 0. Then (VIPPS) has a solution.
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Proof. For eachx ∈ K, define a multivalued mapT : K → 2K by

T (x) =

{
y ∈ K :

∑
i∈I

〈fi(x), yi − xi〉 < 0

}
.

Then for allx ∈ K, T (x) is convex. LetA ∈ F(K), then for ally ∈ coA,

[T−1(y)]c ∩ coA =

{
x ∈ coA :

∑
i∈I

〈fi(x), yi − xi〉 ≥ 0

}
is closed incoA by upper semicontinuity of the mapx 7→

∑
i∈I〈fi(x), yi − xi〉

on coA. HenceT−1(y) ∩ coA is open incoA.
Suppose thatx, y ∈ coA and{xα}α∈Γ is a net inK converging tox such that∑

i∈I

〈fi(x
α), (tyi + (1− t)xi)− xα

i 〉 ≥ 0, for all α ∈ Γ and all t ∈ [0, 1].

For t = 0, we have∑
i∈I

〈fi(x
α), xi − xα

i 〉 ≥ 0, for all α ∈ Γ,

and therefore

lim infα

[∑
i∈I

〈fi(x
α), xi − xα

i 〉

]
≥ 0.

By the relatively B-pseudomonotonicity off , we have

(3.1)
∑
i∈I

〈fi(x), yi − xi〉 ≥ lim supα

[∑
i∈I

〈fi(x
α), yi − xα

i 〉

]
.
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For t = 1, we have∑
i∈I

〈fi(x
α), yi − xα

i 〉 ≥ 0, for all α ∈ Γ,

and therefore,

(3.2) lim infα∈Γ

[∑
i∈I

〈fi(x
α), yi − xα

i 〉

]
≥ 0.

From (3.1) and (3.2), we obtain∑
i∈I

〈fi(x), yi − xi〉 ≥ 0,

and thusy /∈ T (x).
Assume that for allx ∈ D, T (x) is nonempty. Then all the conditions of

Theorem2.1 are satisfied. Hence there existsx̂ ∈ K such that̂x ∈ T (x̂), that
is,

0 =
∑
i∈I

〈fi(x̂), x̂i − x̂i〉 < 0,

a contradiction. Thus there existsx̄ ∈ K such thatT (x̄) = ∅, that is,∑
i∈I

〈fi(x̄), yi − x̄i〉 ≥ 0, for all yi ∈ Ki i ∈ I.

Hencex̄ is a solution of (VIPPS).
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Corollary 3.2. For eachi ∈ I, let Ki be a nonempty, closed and convex subset
of a real reflexive Banach spaceXi. Letf , defined by (2.2), be relatively demi-
monotone such that for eachA ∈ F(K), x 7→

∑
i∈I〈fi(x), yi − xi〉 is upper

semicontinuous oncoA. Assume that there existsỹ ∈ K such that

(3.3) lim
||x||→∞, x∈K

∑
i∈I

〈fi(x), ỹi − xi〉 < 0.

Then (VIPPS) has a solution.

Proof. Let α = lim||x||→∞, x∈K

∑
i∈I〈fi(x), ỹi−xi〉 < 0. Then by (3.3), α < 0.

Let r > 0 be such that||ỹ|| ≤ r and
∑

i∈I〈fi(x), ỹi − xi〉 < α
2

for all x ∈ K
with ||x|| > r. For eachi ∈ I, let Kr

i = {xi ∈ Ki : ||xi||i ≤ r}, and we
denote byKr =

∏
i∈I Kr

i . ThenKr is a nonempty and weakly compact subset
of K. Note that for anyx ∈ K \ Kr,

∑
i∈I〈fi(x), ỹi − xi〉 < α

2
< 0, and the

conclusion follows from Theorem3.1.

As an application of Corollary3.2, we establish the existence of a coinci-
dence point for two families of nonlinear operators.

Corollary 3.3. For eachi ∈ I, letXi be a real reflexive Banach space. Letf, g :
X → X∗

i be defined asf(x) = (fi(x))i∈I andg(x) = (gi(x))i∈I , respectively,
for all x ∈ X, where for eachi ∈ I, gi : X → X∗

i is a nonlinear operator.
Assume that(f − g) is relatively demimonotone and for eachA ∈ F(X), x 7→∑

i∈I〈fi(x), yi − xi〉 is upper semicontinuous oncoA. Further, assume that
there exists̃y ∈ X such that

lim
||x||→∞, x∈X

∑
i∈I

〈(fi − gi)(x), ỹi − xi〉 < 0.
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Then there exists̄x ∈ X such thatfi(x̄) = gi(x̄) for eachi ∈ I.

Proof. From the Corollary3.2, there exists̄x ∈ X such that for eachi ∈ I,

〈fi(x̄), yi − x̄i〉 ≥ 〈gi(x̄), yi − x̄i〉, for all yi ∈ Xi.

Therefore we have,fi(x̄) = gi(x̄) for eachi ∈ I.

Finally, we give another application of Corollary3.2in the setting of Hilbert
spaces.

Corollary 3.4. For eachi ∈ I, let (Xi, 〈·, ·〉) be a real Hilbert space andKi a
nonempty, closed and convex subset ofXi. Letf , defined by (2.2), be relatively
demimonotone such that for eachA ∈ F(K), x 7→

∑
i∈I〈fi(x), yi − xi〉 is

lower semicontinuous oncoA. Assume that there existsỹ ∈ K such that

lim
||x||→∞, x∈K

∑
i∈I

〈xi − fi(x), ỹi − xi〉 < 0.

Then there exists̄x ∈ K such that for eachi ∈ I, fi(x̄) = x̄i.

Proof. For eachi ∈ I, define a nonlinear operatorSi : K → Xi by Si(x) =
xi − fi(x) for all x ∈ K. Then obviously, for eachi ∈ I, Si satisfies all the
conditions of Corollary3.2. Hence there exists̄x ∈ K such that for eachi ∈ I,
〈Si(x̄), yi − x̄i〉 ≥ 0 for all yi ∈ Ki. For eachi ∈ I, let yi = fi(x̄), we have
||x̄i − fi(x̄)|| ≤ 0. Therefore, for eachi ∈ I, fi(x̄) = x̄i.
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4. Existence Results for (GVIPPS) and (SGVIP)
In this section, we adopt the technique of Yang and Yao [16] to derive the ex-
istence results for a solution of (GVIPPS) and (SGVIP) by using the results of
Section3.

Definition 4.1. The multivalued mapF : K → 2X∗
, defined by (2.3), is said to

be relatively B-pseudomonotone (respectively, relatively demimonotone) if for
eachx ∈ K and every net{xα}α∈Γ in K converging tox (respectively, weakly
to x) with

lim infα

[∑
i∈I

〈uα
i , xi − xα

i 〉

]
≥ 0, for all uα

i ∈ Fi(x
α)

we have, for allui ∈ Fi(x)

∑
i∈I

〈ui, yi−xi〉 ≥ lim supα

[∑
i∈I

〈uα
i , yi − xα

i 〉

]
for all uα

i ∈ Fi(x
α) andy ∈ K.

Definition 4.2. Let Z be topological vector space andU a subset ofZ. Let
G : U → 2Z∗

be a multivalued map andg : U → Z∗ a single valued map.g
is called a selection ofG onU if g(x) ∈ G(x) for all x ∈ U . Furthermore, the
functiong is called a continuous selection ofG on U if it is continuous onU
and a selection ofG onU .

For further details on continuous selections of multivalued maps, we refer to
[15].
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It follows from (2.2) and (2.3) that if f : K → X∗, defined by (2.2), is a
selection ofF : K → 2X∗

, defined by (2.3), then for eachi ∈ I, fi : K → X∗
i

is a selection ofFi : K → 2X∗
i onK.

Lemma 4.1. If f : K → X∗, defined by (2.2), is a selection ofF : K → 2X∗
,

defined by (2.3), onK, then every solution of (VIPPS) is a solution of (GVIPPS).

Proof. Assume that̄x ∈ K is a solution of (VIPPS). Then∑
i∈I

〈fi(x̄), yi − x̄i〉 ≥ 0, for all yi ∈ Ki, i ∈ I.

Let ūi = fi(x̄), so that̄u = f(x̄). Sincef is a selection ofF , we havēu ∈ F (x̄)
such that ∑

i∈I

〈ūi, yi − x̄i〉 ≥ 0, for all yi ∈ Ki, i ∈ I.

Hence(x̄, ū) is a solution of (GVIPPS).

Lemma 4.2. Let f : K → X∗, defined by (2.2), be a selection of a mul-
tivalued mapF : K → 2X∗

, defined by (2.3), on K. If F is relatively B-
pseudomonotone (respectively, relatively demimonotone), thenf is also rela-
tively B-pseudomonotone (respectively, relatively demimonotone).

Proof. Let ui = fi(x) anduα
i = fi(x

α) for all x ∈ K, so thatu = f(x) and
uα = f(xα). Then the result follows from the definitions.

In the remaining part of the paper, we shall assume that the pairing〈·, ·〉 is
continuous.
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Theorem 4.3.For eachi ∈ I, letKi be a nonempty and convex subset of a real
topological vector space (not necessarily, Hausdorff)Xi. Assume that

(i) F : K → 2X∗
, defined by (2.3), is a relatively B-pseudomonotone multi-

valued map;

(ii) there exists a continuous selectionf : K → X∗, defined by (2.2), of F on
K;

(iii) there exist a nonempty, closed and compact subsetD of K and an element
ỹ ∈ D such that for allx ∈ K \D,

∑
i∈I〈fi(x), ỹi − xi〉 < 0.

Then (GVIPPS) has a solution.

Proof. From condition (ii), there exists a continuous functionsf : K → X∗

such thatf(x) ∈ F (x), for all x ∈ K. Since the pairing〈·, ·〉 is continuous,
we have the mapx 7→

∑
i∈I〈fi(x), yi − xi〉 is continuous onK. By Lemma

4.2, f is relatively B-pseudomonotone. Therefore by Theorem3.1, there exists
a solutionx̄ ∈ K of (VIPPS). For eachi ∈ I, let ūi = fi(x̄) ∈ Fi(x̄). Then by
Lemma4.1, (x̄, ū) is a solution of (GVIPPS).

Corollary 4.4. For eachi ∈ I, let Ki be a nonempty and convex subset of a
real reflexive Banach spaceXi. Assume that

(i) F : K → 2X∗
, defined by (2.3), is a relatively demimonotone multivalued

map;

(ii) there exists a continuous selectionf : K → X∗, defined by (2.2), of F on
K;
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(iii) there exists̃y ∈ K such that

lim
||x||→∞, x∈K

∑
i∈I

〈fi(x), ỹi − xi〉 < 0.

Then (GVIPPS) has a solution.

Proof. It follows by using the argument of Theorem4.3and Corollary3.2.
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