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Abstract

In this paper we give conditions which assure the coercive solvability of an
abstract differential equation of elliptic type with an operator in the boundary
conditions, and the completeness of generalized eigenfunctions. We apply the
abstract result to show that a non regular boundary value problem for a second
order partial differential equation of an elliptic type in a cylindrical domain is
coercive solvable.
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Many works are devoted to the study of hyperbolic or parabolic abstract equa-
tions [L6, 18, 9]. In [16, 2(] regular boundary value problems for elliptic ab-
stract equations are considered. A few works are concerned with non regular
problems.

In this paper we establish conditions guaranteeing that non local boundary
value problem for elliptic abstract differential equation of the second order in an
interval is coercive solvable in the Hilbert spakg(0, 1; H). A coercive esti-
mates, when the problem is regular, was proved jiz]. The considered prob-
lem is not regular, since the boundary conditions are non local, similar problems

have been considered i, [5, 7, 27]. Moreover, we prove the completeness of
root functions. The completeness of root functions for regular boundary value
problems are proved in[6, 10, 14] and in the book 7).

The obtained results are then applied to study a non local boundary value
problem for the Laplace equation in a cylinder.
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Let H be a Hilbert space4 a linear closed operator i andD(A) its domain.
We denote byl (H) the space of bounded linear operators actingfmwith
the usual operator norm, and (0, 1; H) the space of strongly measurable
functionsz — u(z) : [0,1] — H, whosep! —power are summable, with the
norm

1
P p _ p 1 .
HUHOW ”uHLp(O,l;H) /0 ”u(x)HH dz < oo, p € [1,00] Coerciveness Inequality for

Nonlocal Boundary value

Now, introduce the., (0, 1; H) vector-valued Sobolev spacl§’(0,1; Hy, H), Zg)s?r'sgSEfﬁ;fceB?f'f‘grg:ﬁaelf
whereH,, H are Hilbert spaces such thAt C H with continuous embedding Equations
WZ2(0,1; Hy, H) = {u: u" € L,(0,1; H) andu € L,(0,1; Hy)} Aissa Aibeche
and Title P
- itle Page
HUng(o,l;Hl,H) = Hu”Lp(O,l;Hl) + HUHHLP(OJ;H) < 0. c
: : - . tent
Let Fy, F; be two Banach spaces, which are continuously injected in the Ba- onten's
nach spacé’, the pair{ E,, E, } is said to be an interpolation couple. Consider <4 44
the Banach space
< 4
Eyv+E ={u:uwekE, Ju; € E;, j=0,1, withu = ug+ u; }, Go Back
el gy 1, = u:uojil}lf;ujeEj (HUOHEO + ||u1||E1) ; Close
and the functional Quit
: Page 4 of 29
Ktu) = inf  (lluollg, +wllg)- il

U=ug+u1;u; EE]
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The interpolation space for the coudl&,, £} is defined, by thex-method,
as follows

(Eo, Er)g,, = {U tu € Eg+ By, ully, = </ t_l_apr(t,u)dt) "< OO} ,
0

0<f<1,1<p< 0.

(Eo, Er)y o = {u cu € By + By, |lully,, = sup tPK(t,u)dt < oo} :
' ' te(0,00)

0 < 6 < 1. Let A be a closed operator ii. H(A) is the domain ofA provided
with the Hilbertian graph norm

lullzray = 1Aul® + fJull* ,u € D(A).
If —A is the infinitesimal generator of the semigrotyp(—zA) which is ana-

lytic for x > 0, decreasing at infinity and strongly continuous for 0, then
the following holds 1.9, p. 96]:

(H,H(A"),, = {u cue H, |ulfy, < oo} ,

where -
lul, = / £ A" exp(— AVl d + [l

0<f#<1,neN,1<p<ocand|ul,, its norm.
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Let H andH, be Hilbert spaces such that the imbeddihgC H is continu-
ousand{, = H.Then(H, H,),, , is a Hilbert space, we denote it bi7, H,), .
It is known that(H, H;), = H(S?), whereS is a self-adjoint positive-definite

operator inH [17].
+oo
Let Ff(o) = (2m)2 | exp(iox)f(x)dx be the Fourier transform of the

—00

function f.

Lemma 2.1.[22, p. 300] LetA be a self adjoint and positive definite operator Coerciveness Inequality for

in H. Then Nonlocal Boundary value
Problems for Second Order

1. 3w >0, HAO‘ exp [—x (A+ )\[)%] p [—wx ])\\%] for all o € R, Abstract Egﬂiﬁﬁgeremm

x >xo >0, larg \| < p < 7, whereC does not depend onand \.

Aissa Aibeche

2 [Fetarani]u] < ([at et
fo “exp |~z (A+ + 1A HuH Title Page
forall @ > 1 Jarg\| < ¢ < m,andu € D (Aa > , WwhereC' does not Contents
depend onu and A <« 33
3 [Ar(A+AD | <+ AT forall 0 < a < 6 farg Al < ¢ < < >
7, whereC' does not depend oh Go Back
Close
Quit
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Consider in the Hilbert spacH the boundary value problem for the second
order abstract differential equation

3.1 LMDu = —u"(z)+ Au(z)+ A(z)u(z) = f(z) x€(0,1),

L1U = 5U(0> = f17
(3.2)
Lou = /(1) + Bu(0) = fo,

A, A(z), B are linear operators ardds a complex number.
Looking to the principal part of the problefd.1), (3.2) with a parameter

(3.3) L(D)ju = —u"(x)+(A+X)u(z) = 0 z€(0,1),

L1U = (5U(0) = fl,
(3.4)
Theorem 3.1. Assume that the following conditions are satisfied
1. Ais a self-adjoint and positive-definite operator/h

2.5 0.
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3. Bis continuous fron (A'/2) in H(A) and fromH in H(A'Y?).

Then the problen3.3), (3.4) for f, € (H,H(A))%, fo€e(H,H(A)), and
4
for A such thatjarg \| < ¢ < 7, |[\| — o0, has a unique solution in the
spacelV#(0,1; H(A), H), and for the solution of the problefis.3), (3.4) the
following coercive estimate holds
3.5) Nl 0,05 + NAUN L0100y T A Ul y0,150)

<co([atn] + A,

+(Aif2

Il
whereC does not depend ok

Proof. The solutionu, belonging tolW3(0, 1; H(A), H), of the equatiorn(3.3)
is in the form

(3.6) u(x) = e gy 4 e~ (1-AT g,
with Ay = A+ Al andg,, g» € (H,H(A))%.
Indeed, lety € W}(0,1; H(A), H) be a solution of 3.3). Then we have
<D — Af) (D + Af) u(z) = 0.
Note by
v(@) = (D + A7) ule).
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From [22, p. 168]v € W(0,1; H(Az), H) and

(3.7) (p- Aé) v(z) = 0.
So
(3.8) v(x) = e’(l’x)A%v(l),

Coerciveness Inequality for
Nonlocal Boundary value
Problems for Second Order
Abstract Elliptic Differential

2 2 Equations
From (37) , (38) we have Aissa Aibeche
u(w) = e Ru0) + [ e IR 1)y Tite Page
0
1 1 _1 3 5 1 Contents
= e " Mu(0) + ZA, 2 {e(l""")AA — e e } v(1),
2
<4< 44
whereu(0) € (H(A), H). [19, p. 44]. Now, < 4
1 1 Go Back
A3 (H, H(A))y — (H,H(A)y = (H, H(A3))
4 4 3 Close
is an isomorphism. Consequently the last inequality is in the form. Quit
Let us show the reverse, i.e. the functionn the form (3.6) with ¢g; and Page 9 of 29

ge in (H, H(A))%, belongs toW3(0,1; H(A), H). From interpolation spaces
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properties seell], [19, p. 96] and the expressign.6) of the functionu we
have

||UHW22(0,1;H(A),H)

< (|44 +1)

A

<c (Hgluw,H(AA)

D=

1
Are™ ™ gy Aye 0" s 9o

2
da:)

+ HQQH (H,H(A)))3

1
2 2
Coerciveness Inequality for

Nonlocal Boundary value
Problems for Second Order

)3
4 Abstract Elliptic Differential

u>

Equations
(3.9) <C(N) (Hng(H,H(A))% + H92H(H,H(A))%) : Aissa Aibeche
The functionu satisfies the boundary conditiofts4) if _
Title Page
1
Sgy + e AZ % - f, Contents
L <4< (4 2
—Aje” Agl+Bgl+A g2 + Be™ Agz = f2 < >
which we can write in matrix form as: Go Back
51 0 A3 Close
0 de A g1 i
(3.10) |t ) A . = . Quit
B A3 —AZe=M Be 92 f2 Page 10 of 29
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The first matrix of operators is invertible, its inverse is
11 0
(3.11) o L
—A2B A,°?
Multiplying the two members of3.10) by the matrix invers¢3.11), we get the
following system:

1
Gte Mg = %fl

) _1 _1
G_Afgl +92 = —%A)\ *Bfi+ A% f
we can solve it by Cramer’s method, because the coefficients of the linear sys-
1
tem are bounded linear operators. The determinant is givénthy 24X which

1

is invertible as a little perturbation of unity, in fahue—“f <g<l1l

Hence the solution is written as
g1 = %f1 + Rii(A) fi + Riz(A) fo,

g2 = =3 (L +TN) AZBfi + (I +T(V) A2 fo+ R (M) fi,
whereR;;(\) are given by

(3.12)

( 1 1 %
Ru(\) = (I +TW\)e X +1 (I+T(\)A, e B,
Rin(\) = —(I+T(\) A 2e S,

| Bu(d) = § T+TM)e™,
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and satisfy||R;;(\)|| — 0 when|\| — oo. (I +T()\)) is the inverse off +
1

e~24% obtained from the corresponding Neumann series.
Finally the solutionu is given by

u(r) = o4} (%fl + Ru(M)fi+ 312()\)f2>

3 1 1
-+ 67(1733)14)‘ (—g (I + T()\)) A)\ 2 Bf1

F+TO) AL fo+ Ru(Vfi))

From the assumptions of Theor&i and the properties of interpolation spaces,
the following applications are continuous,

(I+TO)APB: (H,H(A)s +— (H H(A))s ,

3
1

W

(I+TO)A?: (H H(A)s — (H,H(A))

e

1
1

Then we have the estimates

1+T(N) A B <C
|arronacsa|,, o <Ol

N
eo

and )
I+T(\) A" H <C .
|+ 437 iy < C 1l
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Setu(z) = uy(x) + ua(x) + uz(z), where
1 42
u(z) = 5¢ AN f1,

() = —5e 0= (14700 A2 B

us(z) = e_(l_z)A% ((I +T(N) A;%j}) :

Then Coerciveness Inequality for
Nonlocal Boundary value
Problems for Second Order

1 1 1 T SEL -
||u1||W22(0,1;H(A)7H) = 7 HA)\B_JCAA2 fl -+ T Ae_iUAf fl Abstract EEIICI‘;lJJt;l(t:iCE)r:foerennal
| | L2(0,1;H) | | L2(0,1;H)
Aissa Aibeche
However, from Lemma&.1, we have
i Title Page
Jae=in) <c(ata], Wil ’
L2(0,1;H) H Contents
Similarly we obtain bounds faz, andus. O <44 >»
| 4
Go Back
Consider, now, the principal problem for the non homogeneous equation with a Close
parameter Quit
(3.13) Lo\, D)u = —u"(z)+ Ayu(z) = f(x) z€(0,1), Page 13 of 29
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Llou = 5U(O> = fl,
(3.14)
L20u = 'Lbl(l) -+ BU(O) = fg.

We have the result.

Theorem 3.2. Suppose the following conditions satisfied

1. Ais a self-adjoint and positive-definite operator/h Coerciveness Inequality for
Nonlocal Boundary value

Problems for Second Order

2. Bis continuous fromi (A'/?) in H(A) and fromH in H(A'Y?). Abstract Elliptic Differential
Equations
3.0#0.
Aissa Aibeche
Then the problen3.13), (3.14), for f, fy and fyin Ls(0,1; H), (H, H(A))%
and (H, H(A)), respectively, and foi such thatjarg \| < ¢ < 7, |A\] — Title Page
4
oo, has a unique solution belonging to the spa&g (0, 1; H(A), H), for p € Contents
(1, 00), and the following coercive estimate holds
44 44
(3.15) ||UN||L2(0,1;H) + ”AU||L2(0,1;H) + [Al ||u||L2(0,1;H) 4 >
< C (I llyonin + A7), Go Back
3 1 1 Close
Al +[|AYA]| - E IR
H Quit
whereC' does not depend ok Page 14 of 29
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Proof. In Theorem3.1, we proved the uniqueness. Let us now show that the
solution of the problent3.13), (3.14) belonging tolV>(0, 1; H(A), H) can be
written in the formu(z) = () + ua(x), ui(z) is the restriction tdo, 1] of
uy(z), wherewu, (x) is the solution of the equation

(3.16) Lo(\, D)iis(z) = f(z),

r € R,

with f(z) = f(x) if x € [0,1] and f(z) = 0 otherwise.us(z) is the solution of
the problem

(3.17) Lo(A\, D)ug = 0, Ligug = f1 — Liour, Laous = fo — Lagus.
The solution of the equatiofs.16) is given by the formula

~

(3.18) (z) = J% /R e Lo(N, i)~ (1) dp

wheref is the Fourier transform of the functigf{z), Lo (), s) is the character-
istic pencil of the equatiof3.16) i.e. Ly(\, s) = —s* + A+ Al
From (3.18) and Plancherel equality it follows that:

RY ||U1||L2(0,1;H) + HUII,HLQ(O,I;H) + ||Au1||L2(O,1;H)
< \A@ pyerrcayy + 18N ey + TAG oy

<A F Lo i) F T

Lo(R;H)
|| F 2 Lo i) F T ()|

n HFAALO(A,W)*FJ?(M)‘

La(R;H)
(3.19)

Lay(R:H)
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whereF is the Fourier transform.

From condition(1) of Theorem3.2, for |arg A\| < ¢ < 7w and|\| sufficiently

large, we have

(3.20) [ Lo i) 7| = [[(A+ AT+ p2D)7|
SCOA+ N+ p2) < Clul™

(3.21) |ALo(X,ip) 7| = JA(A+ M+ D)7 < C

(3.22) A Lo i) 7H| = IA | (A4 AL+ p20) 7|
<CA A+ A +p?) Tt <C

Then it follows that

Al H“1HL2(0,1;H) + HU,1IHL2(0,1;H) + HAU1HL2(0,1;H) <C HfHLQ(O,l;H) :
Sinceu; € W$(0,1; H(A), H) and from [L9, p. 44] we have

uy(0) € (H(A), H)s = (H, H(A))1,

N,

u1(0) € (H, H(A))s.
ThereforeL,gu, € (H, H(A))s andLyu, € (H, H(A))1.

1
1
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From TheorenmB3.1, the problem(3.17) , when|argA\| < ¢ < 7, [A| —
oo, has a solution,(x) which is inW}(0, 1; H(A), H). Now, we have to find
bounds for the following terms

], = Jatnca,,

3 3
A [ Lioun ||y = [A[* [lua (0)] 5
HA%L20U1‘

<], oo,

and
1 1 1
IAI* [ Laoua || < IA[* ([ (D)l + [A* [[Bua (0)]] -

For example, we have

3
A 0) Ly < € (e hwgeostrcann + A Tt o))

Similarly, we get the other bounds and by the same way the coerciveness esti-

mate. [
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Consider, now, the general problem with a parameter

(4.1) Lo(\, D)u = u(z)—u" () +Au(z)+A(z)u(z) = f(z) z € (0,1),

Llou = (5U(O) == fl,
4.2)

Lgou = u’(1)+Bu(O) = fg.
We have the result.

Theorem 4.1. Suppose the following conditions satisfied

1. Ais a self-adjoint and positive-definite operatorin

2. The imbedding?(A) C H is compact.

3. Bis continuous fromif (A'/2) in H(A) and fromH in H(AY?).
4.5 0.

5. MAC)ull y0,15m) < €llAull 0,1,y + C(€) lell 0,150 -

Then the problenf4.1), (4.2), for f, f1 and fy in Ly(0,1; H), (H,H(A))%
and (H, H(A)), respectively, and foi such thatlarg \| < ¢ < 7, |\ —

1
4
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00, has a unique solution belonging to the spewg(o, 1;H(A),H), forp €
(1, 00), and the following coercive estimate holds

(4.3) Hu//HLg(O,l;H) + HAUHLQ(OJ;H) + Al HUHLQ(OJ;H)
3
< C (I lyom + | 430,

3 1
N fill + || A%

LRI
whereC' does not depend an f, fi, fo and .

Proof. Let « be a solution of(4.1), (4.2) belonging toW3(0,1; H(A), H).
Thenu is a solution of the problem

Lo\, Dyu = f(z)— Alx)u(z) z€(0,1),
(Py) Liu = 6u(0) = h

LQQU = Ul(l)—FBU(O) = fz.

From Theoren8.2, we get the estimate

1" a0 100y 1AW 10, + AL 0 010
3
< O (If = AQl oy + AT A

N filly + || A

H
1
LDl
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Using condition (5) of Theorer.2, we get
||u”||L2(0,1;H) + (1= C¢) ||Au||L2(O,1;H) + (Al = C.C(e)) ||u||L2(071;H)
3
< C (I llaonin + 471,

FINF IR+ 43R+ A1)

Choosing such thatC - € < 1, the coerciveness estimates follows easily[]
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Let us define the operata@rby
Lu=—u" + Au,

D(L£)=W2(0,1;H(A),H, Lyu =0,k =0,1).
Lemma 5.1. Suppose thai; (I, H(A), H) ~ Cj~?then

s; (T, W2(0,1; H(A), H) , Ly (0,1; H)) =~ Cj 3+

I (resp. Z) is the imbedding off(A) in H (resp. of W} (0,1; H(A), H) in
Ly(0,1;H)) and s; (I, H(A), H) are the s-numbers of the operatof from
H(A)to H.

Proof. Let S; be the operator defined ih,(0, 1) such thatS; = S} > +%I,
D(S,) = H(S;) = WZ2(0,1). From [L7], we know that if /;, C H and H, is
dense inH then there exists an operatty such thatS; = S; andD(S;) = H.
Otherwise, letS; be the operator defined I8 = S; > %I, D(S,) = H(A). If
we define the operatsron L, (0, 1)@ H = Ly(0,1; H) by S = S1®I,+11® 5,
wherel; (resp.l;) is the identity operator i, (0, 1) (resp.H). We have

Sj (S;l, LQ(O, 1),[/2(0, 1)) ~ Sj (I, H(Sl),LQ(O, 1)) ~ Cin,
s; (S5 H, H) ~s; (I, H(A),H) ~ Cj™.

Hence, from [ 1], we obtains; (S~!, Ly(0, 1; H), Ly(0,1; H)) =~ Cj 3+¢. [
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Theorem 5.2.Let the conditions of Theore&2hold along withA~! € o, (H),
g > 0. Then, the system of root functions of the operafois complete in
LQ(O, 17 H)

Proof. From Theoremt.1, we have|| R(\, £)|| < C'|A|” for larg\| < ¢ < 7
and|\| sufficiently large. Using Lemma 1, we haveR(\, £) € o, (L2(0, 1; H))
forp > 5 + 2, so, for the operataf, all the conditions of{, Theorem 126, 2.3,
p. 50], are fulfilled. This achieves the proof of the theorem. O

Theorem 5.3. Suppose that the conditions of Theorgrhare satisfied as well
as the condition D(A(z)) € D(A) andVe > 0, ||A(-)ully < €|Aull; +
C(€) ||ull; - v € D(A). Let A be the operator defined ylu) (z) = A(z)u(z),
D (A) = L,(0,1; H). Then the system of root functions®f- A is complete in

Proof. It is clear that

||AUHL2(O,1;H) <e ||AUHL2(0,1;H) + C(e) ||“”L2(0,1;H) .

Since by Theorem. 1, we have

HAUHLQ(O,I;H) <C ”fHLg(O,l;H) =C (£ —AI) u||L2(0,1;H) )

hence
HAUHLQ(OJ;H) <el[(L—-AD) UHL2(0,1;H) + C(e) HUHLQ(OJ;H)
and so, forl\| sufficiently large andarg \| < ¢ < 7,

R\ L+ A) €0, (La(0,1; H)),
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and from Theorerd.1we have
RN, L+ A < CIA

for |A| sufficiently large andarg A| < ¢ < 7. Then the system of root functions
is complete inL(0, 1; H). H
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Let us consider, in the cylindrical doméin= [0, 1] x G the non local boundary
value problem for the Laplace equation with a parameter

( L(ONu = Mu(z,y) — Au(z,y) + bz, y)u(z, y)
= f(z,y), (z,y) € Q;
6.1) (P){ Lru=20u(0,y)=fi(y), y € G;
Lou = Zu(l,y) + Bu(0,y) = fa(y), y € G;
| Pu=u(z,y) = (z,y) €T,

wherel’ = [0, 1] x 0G anddG is the boundary of-.
A number), is called an eigenvalue @) if the problem

([ L(Ao)u=0, (z,y) €;
Llu = 0, Yy < G,

6.2) (P
Lou =0, y € G,

| Pu=0, (z,y) €T,

has a non trivial solution that belongsiaZ(2). The non trivial solutiony, of
(P') that belongs td7}(2) is called the eigenfunction @¢f°) corresponding to
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the eigenvalue\,. Solutionsu,, of

([ L(No)ur +up1 =0, (2,y) €
Liug =0, y € G,
6.3) (P")
Lou, =0, y € G;
| Pux, =0, (x,y) €T,
belonging tdV; () are associated functions of the- ¢/ rank to the eigenvalue Coerciveness Inequality for
uo of (P) . Eigenfunctions and associated functiong B are gathered under e SOT W I
the general name of root functions @?) . Abstract Elliptic Differential
Equations

Theorem 6.1. Letb(z,y) € W2H(Q), d # 0, dG € C? then

Aissa Aibeche

1. (P), for f € WM(Q,Pu=0), fp € Wy ® T1(G, Pu = 0) and for A

such that \| sufficiently large andarg A\| < ¢ < 7, has a unique solution Title Page
that belongs to the spad&;((2), and for this solution we have the coercive
. Contents
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2. Root functions of P) are complete in.,(€2).

Proof. Consider inH = Ly({2) the operators! and A(x) defined by
Au = —Au(y) + Mou(y),

A(z)u=b(z,y)uly) — Mouly),  D(A(x)) = Wy (G, Pu=0,m=0).

Then the probleniP) can be written in the form

D(A) = W3(G, Pu = 0)

Au(z) —u"(z) + Au(z) + A(x)u(z) = 0 z€(0,1),
du(0) = h
u'(1) + Bu(0) = fa

We have the compact imbeddifg} () C L,(2). On the other hand
s; (I, W(R), Ly(Q)) =~ j~ 7.
By virtue of Lemma 3.1 in{1, p. 60] we have
s; (I, H(A), Ly () ~ s; (A7, Ly(2), Lo(2)) .
Since H(A) C WZ(Q), then it follows thatA™! € o, (L2(9), L2(Q2)), then

IR(\, A)|| < C |\~ for [arg \| < ¢ < 7 and|)| sufficiently large. Hence, all
conditions of Theorem.3 has been checked. O]
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