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ABSTRACT. In the paper we derive two inequalities that describe the value distribution of a
differential monomial generated by a transcendental meromorphic function and which improve
some earlier results.
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1. I NTRODUCTION AND DEFINITIONS

Let f be a transcendental meromorphic function defined in the open complex planeC. We
do not explain the standard definitions and notations of the value distribution theory as these are
available in [3].

Definition 1.1. A meromorphic functionα ≡ α(z) defined inC is called a small function off
if T (r, α) = S(r, f).

Hiong [5] proved the following inequality.

Theorem A. If a, b, c are three finite complex numbers such thatb 6= 0, c 6= 0 andb 6= c then

T (r, f) ≤ N(r, a; f) +N(r, b; f (k)) +N(r, c; f (k))−N(r, 0; f (k+1)) + S(r, f).

Improving Theorem A, K.W.Yu [7] proved the following result.
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2 INDRAJIT LAHIRI AND SHYAMALI DEWAN

Theorem B. Let α(6≡ 0,∞) be a small function off , then for any finite non-zero distinct
complex numbers b and c and any positive integerk for whichαf (k) is non-constant, we obtain

T (r, f) ≤ N(r, 0; f) +N(r, b;αf (k)) +N(r, c;αf (k))

−N(r,∞; f)−N(r, 0;
(
αf (k)

)′
) + S(r, f).

Recently K.W.Yu [8] has further improved Theorem B and has proved the following result.

Theorem C. Let α(6≡ 0,∞) be a small function off . Suppose that b and c are any two finite
non-zero distinct complex numbers andk(≥ 1), n(≥ 0) are integers. Ifn = 0 or n ≥ 2 + k
then

(1.1) (1 + n)T (r, f) ≤ (1 + n)N(r, 0; f) +N
(
r, b;α(f)nf (k)

)
+N

(
r, c;α(f)nf (k)

)
−N(r,∞; f)−N

(
r, 0;

(
α(f)nf (k)

)′)
+ S(r, f).

If, in particular,f is entire, then (1.1) is true for all non-negative integersn(6= 1).
Yu [8] also remarked that inequality (1.1) might be valid even forn = 1 if f is entire.
In this paper we first show that inequality (1.1) is valid for all integersn(≥ 0) andk(≥ 1)

even iff is meromorphic.
Next we prove that the following inequality of Q.D. Zhang [9] can be extended to a differen-

tial monomial of the formα(f)n(f (k))p, whereα(6≡ 0,∞) is a small function off andn(≥ 0),
p(≥ 1), k(≥ 1) are integers.

Theorem D. [9] Let α(6≡ 0,∞) be a small function off , then

2T (r, f) ≤ N(r,∞; f) + 2N(r, 0; f) +N(r, 1;αff ′) + S(r, f).

Definition 1.2. For a positive integerk we denote byNk(r, 0; f) the counting function of zeros
of f , where a zero with multiplicityq is countedq times if q ≤ k and is countedk times if
q > k.

2. L EMMAS

In this section we discuss some lemmas which will be needed in the sequel.

Lemma 2.1. [4] LetA > 1, then there exists a setM(A) of upper logarithmic density at most
δ(A) = min{(2eA−1 − 1)−1, 1 + e(A− 1) exp(e(1− A))} such that fork = 1, 2, 3, . . .

lim sup
r−→∞,r 6∈M(A)

T (r, f)

T (r, f (k))
≤ 3eA.

Lemma 2.2. Letf be a transcendental meromorphic function andα(6≡ 0,∞) be a small func-
tion of f , thenψ = α(f)n

(
f (k)

)p
is non-constant, wheren(≥ 0), p(≥ 1) and k(≥ 1) are

integers.

Proof. We consider the following two cases.

Case 1.Let n = 0.
If possible suppose thatψ is a constant, then we get

T (r,
(
f (k)

)p
) ≤ T (r, α) +O(1) = S(r, f)

i.e.,
T (r, f (k)) = S(r, f),

which is impossible byLemma 2.1. Henceψ is non-constant in this case.
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Case 2.Let n ≥ 1.
Since (

1

f

)p+n

= α

(
f (k)

f

)p
1

ψ
,

it follows, by the first fundamental theorem and the Milloux theorem ([3, p.55]), that

(p+ n)T (r, f) ≤ T (r, α) + pT

(
r,
f (k)

f

)
+ T (r, ψ) +O(1)(2.1)

= pN

(
r,
f (k)

f

)
+ T (r, ψ) + S(r, f)

≤ pk{N(r, 0; f) +N(r,∞; f)}+ T (r, ψ) + S(r, f).

We note that if all the zeros (poles) of(f)n(f (k))p are poles (zeros) ofα in the same multiplici-
ties then

N(r, 0; f) ≤ N(r, 0; (f)n(f (k))p) = N(r,∞;α) = S(r, f)

and
N(r,∞; f) ≤ N(r,∞; (f)n(f (k))p) = N(r, 0;α) = S(r, f),

becausen ≥ 1. Sincen ≥ 1, it follows that

N(r, 0; f) ≤ N(r, 0;ψ) + S(r, f) and N(r,∞; f) ≤ N(r,∞;ψ) + S(r, f).

Hence, from (2.1), we get

(p+ n)T (r, f) ≤ pk{N(r, 0;ψ) +N(r,∞;ψ)}+ T (r, ψ) + S(r, f)

≤ (2pk + 1)T (r, ψ) + S(r, f),

which shows thatψ is non-constant. This proves the lemma. �

Lemma 2.3. [1] Let f be a transcendental meromorphic function andα(6≡ 0,∞) be a small
function off . If ψ = α(f)n

(
f (k)

)p
, wheren(≥ 0), p(≥ 1) andk(≥ 1) are integers, then

T (r, ψ) ≤ {n+ (1 + k)p}T (r, f) + S(r, f).

3. THEOREMS

In this section we prove the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function andα(6≡ 0,∞) be a small
function off . Suppose thatb and c are any two finite non-zero distinct complex numbers. If
ψ = α(f)n

(
f (k)

)p
, wheren(≥ 0), p(≥ 1) andk(≥ 1) are integers, then

(p+ n)T (r, f) ≤ (p+ n)N(r, 0; f) +N(r, b;ψ) +N(r, c;ψ)

−N(r,∞; f)−N(r, 0;ψ′) + S(r, f).

Proof. By Lemma 2.2we see thatψ is non-constant. We now get

m

(
r,

1

α(f)p+n

)
≤ m(r, 0;ψ) +m

(
r,

(
f (k)

f

)p)
+O(1),

m

(
r,

1

α(f)p+n

)
= T (r, α(f)p+n)−N(r, 0;α(f)p+n) +O(1)

and
m(r, 0;ψ) = T (r, ψ)−N(r, 0;ψ) +O(1).
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Hence we obtain

T (r, α(f)p+n) ≤ N(r, 0;α(f)p+n) + T (r, ψ)−N(r, 0;ψ)(3.1)

+m

(
r,

(
f (k)

f

)p)
+O(1)

= N(r, 0;α(f)p+n) + T (r, ψ)−N(r, 0;ψ) + S(r, f).

By the second fundamental theorem we get

(3.2) T (r, ψ) ≤ N(r, 0;ψ) +N(r, b;ψ) +N(r, c;ψ)−N1(r, ψ) + S(r, ψ),

whereN1(r, ψ) = 2N(r,∞;ψ)−N(r,∞;ψ′) +N(r, 0;ψ′).
Let z0 be a pole off with multiplicity q(≥ 1). ψ andψ′ have a pole with multiplicities

nq + (q + k)p + t andnq + (q + k)p + 1 + t respectively, wheret = 0 if z0 is neither a pole
nor a zero ofα, t = s if z0 is a pole ofα with multiplicity s andt = −s if z0 is a zero ofα with
multiplicity s, wheres is a positive integer.

Thus,

2{nq + (q + k)p+ t} − {nq + (q + k)p+ 1 + t} = nq + (q + k)p+ t− 1

= q + t+ nq + (q + k)p− q − 1

≥ q + t

because
nq + (q + k)p− q − 1 ≥ k − 1 ≥ 0.

SinceT (r, α) = S(r, f), it follows that

(3.3) N1(r, ψ) ≥ N(r,∞; f) +N(r, 0;ψ′) + S(r, f).

Now, we get from (3.1), (3.2) and (3.3) in view ofLemma 2.3

T (r, α(f)p+n) ≤ N(r, 0;α(f)p+n) +N(r, b;ψ) +N(r, c;ψ)

−N(r,∞; f)−N(r, 0;ψ′) + S(r, f)

i.e.,

(p+ n)T (r, f) ≤ (p+ n)N(r, 0; f) +N(r, b;ψ) +N(r, c;ψ)

−N(r,∞; f)−N(r, 0;ψ′) + S(r, f).

This proves the theorem. �

Theorem 3.2. Let f be a transcendental meromorphic function andα(6≡ 0,∞) be a small
function off . If ψ = α(f)n

(
f (k)

)p
, wheren(≥ 0), p(≥ 1), k(≥ 1) are integers, then for any

small functiona(6≡ 0,∞) of ψ,

(p+ n)T (r, f) ≤ N(r,∞; f) +N(r, 0; f) + pNk(r, 0; f) +N(r, a;ψ) + S(r, f).

Proof. Since byLemma 2.2ψ is non-constant, by Nevanlinna’s three small functions theorem
([3, p. 47]) we get

T (r, ψ) ≤ N(r, 0;ψ) +N(r,∞;ψ) +N(r, a;ψ) + S(r, ψ).

So from (3.1) we obtain

T (r, α(f)p+n) ≤ N(r, 0;α(f)p+n) +N(r, 0;ψ) +N(r,∞;ψ)

+N(r, a;ψ)−N(r, 0;ψ) + S(r, ψ).
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Since byLemma 2.3we can replaceS(r, ψ) byS(r, f) andN(r,∞;ψ) = N(r,∞; f)+S(r, f),
we get

(3.4) (p+ n)T (r, f) ≤ N(r, 0; (f)p+n) +N(r, 0;ψ) +N(r,∞; f)

+N(r, a;ψ)−N(r, 0;ψ) + S(r, f).

Let z0 be a zero off with multiplicity q(≥ 1). It follows thatz0 is a zero ofψ with multiplicity
nq + t if q ≤ k andnq + (q − k)p + t if q ≥ 1 + k, wheret = 0 if z0 is neither a pole nor
a zero ofα, t = s if z0 is a zero ofα with multiplicity s andt = −s if z0 is a pole ofα with
multiplicity s, wheres is a positive integer.

Hence(p+n)q+1−nq−t = pq+1−t if q ≤ k and(p+n)q+1−nq−(q−k)p−t = pk+1−t
if q ≥ 1 + k. SinceT (r, α) = S(r, f), we get

(3.5) N(r, 0;α(f)p+n) +N(r, 0;ψ)−N(r, 0;ψ) ≤ N(r, 0; f) + pNk(r, 0; f) + S(r, f).

Now the theorem follows from (3.4) and (3.5). This proves the theorem. �

Hayman [2] proved that iff is a transcendental meromorphic function andn(≥ 3) is an
integer then(f)nf ′ assumes all finite values, except possibly zero, infinitely often.

In the following corollary ofTheorem 3.2we improve this result.

Corollary 3.3. Let f be a transcendental meromorphic function andψ = α(f)n(f (k))p, where
n(≥ 3), k(≥ 1), p(≥ 1) are integers andα(6≡ 0,∞) is a small function off , then

Θ(a;ψ) ≤ (1 + k)p+ 2

(1 + k)p+ n

for any small functiona(6≡ 0,∞) of f .

Proof. Since forn ≥ 1,

(3.6) T (r, f) ≤ BT (r, ψ)

holds except possibly for a set ofr of finite linear measure, whereB is a constant (see [6]), it
follows that ifa(6≡ 0,∞) is a small function off , then it is also a small function ofψ.

Hence byTheorem 3.2we get

(n− 2)T (r, f) ≤ N(r, a;ψ) + S(r, f),

and so byLemma 2.3and (3.6) we obtain

n− 2

(1 + k)p+ n
T (r, ψ) ≤ N(r, a;ψ) + S(r, ψ),

from which the corollary follows. This proves the corollary. �
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