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ABSTRACT. In this paper we have proved two theorems concerning an inclusion between two
absolute summability methods by using any absolute summability factor.
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1. INTRODUCTION

Let > a, be a given infinite series with partial surs,), andr,, = na,. By u, andt,, we
denote the:-th (C, 1) means of the sequencgs,) and(r,,), respectively. The seri€s, a,, is
said to be summabl€’, 1|, , £ > 1, if (see [4])

(1.2) an_l lu, — un_1|’C < 00.

n=1

But sincet,, = n(u, — u,_1) (seel7]), the conditior} (11) can also be written as

e}

Lok
1.2 —|tn .
(1.2) Z ~ [t < 00
The series  a, is said to be summabl€’, 1; 6|, k£ > 1 andd > 0, if (see [3])
(1.3) Znék_l It |* < oc.
n=1

If we takeé = 0, then|C, 1; 6|, summability is the same a€', 1|, summability.
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2 H. S. &ZARSLAN

Let (p,) be a sequence of positive numbers such that

(14) Pnzzpv_)OO as n — oo, (Pfl:p7120,221)
v=0

The sequence-to-sequence transformation
(1.5) T, = Zn:
- n - Pn — p’US’U

defines the sequenc¢g),) of the (N, p,,) mean of the sequence, ), generated by the sequence
of coefficients(p,,) (see [6]). B
The series  a,, is said to be summabl{é\f,pn

00 P k—1
(1.6) > (—”) AT, 1|F < oo

Pn

Lo k> 1, if (see [1])

n=1

and it is said to be summabl|é/, p,,; §

& =>1andd > 0, if (see [3])

00 P Ok+k—1
(1.7) > (—") AT, 1 |* < oo,
=1 \Pn
where
P
1.8 AT, 1 =— P,_ia,, n>1.
(18 D I

In the special case wheén= 0 (resp.p,, = 1 for all values ofn) \N,pn; )
same a$N, p, |, (resp.|C, 1;4],) summability.

Concerning inclusion relations betweéfi, 1|, and \N,pn
theorems are known.

, summability is the

]k summabilities, the following

Theorem 1.1. ([1]).Letk > 1 and let(p,) be a sequence of positive numbers such that as
n — oo

(1.9) (i) Py = O(npy), (i) np, = O(P,).

If the series) a,, is summabléC, 1|, , then it is also summableV, p,,|, -

Theorem 1.2.([2]). Letk > 1 and let(p,) be a sequence of positive numbers such that
condition ) of Theore@.l is satisfied. If the seliés,, is summablgN, p,| , thenitis
also summabl¢C, 1], .

"

2. THE MAIN RESuULT

The aim of this paper is to generalize the above theoreméfdr 0|, and\N, Pn; 0|, SUMMA-
bilities, by using a summability factors. Now, we shall prove the following theorems.

Theorem 2.1.Letk > 1 and0 < 6k < 1. Let(p,,) be a sequence of positive numbers such that
P, = O(np,) and

00 P 0k—1 1 <P )5k 1
2.1 _— =0 - — 7.
( ) nzy;—l (pn> Pn—l { Do Pv
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Let>" a, be summabléC, 1;4],. Theny_ a,\, is summablgN, p,; 4|, , if (A,) satisfies the
following conditions:

1-0k

k
(2.2) nA\, = O (ﬁ) :
npn
%
(2.3) Ap = O <ﬁ) .
nPn

Theorem 2.2.Letk > 1 and0 < 6k < 1. Let(p,) be a sequence of positive numbers such
thatnp, = O(P,) and satisfies the conditiop (2.1). Lgt a,, be summableN, p,; 4|, . Then
> an, is summableC, 1;6|, , if (A,) satisfies the following conditions:

1-6k

PN AU 2N
(2.4) nAN, = O (_Pn )

_ npn \ F
(2.5) A= O <_Pn ) .

Remark 2.3. It may be noted that, if we take, = 1 andd = 0 in Theorenj 2.1 and Theorem
[2.7, then we get Theorgm 1.1 and Theofem 1.2, respectively. In this case condiiion (2.1) reduces

to ) .

m-+ m-+

D 1 1 1
§ = E —— | = — as
PnPn—l (Pn—l Pn) O<PU) e

n=v+1 n=v+1
which always holds.
Proof of Theorerm 2]1Since

1 n
tn:n+1;vav

n—+1

we have that

Ap = tn — tnfl.

Let (T;,) denote the N, p,) mean of the seriey_ a,\,. Then, by definition and changing the
order of summation, we have

Tn - % va ZazAz = Pi Z(Pn - Pvfl)av)\v-
" v=0 =0 " =0

Then, forn > 1, we have

P
T, — T 1= P,_1a,)\,.
! PnPn—l ; 1

By Abel’s transformation, we have

n—1 n—1
Dn v+1 Dn v+1
Tn - Tn—l - Z P’UA)\’L) tv - ZPUA’U tv
v=1 PnPn_l v=1 v

PnPn—l — (%
n—1
— g1ty + = Ap——1,
PP Zl o TR

= In + Tn,2 + Tn,3 + Tn,47 say.
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Since
|Tn,1 + Tn,2 + Tn,3 + Tn74|k S 4k(|Tn,1|k + |Tn72|k + |Tn,3|k + |Tn,4|k)7
to complete the proof of the theorem, it is enough to show that

P ok+k—1
(2.6) > <—”) T,.|" <oco for r=1,234.
Pn

Now, whenk > 1, applying Holder’s inequality with indices and’, Where% + kl =1, we
get

2 Pn
m-+1 k=1 e 41 k
< — P, to| |AN,
S (2) 5 (S rtrtmsn)
m+1 Sk—1 k
P,
—om Y (%) ( pv)
p— Pn —
mAl s p o\ Sk=1 g n—1 k
—omy () 4 (Z\tvuvav)
n=2 n n—1 v=1
m1 Sk—1 n—1 k—1
P 1
=0(1 — Py
m+1 0k—1
P, 1
tol” [vAN]" Dy —
) SN Z (p) N

n=v+1
0k—1
Z|t||m|( )
v=1

P = 0(1) as m — oco.

Ms

—0(1)

v=1

by virtue of the hypotheses of Theorém|2.1.
Again using Hdélder’s inequality,

m+1 Sk+k—1
P,
() mal

n=2 n

Pn

m+1 P ok—1 1
Zmu A Z( ) o

n=v+1
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m P ok—1 N .
:0<1>Z(p—“) ] I

v

v=1

— O(l) Z k1 |tv|k ‘)\v|k
v=1

—0() Yol =0(1) as m— o,
v=1

by virtue of the hypotheses of Theorém|2.1.

Also
m+1 Sk+k—1
P,
3 ( ) T, 4"

Pn

n=2
m+1 Sk—1 n—1 k
Pn) 1 |)‘v+1|
S - Dk PU |tv|
;:; <pn Prlffl (v:l v
m+1 Sk—1 n—1 k
Pn 1 |Av+1|
=01 — VP, ty
0% () o (St
mil o p \Sk-1 o nol T k-1
=0(1 = v )\’U g Ly g v
03 () o > el (PM 2p>
m . N m+1 P 0k—1 1
=0(1 v | Ay ty —=
03P Z(p) -
m N P ok—1 N
—om X ()
— Py
=0)Y vt " =0(1) as m — oo,
v=1
by virtue of the hypotheses of Theorém|2.1.
Lastly
mop Sk+k—1 . m Sk—1 . .
L T.." =01 (—”> Mnl” |tn
S () mat 0w () bl
0w () e
npn

by virtue of the hypotheses of Theorém|2.1.
This completes the proof of Theor¢m|2.1.

Proof of Theorerf 2]2Let (T;,) denotes thé N, p,,) mean of the serie¥’ a,,. We have

1 < 1 ¢
Tn - Fn ;vav = ?n UZ:;(PTL - Pv71>av-

J. Inequal. Pure and Appl. Math4(4) Art. 66, 2003 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 H. S. &ZARSLAN

Since

Pn O
Tn - Tn— — PU— v
! PnPn—l ; 1

we have that
_Pn Pn72

(27) Ay = ATn—l + ATn_g.
DPn Pn—1
Let
LY e
n — Vly Ay
n+1 —
By using [2.7) we get
1 — —P, P,
t = > v ( AT, | + 2ATH) Ay
n+ 1 v=1 o Pv—1

n—1 n
— —0)— ATy Ay — —= AT + —— AT, 2A,
n+1z( U)pv 1 (n+ 1)pn 1 ”+1;Upv—1 2

v=1

n—1 n—1
1 P, 1 P,_ nPy Ay
- S :(—U)EATU_MU +— > (04 1) EAT, A — AT,

n+14 +14= Po (n+1)pn
= - Jlr - 2 Ag:‘l{—mvpv + (v + D Aps1 (P — po)} — %Aﬂl
= —1|— 1 jz:i A§:1{_UAUPU + 0+ DA Py — (v + DAviapo} — %ATn—l
= - i 1 S AZ:* {—(AVA)Py — (0 + D) Aopipe) — %ATM
=~ i - :Z; _pf” AT, 1 {vAN, — Api1} — %4-1 jj AT, 1 (v + 1)
= —li- : g vp]jv ANAT, 1 + nL—i—l g %ATvl)\v+1
. i 1 :ié(v DA AT, — % -

= tn,l + tn,2 + Z€n,3 + tn,4> say.

Since
|tn,1 + tn,? + tn,S + tn,4’k S 4k(|tn71‘k + ’tn,2|k + ‘ |tn,3‘lc + |t4‘k)a
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to complete the proof of Theorgm 2.2, it is enough to show that

Zn‘;kfl |tn’r|k <oo for r=1,2,3,4.

n=1

Now, whenk > 1 applying Hoélder's inequality with indices and %/, where% + ki =1, we
have that

m+1 m+1 1 n—1 P k
ok—1 k ok—1 v
D>t |f < ; o (Z o |AN,| |ATv_1]>

n=2 v=1 Y
k—1
m+1 1 n—1 PU k - N 1 n—1
< Z n2—ok Z Do [AN[" " AT, n Z 1
n=2 v=1 v v=1
m+1 1 n—1 P k
<D D (—> AN |Fo* AT, [
n=2 n v=1 Do
m P k m+1 1
v k k
=0(1)) (-) AN TR AT, P ) —
v=1 P n=v+1
- PU g k k 1
v=1 v
m P ok+k—1
=0(1) Z (_U) |ATv—1|k
v=1 v
=0(1) as m — oo,
by virtue of the hypotheses of Theorém|2.2.
Again using Hélder’s inequality,
m+1 m+1 n—1 P k
Z n&k—l |tn72‘k S Z ndk—l—k <Z ’)‘v-i-l‘ —= ’ATv—l‘)
n=2 n=2 v=1 Pv
m—+1 n—1 k n—1 k—1
1 P, 1
<> w2 (3F) el ATl (1300
n=2 n v=1 Do n v=1
m P k . N m+1 1
=0(1)) (—) Mo M AT, * ) ok
v=1 Do n=v+1
“ P’U g k 1
—0 > (%) el AT

S
Il
—

I
<
e

A~
v

S
Il
—

p_v) >6k+k71 ‘ATU,1 ’k

=0(1) as m — oo,
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Also, we have that

m—+1 m+1 n-l '
Z R A L Z nok—1-k (Z(U + 1) [Api1] |ATU1’>
n=2 n=2

v=1

m—+1 n—1 k
=0(1) ) nh it (Z p |ATU_1|>
n=2

v=1

m+1 1 n—1 1 n—1 k—1
k k
=0(1) ) 20k > 0" o[V |AT, | (5 1)

n=2 v=1 v=l
m—+1 1 n—1
k k

oS e St

n=2 v=1

k k

=0(1) ka | Ao1]” |AT, 1| Z n2—ok

v=1 n=v+1

— O(1> Z U5k+k—1 |ATv_1’k
v=1

m P Ok+k—1
=0<1>Z(—“) AT,

v=1 v

=0(1) as m — oo,

by virtue of the hypotheses of Theorém|2.2.
Finally, we have that

m m Pn k
Znékfl ’tn74|k _ O(l) Z (_) nékfl |>\n’k: |ATn71’k
n=1 n=1 Pn
m P Ok+k—1 3
—om>- () At
n=1 n

=0(1) as m — oo,

by virtue of the hypotheses of Theorém|2.2.
Therefore, we get that

m
ok—1
E n [t
n=1

This completes the proof of Theor¢m[2.2. O

k:O(l) as m— oo, for r=1,2,3,4.
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