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Abstract
This paper deals with the number of meaningful compositions of higher order of
differential operations and the Gateaux directional derivative.

1 The compositions of differential operations of the
space R?

In the real three-dimensional space R?® we consider the following sets:

Ao ={[:R*—R|feC®R*} and A, = {f:R*—R?| feC>(R?)}. (1)

It is customary in vector analysis to consider m = 3 basic differential operations on Ay and
Ay [1], namely:

gradf_vlf_<af o 8f> tAg — Ay,

dx1 " Oxy " Oy
- < Ofs O0fs 0ft 0fs 0fs 0fi
— = == = 2= __ " | — 2
Cuﬂf VQf <6$2 81’3 ’ a:Eg 8:61 ’ 6951 81’2) Al Al’ ( )
divfzvgf:%+%+%:Al—>Ao.
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Let us present the number of meaningful compositions of higher order over the set Az =
{V1,Vy, V3}. It is familiar fact that there are m = 5 compositions of the second order |2,
p. 161]:

Af =divgrad f = V3oV, f,

curl curlf: VoV, f,
graddiv f = V; 0 V5 f, (3)
curlgrad f = Vo0V, f =0,
divcurlf: V30V, f: 0.
Malesevié¢ [3] proved that there are m = 8 compositions of the third order:
graddivgrad f = V;0V30V, f,
curl curl curl f = Vy 0 Va0 Vs f,
div grad div f: V3o0V;0V3 f:
curlcurlgrad f = Vo0oVy0 Vi f = 6,
diveurlgrad f = V30 Vy0V; f =0,
diveurleurl f = V30 Vo0 Vs f =0,
grad divcurlf: VioV30V, f: 0,
curl grad div f: VaoV;0Vs f: 0.
If £(k) is the number of compositions of the k" order, then Malesevi¢ [4] proved
f(k) = Frs, (5)

where F}, is k'™ Fibonacci number.

2 The compositions of the differential operations and
Gateaux directional derivative of the space R?

Let f € Ag be a scalar function and € = (ey, e2,e3) € R? be a unit vector. The Gateauz
directional derivative in direction € is defined by [5, p. 71]:

of of ar .
81‘1 e+ ax2 €g + 81‘3 €3 . A() — Ao. (6)

dirgf:VOf:v1f~g:




Let us determine the number of meaningful compositions of higher order over the set B3 =
{Vo, V1, Vs, Vs}. There exist m = 8 compositions of the second order:

dir, dir, f = Voo Vo f =V (Vif-€)-¢
graddir, f = V0V, f=Vi(Vif-€),
Af =divgrad f = V30V, f,
curl curlf: Vy0V, f,
dir, div f'= Voo Vs f = (V10 Vs f) - €,
graddiv f = V1 0 Vs f,
curlgrad f = Voo Vy f =0,
divcurlf: V30V, f: 0;
and there exist m = 16 compositions of the third order:
dir; dir, dir; f = Vgo Voo V f,
grad dir, dir, f = V0 V0V f,
divgraddir, f = V30V;0Vy f,
dir; divgrad f = Voo V30 V; f,
graddivgrad f = Vo V30V, f,
curl curl curl f = Vy 0 Va0 Vs f,
dir, dir. div f: Voo Vyo Vs fj
grad dir. div f = V, 0 Voo V3 f,
divgraddiv f = V30 Vi 0 Vs f,
curl grad dir, f = Vo0 Vi 0V f =0,
curlcurlgrad f = Vy0Vy0V, f =0,
divcurlgrad f = V30V,0V, f =0,
diveurleurl f = V30 Vo0V, f =0,
dir, divcurlf: VooV30V, f: 0,
graddiveurl f =V, 0 V30V, f =0,
curl grad div f: VaoVi0Vs f: 0.
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Further on we shall use the method from the paper [4]. Let us define a binary relation o “to
be in composition”: V; o V; iff the composition V; o V; is meaningful. Then Cayley table of
the relation o is determined by

o V(] Vl VQ Vg
Vol T T L L
Vil L T T (9)
Vol L L T T
Vs T T L1 L

Let us denote by V_; nowhere-defined function, where domain and range are empty sets [3]
and let V_1 0V, hold for :=0,1,2,3. If G is graph which is determined by the relation o,
then graph of paths of G is the tree with the root V_; (Fig. 1).

go)=1
g(l) = 4
g(2) =8
g(3)= 16

Fig. 1

Let g(k) be the number of meaningful compositions of the k™ order of the functions from Bs
and let g;(k) be the number of meaningful compositions of the ™ order beginning from the
left by V;. Then g(k) = g,(k) + g, (k) + g,(k) + g,(k). Based on the partial self similarity
of the tree (Fig. 1) we obtain equalities

go(k) = go(k —1)+g(k-1),
g1(k) = g,(k — 1) + g,(k — 1), (10)
8y(k) = 8y(k — 1) + gy(k — 1),
g3(k) = go(k —1)+g(k-1).
Hence, the recurrence for g(k) is
gk)=2g(k 1) (11)
and because g(1) = 4 we have
g(k) = 2"+, (12)

3 The compositions of differential operations of the
space R"

Let us present the number of meaningful compositions of differential operations in the vector
analysis of the space R", where differential operations V, (r = 1,...,n) are defined on
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corresponding non-empty sets As (s =1,...,m and m = |n/2]|, n > 3) according to the
papers [4], [6]:

An (n=2m+1): Vi :Aj— A,

A, (n=2m): Vi :Ag— A, Vo i Ar— Ay

VQ . A1 —>A2
vi : Ai_1—>AZ’ VZ . Ai—l —>AZ
Vo i A1 — A,

Vit : A — A, (13)
Vm—0—2 : Am_)Amfl

Vm . Am—l —>Am
varl : Am_>Am—1

V, A —A ;
S Vin—j i Aji— A
Vo1t Ag— Ay

Vn . A1—>A0, vn—l : A2—>A1

Vn . A1 —>A0.

Let us define higher order differential operations as meaningful compositions of higher order
of differential operations from the set A, = {Vi,...,V,}. The number of higher order
differential operations is given according to the paper [4]. Furthermore, let us define a
binary relation p “to be in composition”: V,; p V; iff the composition V; o V; is meaningful.
Then Cayley table of the relation p is determined by

(14)

O ,v. T, =i+ V(@i+j=n+1);
LAt 1L, otherwise.

Let A = [a;] € {0,1}™" be the adjacency matrix associated with the graph which is
determined by the relation p. Malesevi¢ [6] proved the following statements.

Theorem 3.1. Let P,(\) =|A-\I|=ap\"+ a1 \" '+ - -+a, be the characteristic polynomial
of the matriz A and v, = [1 ... 1]1xn. If £(k) is the number of the k™ order differential
operations, then the following formulas hold:

n

f(k) =uv,-AF1 0T (15)

and

af (k) + onf(k— 1)+ +af(k—n) =0 (k> n). (16)



Lemma 3.2. Let P,(\) be the characteristic polynomial of the matriz A. Then the following
recurrence holds:

PTL()‘) = )‘2 (Pan()‘) - Pnf4<)‘)) (17)

Lemma 3.3. Let P,(\) be the characteristic polynomial of the matriz A. Then it has the
following explicit form:

( |242 )41

Z (—1)%1 ( 5 Tht2 > \n—2k+2 n=2m:
k—1
P.(\) = 210 k=1 . o (18)
Z (_1)k1<< ?_k’ ) 4 ( ?—k’ ))\> )\n72k+2 , n:2m+1
-1 —2
\ k=1

From previous statements one can obtain the recurrences in the table, [4]:

Dimension Recurrence for the number of the k" order differential operations
n= 3 fk)=f(k—-1)+1£(k—2)
n= 4 f(k) =2f(k—2)
n=5 fk)y==1f(k—-1)+2f(k—2)— (k- 23)
n= 6 fk)=3f(k—-2)—f(k—4)
n= 17 fk)y=f(k—1)+3f(k—2)—2f(k—3) —f(k—4)
n= 8 f(k) =4f(k—2)—-3f(k—4)
n= 9 fk)y=1f(k—1)+4f(k—2)—-3f(k—3) —3f(k—4)+ £(k—5)
n =10 f(k)=5f(k—2)—6f(k—4)+f(k—6)

The values of the function £ (k), for small values of the argument k, are given in the database
of integer sequences [8] as the following sequences A020701 (n = 3), A090989 (n = 4),
A090990 (n = 5), A090991 (n = 6), A090992 (n = T7), A090993 (n = 8), A090994 (n =9),
A090995 (n = 10).

4 The compositions of differential operations and Gateaux
directional derivative of the space R”

€ R"™ be a unit vector. The Gateaux

)
p. 71]:

Let f € Ay be a scalar function and € = (eq,...,e,
directional derivative in direction € is defined by [5,

dir, f = Vof = Z—ek Ay —> Ay, (19)
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Let us extend the set of differential operations A, = {V,..., V,} with Gateaux directional
derivative to the set B, = A, U{Vo} ={Vo, V1,..., V. }:

B, (n=2m): Vo:Ag—Ag B, (n=2m+1): Vo : Ag—Ag

Vi:Ap—A
Viiho— Ay v Al AL
VQZA1—>A2 ‘2' ! 2
VZ' . A’i*l _>AZ Vz : Ai_l—)Ai

Vo A1 — Ay,
vm-|—1 : Am_>Am
vm-|-2 : Am—>Am—1

Vot A1 — Ay,
vm—i—l : Am_>Am—1

(20)

Voot A — A, ;
R Vij t Ajpr— A
Vi1 : Ag— Ay

Vn . A1 —>A0, vn—l : A2—>A1

Vn : A1—>A0.

Let us define higher order differential operations with Gateaux derivative as the meaningful
compositions of higher order of the functions from the set B,, = {V,, Vy,...,V,}. Our aim
is to determine the number of higher order differential operations with Gateaux derivative.
Let us define a binary relation o “to be in composition”:

T, (i=0Aj=0)V (i=nAj=0)V (j=i+1) V (i+j=n+1);
vmvj:{ ( J=0)V ( J=0)V (j )V (i+] ) (21)

1, otherwise.

and let B = [b;;] € {0,1}("FD*" he the adjacency matrix associated with the graph which is
determined by relation o. So, analogously to the paper [6], the following statements hold.

Theorem 4.1. Let Q,(\) = [B=AI| = SoA\"™ + B\ + -+ + B,41 be the characteristic
polynomial of the matriz B and v,y1 = [1 ... 1ixpir). If g(k) is the number of the k™ order
differential operations with Gateaur derivative, then the following formulas hold:

g(k) = vnp -B1 0T (22)

and

Bo8(k) + 51g(k —1) + -+ 4 Botag(k — (n+1)) =0 (k> n+1). (23)

Lemma 4.2. Let Q,(\) and P,(\) be the characteristic polynomials of the matrices B and
A respectively. Then the following equality holds:

Qn(N) = N2P,_5(\) — AP, (). (24)



Proof. Let us calculate the characteristic polynomial

Qu(\) = [B—AI| =

1—

OO >

0
0
1

0
1

=)

1
0
0

o

0
0
0

Expanding the determinant @,,(\) by the first column we have

Qu(A) = (1 = N Pa(A) + (=1)"2Dy(N),

where

0

. = O

0
1
0

o

1
0
0

—_

0
0
1

—_

(25)

(26)

(27)

Let us expand the determinant D,,(\) by the first row and then in the next step, multiply
the first row by —1 and add it to the last row. We obtain the determinant of order n — 1 :

0
0
1

o

= o O

o

o o

o

0
1

1
0
0

o

O =

(28)

(29)



If we expand the previous determinant by the last row and if we expand the obtained
determinant by the first column, we have the determinant of order n — 4 :

Y 1 o0 ... 0 0 0 1

0 =X\ 1 0 ... 0 0 1 0

0 O -\ 1 ... 0 1 0 0
Dp(A) = (=1)"X*| = oo ] (30)

0 0 1 0 0 -\ 1 0

0 1 0 0 0 0 =X 1

1 0 0 0 0 0 0 —X

In other words

D,(\) = (=1)"\?P,_4(\). (31)

From equalities (31) and (26) there follows:
Qu(A) = (1 = X) Py (A) + N Py_a(N). (32)
On the basis of Lemma 3.2. the following equality holds:
Qn(A) = A2P,_5(N\) — AP, (N). (33)
O

Lemma 4.3. Let Q,(\) be the characteristic polynomial of the matriz B. Then the following
recurrence holds:

Proof. On the basis of Lemma 3.2. and Lemma 4.2. the Lemma follows. O

Lemma 4.4. Let Q,(\) be the characteristic polynomial of the matriz B. Then it has the
following explicit form:

( [ 2]+1

n+1

A—2 -1 k—1 2 —k /\nf2k+2 -9 1:

o S e () 0= 2mt;
@n(d) = L2423 ] +2 N . (35)

Z (_1)k—1<< 7 k2 ) N < 7kt )/\> AP o
k—1 k—2
L k=1

Proof. On the basis of Lemma 3.3 and Lemma 4.2. the Lemma follows. O
The recurrences for dimensions n = 3,4,...,10 are obtained by means of Malesevi¢-

Jovovié [7] and they are given in the table below.



Dimension | Recurrence for the num. of the k™ order diff. operations with Gateaux derivative
n=3 g(k) = 2g(k — 1)
n=4 g(k) = g(k—1) +2g(k —2) — g(k —3)
n=5 g(k) =2g(k — 1) + g(k — 2) — 2g(k — 3)
n=6 g(k) =gk —1) +3g(k — 2) — 2g(k — 3) — g(k —4)
n= 17 g(k) = 2g(k —1) + 2g(k — 2) — 4g(k — 3)
n=38 g(k) = g(k —1) +4g(k —2) — 3g(k — 3) — 3g(k —4) + g(k —5)
n=9 g(k) =2g(k—1) +3g(k —2) — 6g(k —3) — g(k —4) +2g(k —5)
n =10 gk)=g(k—1)+5g(k —2) —4g(k — 3) — 6g(k — 4) + 3g(k — 5) + g(k — 6)

The values of the function g(k), for small values of the argument k, are given in the database
of integer sequences [8] as the following sequences A000079 (n = 3), A090990 (n = 4),
A007283 (n = 5), A090992 (n = 6), A000079 (n = 7), A090994 (n = 8), A020714 (n = 9),
A129638 (n = 10).
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