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Abstract

We determine the infinite sequences (ay) of integers that can be generated by poly-
nomials with integral coefficients, in the sense that for each finite initial segment of
length n there is an integral polynomial f,(x) of degree < n such that ax = f, (k) for
k=0,1,...,n—1.

Let P be the set of such sequences and IT the additive group of all infinite sequences
of integers. Then P is a subgroup of IT and II/P = [[ 2, Z/n!Z. The methods and
results are applied to familiar families of polynomials such as Chebyshev polynomials
and shifted Legendre polynomials.

The results are achieved by extending Lagrange interpolation polynomials to power
series, using a special basis for the group of integral polynomials, called the integral
root basis.

1 Introduction

In [4], we characterized the finite sequences (ay, as, . .., a,) of integers for which there exists
a polynomial f(x) € Z[z] such that f(i) = a; for i = 1,...,n. Let P, denote the set of all
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such sequences, which we call polynomial sequences or polynomial points, and let Z"™ be the
set of all integer sequences of length n, where Z represents the ring of integers. Further,
let Z[x] denote the ring of polynomials over the integers and Z[z|, the group of integral
polynomials of degree < n; let N denote the natural numbers, and N* the positive integers.
Finally, let Q denote the rationals.

The main results of [4] were the following two theorems:

Theorem 1.1. Let a = (ai,a9,...,a,) € Z". Let ly(x) be the Lagrange interpolation

polynomial for the sequence a. Let B, be the n x n rational matriz whose (i,j)—entry is
(=)
il

1. aep,

(;’) for 0 <i,7 <n—1. The following are equivalent:

2. la(x) € Zx],,
3. B,aeZ" O]

Remarks 1.2. 1. In (3) above, a is treated as a column vector. Explicitly, a € P, if and
only if for all ¢ =0,1,...,n — 1,

S D™
Z j—ajﬂ 1s an integer.

2. The matrices B, as n varies, have the property that B,, is the upper left m x m corner
of B,, for all m < n.

3. It is easy to see that if a sequence a is not generated by a unique polynomial of degree
< n, then it cannot be generated by any polynomial at all.

4. The theorem determines a duality between the coefficients of an integral polynomial
and its initial sequence of values.

Theorem 1.3. P, is a rank n subgroup of the free abelian group Z". P, = 7, Py = Z* and
forn>2 7"/P, =722 B L/3Z&---DZL/(n—1)Z. ]

The purpose of this paper is to extend these results to the infinite realm by replacing Z"
by IT = [],cy Zi, Z; = Z, known as the Baer-Specker group. The three clauses of Theorem
1.1 suggest possibly different ways of extending the theorem by defining a suitable subgroup
of IT as the analog of the P,.

To simplify the notation, we index finite and infinite sequences, sums, products and
matrices by natural numbers beginning with zero except where indicated. This slight change
in notation from that in [4] does not of course make any substantive changes to the results
of that paper.

If M is an n X n or w X w matrix over the integers, we write M = (m;;) where m;; is
an expression representing an integer, ¢ represents the row index and j the column index.
In matrix—vector multiplication, the matrix acts on the left with the vector considered as



a column. If necessary to render division by non—zero integers meaningful, we consider a
torsion—free abelian group to be imbedded in its divisible hull [6, p 107].

The paper is organized as follows:

In Section 2, we define the integral root basis for Z[z] and use it to find stacked bases
for Z™ and P,, n > 1. We describe the transition matrices between these bases and the
standard bases, and apply them to determine a duality between the coefficients and the
values of Lagrange interpolation polynomials. An interesting consequence is that for every
positive integer n, there are infinitely many polynomials f(z) € Z[z] of degree < n whose
sequences of values (f(0), f(1),..., f(n — 1)) consist entirely of primes.

In the short Section 3, we deal in a similar manner with some special classes of integral
polynomials, namely Chebyshev polynomials and shifted Legendre polynomials.

The major results of the paper are in Section 4. We expand integral polynomials to
integral power series with respect to the integral root basis and extend the duality between
coefficients and values mentioned above. We extend our earlier results from free groups of
finite rank to Il and its subgroup P, the infinite analog of P,. We then compute the factor
group IT/P and the product of the factor groups [[, .+ Z"/ P.

In Section 5, we apply these results to study various familiar subgroups of the Baer—
Specker group, and describe the torsion part of IT/P.

Finally, in Section 6, we consider consider formal and analytic properties of power series
with respect to the integral root basis.

2 The Integral Root Basis

The methodology in [4] is based upon the integral root basis of Z[z], R = {p;(x) : j € N}
where po(z) = 1 and p;41(z) = p;(z)(x — j) for j € N. Each initial segment of R, R, =
{pj(x) : j =0,1,....,n — 1}, forms a basis for Z[z],, n € NT, which we refer to as the
integral root basis of Z[x],,.

Let a be the initial segment of length m of an integer sequence b of length n, m < n.
The integral root basis has the property that the Lagrange interpolation polynomial for a is
the initial segment of degree < m of the Lagrange interpolation polynomial for b, when the
polynomials are expressed as linear combinations of that basis.

The valuation map v : Z[x] — Z", defined by

f(@) = (f(0), f(1),.... f(n=1))

has kernel p,(x)Z[z]. When restricted to Z[x],, v determines an isomorphism of Z[z],, with
P,, under which the integral root basis of Z[z],, is mapped to a basis of P, that we call the
Gamma basis. Specifically, p;(z) — v; = ((0);, (1);, ..., (n —1);) where (i), is the falling

factorial j'(;) Since ~; is divisible by j!, we may set a; = ~,/j! = <(2), (;), e ("J_l)>
Consequently, we obtain a basis of Z", which we call the Alpha basis. The Alpha and Gamma
bases are stacked bases [3; 6, Lemma 15.4] that readily reveal the structure of Z"/P,.

The transition matrix from the Alpha basis for Z" to the standard basis is Pascal’s ma-

trix A, [5], a lower-triangular matrix, the (i, j)—entry of which is (;), i,j=0,1,....,n—



1. A, is easily seen to be invertible with lower-triangular inverse whose (i, j)—entry is
(—1)@'“(;), i,7=0,1,....,n—1.

As the dimension increases from n to n + 1, the valuation map induces a canonical
injection of P, into P,,;, under which the Gamma basis of P, is mapped into the first n
elements of the Gamma basis of P, 1, which, together with the image of p,(x), form the
Gamma basis of P, ;. Conversely, the Gamma basis of P, is the canonical projection of the
first n elements of the Gamma basis of P, into P,. Similarly, the Alpha basis of Z"*! is
derived from the Alpha basis of Z", and conversely. Consequently, no confusion arises from
using the symbols o and «; without reference to dimension.

The matrix C,, whose columns are the Gamma basis of P, is not integrally invertible for
n > 2, but is invertible over Q. If D,, is the diagonal matrix whose jth diagonal entry is j!,
for 7 =0,1,...,n—1, then C,, = A,,D,,. Moreover the matrix B,, defined in the Introduction
is O = D 1A' Note that for m < n, the top left m x m corner of A,, is A,, and similarly
for C,, and C,,.

The following result is implicit in [4]. It is convenient to spell it out explicitly, since it
provides the motivation for generalizations to the infinite case.

Proposition 2.1. Let a = (ag,a1,...,a,-1) € Z™ and let f(z) = Z?:_Ol a;pi(x). Then Cya

is the sequence (f(0), f(1),..., f(n—1)).
Conversely, let a € Z"" and let b = B,a. Then b is the sequence of (rational) coefficients

with respect to the integral root basis of the Lagrange interpolation polynomial {,(x) of a.

Proof. For j =0,...,n—1, the jth of column of C, is the sequence of values (p;(0), p;(1), ..., p;(n — 1))
of the jth element of the integral root basis of Z[z],. Hence C,a is the sequence of values of
f(z)at 0,...,n—1.
Conversely, the coefficients of £, (z), with respect to the integral root basis, are precisely
the terms of the sequence B, a. O

Proposition 2.1 can be expressed in terms of the standard basis S, = {z*: i =0,...,n—
1} of Z|x],,. Let L, be the n x n matrix

(i), 4,5 =0,1,...,n— 1, with 0° =1,
and let M,, be the n x n matrix

(ni(—lf““ m (k:)]) i j =0, m—1,

k=0

where the ]: are the Stirling cycle numbers, also known as Stirling numbers of the first
kind [10, pp 65-68].

Corollary 2.1. Let f(z) = Y. ¢z’ € Z[x], and let a be its sequence of values. Then
a= L,c, where ¢ = (co,...,Cn_1).

Conversely, let a € Z". Then ¢ = My,a is the (rational) sequence of coefficients of
the Lagrange interpolation polynomial for a, with respect to the standard basis of Zlx],.
Moreover, a € P, if and only if c € Z".



Proof. The expansion of the integral root basis polynomials p;(x) as polynomials in the
standard basis and vice versa are computed in [10, p 65, (40) and (41)]. The corresponding
transition matrices appear in slightly different form on page 66 of the same work.

The transition matrix from R,, to S, is K,, = ((—l)i“ [‘Z} ) . Its inverse is J,, = ({‘Z})

[10, p 67, (43)], where the Z are Stirling subset numbers, also known as Stirling numbers

of the second kind.
Then L, = B, J, and M, = K, C,,, so the result follows from Proposition 2.1. O

The integral root basis has important properties not shared by the standard basis:

1. Its evaluation provides stacked bases for P, C Z" for every positive integer n, as shown
above.

2. Every integral coefficient power series, expressed with respect to the integral root basis,
converges at every non—negative integer. We exploit this property in Section 4 below.

An interesting consequence of Proposition 2.1 concerns the representation of primes by
polynomials, a topic of current interest in number theory. Green and Tao [9] have shown
that for every positive integer n, there are infinitely many arithmetic progressions of length n
consisting entirely of primes. Since every arithmetic progression of length n is a polynomial
point, P, abounds with such sequences. A weaker but still interesting result can be obtained
with only the techniques employed here.

Proposition 2.2. For each n € NT| there are infinitely many sequences of primes in B,.

Proof. Fixn € Nt andleta = (a;: i =0,...,n—1) be a sequence of primes in the arithmetic
progression {1 + kn! : k € N}. There are infinitely many choices of such sequences, by
Dirichlet’s theorem on primes in arithmetic progressions.

Each a; = 1 + kyn! for some k; € N. Let k = (k;) and let 1 = (1,1,...,1)7 (n terms)
so that B,a = B,1 + n!B,k. By Proposition 2.1, B,1 = (1,0,...,0)" and by Remark 1.2
(1), B,k € Z™. Hence B,a € Z", so by Theorem 1.1, a € P,. Hence a is v(f(x)) for some
polynomial f(x) of degree < n. O

3 Special polynomials

The foregoing techniques also can be used to study familiar families of integral polynomials.
For example, let

[n/2]
n (=" (n—r L
Tn - N T/ 2 n T
(z) Q;n—r< r )(m)
denote the nth Chebyshev polynomial, a useful tool in approximation theory, solution of
differential equations and numerical analysis. Let T[z] denote the subgroup of Z[z] that
these polynomials generate. Let T'[x], = T[z] N Z[x],, be the subgroup of the polynomials in
T[x] of degree < n. For n € NT, let TP, denote the image in Z" of T[z],, under the valuation
map v.



Proposition 3.1. With the notation above, Chebyshev polynomials have these properties:
1 {l,x,...,2" 2™ ...} is a basis of Tx].
2. Zlx],/Tx), & Py /TP, = @' 7/27 7
8. Z"|TP, = ! 7/2 " HIZ

Proof. (1) Tt is clear that {1} and {1, 2} are bases for T1(z) and Ty(x), respectively. From this
fact and the recurrence satisfied by the Chebyshev polynomials, 7,11 (x) = 227, (x) =1, -1 (),
the general result follows.

(2) The first isomorphism is induced by v, and the second follows from (1).

(3) follows from (2) and Theorem 1.3. O

b =3 () () e

denote the nth shifted Legendre polynomial, used in the solution of certain differential equa-
tions that arise in physics. Let L[x| denote the subgroup of Z[x| that these polynomials
generate, and let L[x], = L[x] N Z]|z], be the subgroup of polynomials in L[z] of degree < n.
For n € N*| let LP, denote the image in Z" of L[z], under the valuation map v.

Similarly, let

Proposition 3.2. With the notation above, Legendre polynomials have these properties:
1. {1,2z,...,(2n)!/(n))%x"™, ...} is a basis of L[z].
2. Zlx),/Llz], = P,/LP, = @' '7/(2i)!/(i")*Z
8. Z'/LP, = @I\ 7/(2i)! /ilZ

Proof. (1) A straightforward induction argument reveals that the kth coefficient of L, (x) is
a multiple of (2k)!/(k!)%.

(2) is clear from (1).

(3) In general, if S[z], is a subgroup of Z[z], that satisfies S[z], = @} (k;x®) for
ki €7Z,i=0,...,n—1,then Z"/v(S[z],) & ®I~) Z/kiZ, where v is the valuation map. [

4 Extensions to infinite sequences of integers

The first step in generalizing Theorems 1.1 and 1.3 to the infinite case is to extend the
valuation map v to v* : Z[z] — II by v*: f(z) — (f(n) : n € N). Let P, denote the image
of v* in IT and let ¥ denote those sequences in II that are eventually zero; 3 is a countable
free subgroup of Il. Further, let P, denote the pure subgroup of IT generated by P,.

Next, extend the Gamma basis elements to elements of IT by the valuation map v* :
pn(z) — v = ((k)n : k €N) for all n € N. Similarly, extend the Alpha basis elements to
ap = Yp/n! = ((z) : k € N). These extensions yield:



Theorem 4.1. 1. The valuation map v* : f(z) — (f(n) : n € N) is an isomorphism of
Z|z] onto P,.

2. P, is a countable free subgroup of I1 and the extended Gamma basis is a basis of P,,.

3. P, also is a countable free subgroup of Il and the extended Alpha basis is a basis of P,.

4. The extended Alpha and Gamma bases are stacked bases [3] of P, and P,, and P,/P,, =
@nZQZ/n‘Z

Proof. (1) The valuation map v* is epic by definition of P, and v* is certainly monic, since
only the zero polynomial has infinitely many zeros. Thus v* is an isomorphism.

(2) Clearly Z[x] = X = P, so that P, is a countable free subgroup of IL. Since v* is an
isomorphism, it carries the integral root basis of Z[z] to a basis for B, which by definition
is the Gamma basis.

(3) P, is countable because it is the pure subgroup of IT generated by the countable
subgroup P, [6, p 116], and it is free because all countable subgroups of IT are free. The
independence of the Alpha basis elements of P, follows from the fact that «,, = v, /n! for all
n € N and the -, are themselves independent.

All that remains is to demonstrate that the «,, span P,. From nla,, = , it follows that
each «,, € P,. Suppose that mx = joyo + - - + Jiy € F, is a linear combination of the 7,
so that x € P, by purity.

Then mz = jo0lag + - - - + jpklay. From the finite dimensional case, we know that m
divides each term j,n! in this sum, since «y, . . ., oy, is a basis of Z¥*1. Thus x = (jy0!/m)ag+
-+ (Jrk!/m)ay, so that the a, span P, and hence form a basis.

(4) The Alpha and Gamma bases are stacked so that P,/P, = @®,enyZ/n!Z. Because
0! =1 = 1!, the first two factors are degenerate, leaving the required result. O

The w X w matrix whose columns are the extended Alpha basis is the infinite Pascal
matrix A = ((;) D, j € N) which has integral inverse A~! = ((—1)i+j (;) D1, ] € N)[l, p
2]. Similarly, the matrices C,, can be extended to an w x w matrix C, the top left n x n
corner of which, for all n € N*, is C,; and the matrices B,, can be extended to an w X w
matrix B, the top left n x n corner of which, for all n € NT, is B,,; then C = B~!. Likewise,
the diagonal matrices D,, can be extended to a diagonal w x w matrix D, so that C'= AD.
Since A, B, C' and D are row finite, they act by left multiplication on Il. B of course is not
integral.

We proceed to generalize Theorems 1.1 and 1.3. Let a = (a; : i € N) € II and define
the (formal) power series with respect to the integral root basis with coefficient sequence a
to be the expression, ra(z) = >, y@ipi(z). Let Z[[z]]r denote the group under addition of
coefficients of all such power series so that Z[[x]|r = II. Let Z[x]r denote those elements of
Z|[x]|r which have only finitely many non-zero coefficients, i.e., the polynomials in Z[[z]] z.
As defined here, neither Z[z]r nor Z[[x]|g is a ring.

Note that for each n € N, p;(n) = 0 for all ¢ > n, so that ra(n) is an integer. Thus
the sequence of values (ra(0),7ra(1),...) is well-defined. As a result, the valuation map
v Z[[z]]r — I given by ra(z) + (7a(0),7a(1),...) is a monomorphism of Z[[z]]r into II.
Analogously with the finite dimensional case, we call the image of v the group of polynomial
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points P. Since each f(x) € Z[z] can be expressed uniquely as a polynomial in Z[z]g, and
conversely, v maps Z|x]r isomorphically onto P, C P.

We thank the referee for pointing out that P is the closure of P, with respect to the
product topology on IT where Z has the discrete topology. For discussion and application of
this metrizable topology, see [2].

Let p denote the sequence of polynomials (po(z), p1(x),...), considered as a row vector,
and for all a € II, let /,(z) = pBa. Since B is not integral, (4(z) need not lie in Z[[z]]z,
but nevertheless a = (£,(0),0a(1),...); i.e., fa(x) is an infinite extension of the Lagrange
interpolation polynomials with respect to the integral root basis. The following lemma
demonstrates that the definition of /,(z) in the infinite case is consistent with that in the
finite case.

Lemma 4.1. Let a = (a; : i € N) € Il and for alln > 1, let a,, = (ap,a1,...,a,_1). Then
the sum of the first n terms of la(z) is la, ().

Proof. The sum of the first n terms of pBa is

(po(x), p1(2), ..., pn_1(x)) Bray,
which equals £, (z) by [4, Lemma 2.2]. O
Lemma 4.2. Let a, b € I1. The following are equivalent:
1. Cb=a= (rp(0),r,(1),...)
2. Ba=Db
Proof. Both parts follow immediately from Corollary 2.1 and Lemma 4.1. [
The following corollary also is immediate.
Corollary 4.1. Let a € II. Then
1. Cae P, and P = CTI
2. a€ P if and only if Ba € 11 [
The following theorems are the promised infinite analogs of Theorems 1.1 and 1.3.
Theorem 4.2. Let a = (a; : « € N) € II. The following are equivalent:
1. aeP
2. la(x) € Z[x]]Rr
3. Baell

Proof. The equivalence of ( ) and (3) is just Corollary 4.1 (2).

Fora € IT, a = (£4(0),0a(1),...). For a € P, each intial segment a,, = (ag, ai,...,a,-1) €
P,, so by Theorem 1.1 (2), l,, (z ) € Zlx],. That all the coefficients of £,(x) are integral fol-
lows from Lemma 4.1. O



Theorem 4.3. II/P =[], ., Z/n!Z

Proof. Since the lower-triangular matrix A is integrally invertible with columns forming the
Alpha basis {a,, : n € N}, ITis the product of the a,,’s, II = ] .\ (an) [7, p 164, definitions
only]. Similarly, by Corollary 4.1 (1), P = CII with the columns of the lower-triangular
non-singular matrix C' forming the Gamma basis {, : n € N}, so that P is also a product,
P = [[,cn(n)- Since 74, = nlay, for all n € N, II/P = [ Z/n!Z. Because 0! = 1 = 1!,
the first two factors are degenerate, leaving the required result. O]

The following lemma enables us to describe the group [, cn+ Z"/ Py

Lemma 4.3. For alli € NT, let G; be an abelian group and n; a positive integer such that
Ny < Njqq. Then Hj€N+ @ZZI Gl = Hj€N+ HieN"" Gl

Proof. We construct a 1-1 correspondence between the constituent groups G; on the left
and those on the right, in such a way that corresponding groups have the same subscript.
The identity maps on the G,;’s then induce the desired isomorphism between the group on
the left (call it L) and the group on the right (call it R).

The proof is essentially combinatorial, and we abuse notation for the sake of simplicity.
We display L and R schematically:

Gi - Gy,
Gy ... Gn ... Gp,
L = : : : : :
Gy ... Gy ... Gy ... Gy
and
G ... Gn ... G, ... Gy
G ... Gn ... G ... Gy
R = : : : : : : :
Gy ... Gn ... Gn ... Gy,

Now operate on the array L by “pushing all the columns to the top” to form the array R.
This establishes the required isomorphism. O

Application of Theorems 1.3 and 4.3 and Lemma 4.3 immediately yields the following
result.

Theorem 4.4.

Iz /p. =[] T z/k-0z= [ [] z/k-1)z= J] /P
neNt k=1

neN+t neNt keN+ neN+



5 Subgroups of the Baer—Specker group

The Baer—Specker group I is a well known source of examples and counter-examples in
abelian group theory; see for example [6, Section 19] and [2]. We now relate some of these
results to our theory of polynomial points.

Let B denote the subgroup of IT consisting of the bounded sequences of integers; B is a
basic subgroup of IT in the sense that it is a pure, free subgroup with divisible quotient [2,
p 5771]. Recall that X is the subgroup of sequences that are eventually 0; by [2, Theorem
1.5], 3 is a direct summand of B. Furthermore, by [2, p 5770], the quotient IT/3 is the
direct sum of a divisible group and a reduced algebraically compact group, with the reduced
summand being isomorphic to the direct product of countably many copies of the groups of
p-adic integers for all primes p.

The following results show the relation between Theorems 4.3 and 1.1 and illustrate the
power and utility of the integral root basis. Recall that C'is the w x w matrix whose columns
are the extended Gamma basis.

Theorem 5.1. In the notation above,
1. C¥ =P,
2. Multiplication by C induces an isomorphism I1/% — P/P,.
3. BNP consists of the constant sequences.

4. (B+P)/P is torsion—free.

Proof. (1) Leta € P,,saya= (f(k): k€ N), f(z) € Z]z]. Write f = copo+- - -+ cnp, with
respect to the integral root basis and let ¢ = (¢g,...,¢,,0,...). Then ¢ € ¥ and Cc = a.
Thus P, C CX.

Conversely, let ¢ = (co,...,¢,,0,...) € 3 and define f(z) € Z[z|,41 by f = copo+ -+
Cnpn- Then the values (f(k)), k € N, form the sequence C'c. Thus C¥ C P,, and the two
sets are equal.

(2) By Corollary 4.1 (1), P = CTI, and from (1) above, P, = C'¥ so that C' induces an
isomorphism II/¥ — P/P,.

(3) The constant sequences, being the values of degree zero polynomials, are clearly in
B NP. No other sequence occurs there because the values of polynomials of non—zero degree
are unbounded.

(4) B is separable so that the constant sequences BN P = (1,1,...)7Z are a direct
summand, B=(BNP) & B’ say. Thus (B+P)/P=B/(BNP)= B CII O

Recall that a group H is said to be algebraically compact it H is a direct summand of
every group G that contains H as a pure subgroup [6, Section 38]. Every bounded group
is algebraically compact. In the p—adic topology of a group G, p a prime, the subgroups
p"G, n € N, form a base of neighborhoods of 0 [6, p 30]. A group G is cotorsion if every
extension of G by a torsion—free group splits; i.e., if Ext(J,G) = 0 for every torsion—free
group J [6, Section 54]. An algebraically compact group is cotorsion, but the converse need
not be true.

With this terminology, IT/P and its torsion subgroup can be described as follows:
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Theorem 5.2. 1. II/P is a reduced, algebraically compact group and so is of the form
II/P = [[ A,, the product over all primes p, where each A, is complete in its p—adic
topology and is uniquely determined by I1/P.

2. Let T'= &T, be the torsion subgroup of IL/P, where T, is the p—primary component
of T' for all primes p. Then T}, is the torsion subgroup of A, and is isomorphic to the
torsion completion of ®pen+ (@QNOZ/ka). Thus T' is not cotorsion and so is not a
direct summand of I1/P.

Proof. (1) II/P is reduced and algebraically compact because all of the product components
Z/nlZ in Theorem 4.3 are [6, Corollary 38.3]. As a result, it is of the form II/P = [[ 4,
where each A, is complete in its p-adic topology and is uniquely determined [6, Proposition
40.1].

(2) By [7, Theorem 68.4], each T, is torsion—complete since it is the torsion part of the
algebraically compact group A,. Hence by the results of [7, Section 68|, T, is uniquely deter-
mined by any basic subgroup. Thus it remains to determine the Ulm-Kaplansky invariants
of T, for each prime p.

For each prime p, the p-component of [[ .,7Z/nlZ consists of those sequences a =
(a, +n!Z) for which there is a positive integer k such that for all n, p¥a, is a multiple of n!.
For each fixed k, [],s,Z/n!Z has 2% independent elements of order p*. For example, let
{F, : v < 2%} be a family of 2% almost disjoint infinite subsets of N; i.e., any two intersect
in a finite set. For each v < 2 let a, have n—component (n!/p*) + n!Z for each n > p* in
F,,, and zero otherwise. Then the a, are independent elements of the product of order p*.
Since |T,| < |II| = 2%, T, is the torsion completion of @yen+ (DyroZ/p"Z) [6, Section 40].

Since T' is unbounded and reduced, it cannot be algebraically compact [6, Corollary 40.3]
or cotorsion [6, Corollary 54.4], so it is not a summand of IT/P, since any direct summand

of an algebraically compact group is itself algebraically compact and hence cotorsion [6, p
159]. O

6 Analytic properties of the power series
and Pascal’s matrix

Recall from Section 4 the definition of Z[[z]]g as the group of power series with respect
to the integral root basis; that is, elements of Z[[z]]z are formal expressions of the form
Ta(2) =D, cn @npn(z) with a = (a,) € I

We have seen that the elements of Z[[z]| g are the infinite analogs of the integral Lagrange
interpolation polynomials. We also have seen that there is a natural map IT — Z[[z]|g — II
defined by a +— 7,(z) +— (ra(n)). The image is P and as in the proof of Theorem 4.3,
IT = [];cn(a;) and P = [,y (jla;) where the o are the elements of the extended Alpha
basis which form the columns of the infinite Pascal matrix A.

Through use of the observation that A can be obtained from the transpose U? of the
matrix (with respect to the standard basis) of the translation U : Z[z| — Z[z], v — z + 1,
computations involving A can be greatly simplified. More precisely, let U(t) denote the
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matrix of the translation @ — x +¢. Then U(t) = (uy(t)) where u;;(t) = ()77, ie.,

1t t* ¢
0 1 2t 3t?
Uit)=10 0 1 3t
00 0 1

so that U = U(1).

Since for any numbers m and n, U(m)U(n) = U(m + n), we have for all n € Z, U™ =
U(n). Then defining A(t) = U(t)T, we find for all n € Z that A(n) = U(n)" = (U™)T =
(UT)™. In particular, A=t = U(—1)". Thus computations with A are easier than they first
appear.

As with Z[[z]]r considered above, there is a natural isomorphism IT — Z[[z]] defined by
ar Y oy a;x'. In particular, the image of the Alpha basis can be expressed in terms of the
standard basis by a;(z) = >,y (;)JUZ It is interesting to note that o;(z) = 27 /(1 — )7+t

Proposition 6.1. With the notation above, oj(z) = 27 /(1 — x) ™

DO G R o Ny (R
)7l da S oldei \1—2) (1 —z)it!

1€EN i€EN

Proof.

We thank the referee for this short proof, which appeared in [8].
Proposition 6.2. Let F(x) = Y.y a;z’ € Z[[z]]. Then formally, F(x) = 1/(1—x) Y. bj(z/(1—
z)), with a = (a;) and b = (b;) = A 'a.

Proof. We view a and b as infinite column vectors. Since IT = [] jen{ay) with respect to the
Alpha basis and II = Z[[z]], Z[[z]] = [[;en(e;(2)), where aj(z) = 3 (;)9:Z for all j € N.
The coefficients of F(z) with respect to the Alpha basis are given by A~'a = b, so

F(z) =) bjoy(z) = ij(l —x;)frl T i s 2b (1 - $)j

jEN jEN jEN

]

Remark 6.1. Although the expansion described in Proposition 6.2 is formal, the series
may actually converge analytically. In particular, by the ratio test, each a;(z) = > (;)x’
converges on the unit disc |z| < 1. Moreover, we can construct a single variable generating
function for the entire infinite Pascal matrix as follows:
From the definition of «;(x) and Proposition 6.1,
2

L aj(z) =Y (;)332 = Ao Sum equations (1) over j to obtain
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A !
2. ZjeN aj(z) = Z]EN > ien (j)x - ZjeN m Now reverse the order of summa-

tion in the middle term of (2) and factor out 1/(1 — x) on the right to obtain

i 1
3. D ien ZjeN (3)$ 1 -z
7 > 1 on the left, and the sum of a geometric series on the right to conclude that

J
ZjeN (%) . From (3), factor out z* and use (;) =0 for
—

N ) 1 1 1 . , ,
4. ) en Z;’:o (;) =1 ( ) =T Substituting 2° for Z;’:o (;) yields

o . X
x \1 T

and the series converges on the smaller disc |z| <

5. 2 jenaj(z) = D ien(22)' = 1 _1 x
1/2.

To explicate Pascal’s infinite matrix from 1/(1 —2x), simply reverse the steps: o
— 2

Sien 2t = Y g Z;:o (;) — Y ieN D jeN (;)xz With this technique, two variables are
not required to generate the matrix; compare [10, p 93, Ex. 12 and solution p 494].

References

[1] P. Barry, On integer-sequence-based constructions of generalized Pascal triangles, J.
Integer Sequences, 9 (2006), Paper # 06.2.4.

[2] A. Blass and J. Irwin, Free subgroups of the Baer-Specker group, Comm. Alg., 29 (2001),
5769-5794.

[3] J. M. Cohen and H. Gluck, Stacked bases for modules over principal ideal domains, J.
Algebra 14 (1970), 493-505.

[4] E. F. Cornelius Jr. and P. Schultz, Sequences generated by polynomials, Amer. Math.
Monthly, 115 (2008) 154-158.

[5] G. S. Call and D. J. Velleman, Pascal’s matrices, Amer. Math. Monthly, 100 (1993),
372-376.

[6] L. Fuchs, Infinite Abelian Groups, Vol. 1, Academic Press, New York and London, 1970.
[7] L. Fuchs, Infinite Abelian Groups, Vol. 2, Academic Press, New York and London, 1973.

[8] M. Golomb and A. N. 't Woord, A disguised zeta function, Amer. Math. Monthly, 103
(1993), 703-704.

9] B. Green and T. Tao, The primes contain arbitrarily long arithmetic progressions,

http://arxiv.org/PS_cache/math/pdf/0404,/0404188.pdf, 2006.

13


http://www.cs.uwaterloo.ca/journals/JIS/VOL9/Barry/barry91.html
http://arxiv.org/PS_cache/math/pdf/0404/0404188.pdf

[10] D. E. Knuth, Fundamental Algorithms, Vol.1 of The Art of Computer Programming,
Addison-Wesley, 2nd ed., 1973.

2000 Mathematics Subject Classification: Primary 20K21, 20K25, 20K30; Secondary 13F20,
15A36.

Keywords: Mixed abelian groups, Lagrange interpolation polynomials, integral polynomials,
integral root basis, Baer—Specker group, Pascal’s matrix.

Received October 30 2006; revised version received March 22 2007. Published in Journal of
Integer Sequences, April 2 2007. Minor revision, April 17 2008.

Return to Journal of Integer Sequences home page.

14


http://www.cs.uwaterloo.ca/journals/JIS/

	Introduction
	The Integral Root Basis
	Special polynomials
	Extensions to infinite sequences of integers
	Subgroups of the Baer--Specker group
	Analytic properties of the power series and Pascal's matrix

