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Abstract
We study the function

g(n,y):== > ged(i,n),

i<n

P(i)<y

where P(n) denotes the largest prime factor of n, and we derive some estimates for its
summatory function.

1 Introduction

Let P(n) denote the largest prime factor of n, with the convention that P(1) = 1. We say
that n is y-friable if P(n) < y. Friable numbers have been studied in great detail by many
authors, and a lot of attention has been devoted to estimates and properties of the function

U(z,y) = Z L.

n<z
P(n)<y

The article of Hildebrand-Tenenbaum [6] contains a survey on the subject, as well as nu-
merous references. One of the most interesting results concerning this function is due to
Dickman. He showed that, for any fixed u, we have

U(r, 2" ~ap(u) (o),
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where p(u) is the Dickman function, defined as the solution to the delayed differential equa-
tion

plu) =1, if0<u<l;

up' (u) + pu—1)=0, ifu>1.
For more details, see for example De Koninck—Luca [7, Thm. 9.3, p. 134]. Hildebrand [5]
showed that, in fact, the following stronger estimate holds.

Theorem 1. Given any e > 0, uniformly for exp((loglogz)3™¢) <y < z,
log(u + 1)
v = 1 _— . 1
(w.0) = oot (140 (EELY ) )

It turns out that improving the region of validity for this estimate improves our knowledge
of the distribution of the zeros of the Riemann zeta function, and that (1) holds uniformly
for (logx)*™ <y < x if and only if the Riemann hypothesis is true; see Hildebrand [4].

On the other hand, the function W(x,y) behaves quite differently for very small values
of y. Indeed, Ennola showed [6, Thm. 1.5] the following estimate.

Theorem 2. Uniformly for 2 <y < /logz,

2
W(z,y log x L0 oy .
' log p log x logy

In particular, if y is fixed, this yields

0(o) =TT (for ) Qo)™ + Of(tog )0 )

p<y

In this paper, we introduce and study the function

g9(n,y) := Z ged(i, n). (3)

P(i)<y

This can be seen as a generalization of the function

= chd(i,n).

i<n

The latter was studied by Broughan [1], who showed that g(n) is a multiplicative function.
Indeed, we have that [1, Thm. 2.3]

= > s(@), 4

dn
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where ¢(n) is Euler’s totient function. Using well-known estimates for summatory functions
related to ¢(n), Broughan has shown that

S ) = BT L 002 (s o0)

7T2
n<x

Our main goal is to derive estimates for

G(x,y) ==Y _g(n,y)

n<x

in various ranges of y < x.

2 Main results

Let g(n,y) be defined as in (3). Also, here and in what follows, we set u := logz/logy.

Theorem 3. For y fixed, we have, as x — 0o

xr,y) = ! p—l z(log 2)%™W) z(log z)?* W1

where w(y) denotes the prime counting function.

Theorem 4. We have

Glay) = 2Pl logy (1 Lo (10g(u+ 1))) |

2 log y

uniformly for .
exp((loglogz):™) <y <z,

where py(u) is the continuous solution to the delayed differential equation

pa(u) = u, if0<u<l;
uph(u) = p2(u) +2p2(u—1) =0, ifu>1.
3 Preliminary results

An important fact that we will need later is the value of g(n) when n is a prime power.

Lemma 5. If p is a prime, then

g(p") = (k+1)p" — kp" L.



Proof. Using (4), we have

g(p") = do (%k> = (ip] S 1)) +p

d|pk j=0
k—1
=" - DD 1+t =" o= Dk +p" = (k4 1D)pf =kt O
=0

The next lemma is the analog of (4) for friable numbers.

Lemma 6. The function g(n,y) satisfies the relation

glny) = Y do (%y> (5)
d

P(d)néy
where we set
d(n,y) = Y L
k<n
(n,k)=1
P(k)<y

Proof. The proof is very similar to the proof of (4) given in Broughan [1]. It is clear that the
ged’s in the sum are divisors of n and must be y-friable. How many times does a y-friable
divisor of n appear in the sum (5)7 We have that

n i
d(z,n) =d <= ged | =, - | = 1.
ged(i,m) gc ( . d)
Since i/d is always y-friable we conclude that d is in the sum as often as there are integers

less than or equal to n/d that are coprime with n/d and y-friable. This is precisely the same
thing as ¢(n/d,y), and therefore

gny) = > do (%y> O
q

P (d)néy

Using Lemma 6, we obtain that

Y glny) =" > dcb(%,y): > chb(%,y)

n<z n<z dn d<x n<lx
P(d)<y P@)<y dln
=Y aY (S = X aY ety
d
d<z kd<z d<z kS%
P(d)<y P(d)<y
= > o ().
d
d<zx
P(d)<y



where we have set

::jE:(ﬁ(nvy)'

n<x

Lemma 7. For ﬁxed Yy, we have

O(x o H (plogp) (log z)™™ + O(z(log z)™¥ 1) (x — 0).

p<y

Proof. Let P, := Hpgy p. Thus

d oy => >

n<x d|Py, n<z
(n7Py):d

If (n, P,) = d, then ¢(n,y) will only count integers less than or equal to n that contain only
prime factors of P, that do not divide d. It is therefore clear that the smaller d is, the bigger
¢(n,y) will be. Hence, it suffices to evaluate the sum

> bny),

n<x
(n,Py):l

since all the other terms will be absorbed in its error term. But ¢(n,y) = ¥(n,y) when
(n, P)) = 1. Therefore

S oy = Y Uny)

n<x n<lz
(n,Py)=1 (n,Py)=1
::jg:‘y(nay)__jg:‘y(n?y)__jg:‘y(nay>__
n<x n<w n<x
2|n 3|n
+ Y Uy + Y Uny)+ > U(n,y) +
n<lx nlx n<lx
2:3|n 2:5|n 2:7|n
Ay ()
n<z
Pyln
1 —1)w(Py) 1 m(y)
:(1___...+_+..._|_( ) ) x(logx)
2 2.3 P, (), logp




where we used (2), the fact that for every integer k& > 1

Z(log n)* = z(logz)* + O(z(logz)*1),

n<x

and the fact that

pw(d) ) 11
> 7 = =1 .
P
Lemma 8. For each integer n > 1, we have

> ()i ey

k=0

Proof. We will show that, for every n > 1 and for all x that do not cause a division by 0,

n! () (-D)F
x(m+1)(a¢+2)~-(m+n)_Z(k)x+k' (6)

k=0

It is easy to see that (6) is true if n = 1. Assume that (6) is true for some n > 1. Then,

(n+1)! B n+1 n!
r(z+1) - (z+n)(z+n+1) (x+n+1> rz+1D)(z+2)---(x+n)

B — (7 (—1)*
—(n—i-l)Z(k) (x+n+1)(z+k)

k=0

Using partial fractions, we find that

1 1 1
rtntDx+k) m+l—k@+k) n+l-k@+nt+l)

n-+1 n\ n—+1
n+1—k\k) ko)’

Since



we have

(n+1)! B " /n (—1)k
e+ =+l O(k:)(m+n+1)(x+k)

n i 1 1
=(n+1) (k (=1) ((n+1—k;)(x+k)_(n+1—k)(x+n—|—1))
(—1)k 1 n+1 .
r+k x—i—n—l—lz( k )( D

o+ 711 +1 <§ (nz 1> C (—1)"“)

k=0
(_1>k‘ (_1)n+1
r+n+1

il
o

i
o
—_

S

I
N
/\/\3/—\
>+ = 4+
—_
N— " N— 7
M
+ | =
>~|=

Il
3 =
(]
)
8
+
N

|
+ 1
R
S
> +

k=0

the simplification on the penultimate line because, by the binomial theorem,

S (" N 1) (~Df = (-1 =0,

k=0
Hence, by induction, (6) is true for all n > 1. Setting x = n, we obtain the desired result. [J
Lemma 9. For all 2 <y <z, we have
gli :
Glo) = X (+22 - @) + 0Cw(e. )
i<z

P(i)<y

Proof. Using the fact that, for every k, ged(i,n) = ged(i,n + ki), we easily find that
> (in) = x@ +0(1)  (z— ).

7
n<x

Thus, changing the order of summation gives

=D gy =3 > (m=2 > @n

n<z n<lz i<n i<z 1<n<z
P(i)<y P(i)<y
= % (2 - 40) + 0wl ) 0
<z
P(i)<y



In order to evaluate sums of multiplicative functions over friable numbers, we will require
a result due to Tenenbaum and Wu [9, Cor. 2.3], which is a generalization of a theorem of
Song [8, Main Theorem].

Theorem 10. Let € > 0 and let f(n) be an arithmetic function which satisfies the two
conditions

Z f(p)logp =k + O <m exp(—(log x)%_€)> (7)
I TN ®

for some constants k > 0,0 <n < 3 L A>0. Then

> f() = Cul fapul(u)(logy)™! (1 o (bgfog 2+ <1og1y>ﬁ)> |

n<x
P(n)<y

uniformly for )
exp((loglog z)5*) <y <,

Culf) = H(l——) ral

p Jj=0

where

and pi(u) is the continuous solution to the delayed differential equation
pe(u) = u1/T(k), if 0 <wu <1
upl () + (1 — R)pu(u) + ipwlu —1) = 0, ifu> 1.

In our case, it is the function ps(u) that will be of interest. We will need the following
lemma that summarizes some basic properties of p,(u).

(9)

Lemma 11. Let p.(u) be defined as in (9), for some k > 1. Then

(i) Asu— oo,
pie(u) < pr(u) log(u +1).

z log t
[ (B2 i<
1 logy

Proof. For (i), see Tenenbaum—Wu [9]; for (ii), see Song [8, Lem. §]. O

(ii) As x — o0,

Finally, we will need the following sharp form of the prime number theorem; see for
example Ellison [2, Thm. 11.3, p. 425].

Theorem 12 (Prime Number Theorem). Let d(z) =} _ logp, and e > 0. Then

9(z) =z + Oz exp(—(log z)5 ) (x — 00).



4 Proof of Theorem 3

Let . .
p —
C=C0Cy):= ( ) )
) m(y)! g/ plogp
We have, by Lemma 7,
x
Gz,y)= Y n® <ﬁ,y)
n<z
P(n)<y
- (e )0 (2 )
N e~ n U8 n V8
P(n)<y
=Cr Z (logz —logn)™™ + O(z(log )™ ™10 (z,1)).
n<x
P(n)<y

Therefore, by the binomial theorem,

7(y)
G(z,y) =Czx Z (Z (Wgy)) (log )™ ~7 (=1 (log n)j)

n<lx 7=0
P(n)<y

+ O(z(log x)%(y)_l)

7(y)
= Cz(logz)™ 2. ( g,y)>(log x)j(—1)3< ; (log n)3>
P(n)<y

(10)



However, for each j > 0,

. . x j—l
S (logn)! = W(z,y)(log z) — / J‘I’@ay)ilogﬂ "
n<z 1
P(n)<y

(log )"0+ _/@ fogy ™,
ﬂ-(y)' Hpgy logp 1 tﬂ-(y) Hp<y ]'ng

, z m(y)+ji—2
+ O((log z)™®)+i=1) +/ O (%) dt

_ (log z)ﬂ(y)ﬂ B j(log x)ﬁ(y)ﬂ'
(W) <, logp  (7(y) +j)my)'[],<,logp
+0((log )™

B (log )W)+

 (m(y) +9)((y) = D,<, logp

Substituting this in (10) yields

+ O((log z)™@+i=1),

G(r,y)

| '
_ :c 0 :c ™Y —logz)™? (ng)ﬂ(y)ﬂ
= Cx(log - ( ) log z) ((w(y) + ) (y) = D ,e, logp>

+ O(z(log )W~
= Dz(logz)>™¥ + O(z(log z)* 1),

<.
I

where
) B o 7(y) W(y) (_1)]
D = D(y) = (7(y) — D1, logp ; ( J )W(y) +J

But by Lemma 8, we have

D— 1 p—1 1
 w(y)r(y) = D!\ plog?p ) w(y) ()

m(y)

_ p—1 1 - p—1 1
oo pleg’p ) (w2 (Y)  \ g pleg®p ) Cr(y)!

Substituting C' and D by their appropriate expressions gives the required estimate for G (x

10
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5 Proof of Theorem 4

Using Lemma 5, we have that

Zg logp = Z(Z——)logp-QZlogp ZIng

p<z p<z p<z p<z

— 22 + O(z exp(—(log )5 7)),

where we used Theorem 12 and the fact that

lo
Zﬂ<< log = (x — o00).
p<z p

Hence, setting f(n) := g(n)/n, condition (7) of Theorem 10 is satisfied with k = 2. Also, we
have

(k+ 1)p* — kp+t 2kp*
DI ]Zn)kp <3 o

P k>2 p k>2 P k>2

_2771 4
_Z p _Zm<oo,

p

for any 0 < n < % It follows that condition (8) of Theorem 10 is also satisfied. Note that
for this particular f,

=11 (1- %)Oo T 1)2 (=

P

T-3)-m =

3 9(:> _ 6“””2(:2) logy (1 +0 (—logl(oéz 1))) . (11)

n<x
P(n)<y

This gives

Using Abel’s summation formula, we get

Y ogm)= ) ”g?) = 6m2p25ru2) < (1 o (%))

n<x n<x
P(n)<y P(n)<y
/z 65 (}gg;) logy (12)
1 us

@ log t log ¢
+/ O(tp2<og )log(og —|—1))dt.
1 logy logy

11



Using integration by parts on the first integral gives

z 6tp2 <1§gt) logy 32 1 x 3tp/2 <1(())_gt)
/ osy) P74y = 3T pa(Wlogy / T \len) g, (13)
1 ™ ™ 1 ™

From Lemma 11(i), we can see that the remaining integral from (13) is of the same order as
the second integral in (12). But using Lemma 11(ii), we have that

e log ¢ log ¢ @ log
/ t,og(Og )log(og +1)dt§xlog(u+1)/ p2(0g )dt
1 logy logy 1 log y

< #pa(u) log(u + 1),

as x — 0o. Gathering these estimates in (12), we obtain

S ) - 3x2p2(1;) log y <1+o <log(u+ 1))). 14)

= ™ logy
P(n)<y
Finally, using (14) and (11) in Lemma 9, we obtain the desired estimate. O
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