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Communicated by S. Hejazian

ABSTRACT. In this paper, the authors establish some Hermite-Hadamard type
inequalities by using elementary inequalities for functions whose first derivative
absolute values are a-, m-, (a, m)-logarithmically convex.

1. INTRODUCTION AND PRELIMINARIES

In this section, we will present definitions and some results used in this paper.
Let f: 1 C R — R be a convex mapping defined on the interval I of real
numbers and a,b € I, with a < b. The following double inequalities:

f(a+b) Sbia/abf(x)d“"gf(a);f(b)

2

hold. This double inequality is known in the literature as the Hermite-Hadamard
inequality for convex functions (see [1]-[8]).

Definition 1.1. Let [ be an interval in R. Then f: I — R, () # I C R is said to
be convex if

flle+ (1 =t)y) <tf(@)+(1—1)f(y). (1.1)
for all z,y € I and ¢ € [0, 1].

The concepts of a-, m- and («, m)-logarithmically convex functions were intro-
duced as follows.
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Definition 1.2. [1] A function f : [0,b] — (0,00) is said to be m-logarithmically
convex if the inequality

fltz+m (1 —t)y) < [f @) [ (5)]"" (1.2)
holds for all z,y € [0,b], m € (0,1], and ¢ € [0, 1].

Obviously, if putting m = 1 in Definition 1.2, then f is just the ordinary
logarithmically convex on [0, b].

Definition 1.3. [8] A function f : [0,b] — (0,00) is said to be a-logarithmically
convex if

f b+ (= ty) < [f @] [F )" (1.3)
holds for all z,y € [0,0], @ € (0,1] and ¢ € [0, 1].

Clearly, when taking o = 1 in Definition 1.3, then f becomes the ordinary
logarithmically convex on [0, b].

Definition 1.4. [1] A function f : [0,b] — (0, 00) is said to be (a, m)-logarithmically
convex if

fltz+m(1—t)y) < [f @] [f @ (1.4)
holds for all z,y € [0,b], (a,m) € (0,1] x (0,1], and ¢ € [0, 1].

Clearly, when taking o = 1 in Definition 1.4, then f becomes the standard m-
logarithmically convex function on [0, b], and, when taking m = 1 in Definition
1.4, then f becomes the a-logarithmically convex function on [0, b].

In [3], the following theorem which was obtained by Dragomir and Agarwal
contains the Hermite-Hadamard type integral inequality.

Theorem 1.5. [3, Theorem 2.2] Let f : I C R — R be a differentiable mapping
on 1°, the interior of I, a,b € I° with a <b. If |f' (z)]| is convezx on [a,b], then

fl@+fo 1 " b—a) (/" (a)| + 1/ (b)])
' 5 — 5 a/a f(z)dx < .
Theorem 1.6. [3, Theorem 2.3] Let f : I C R — R be a differentiable mapping

on I°, a,b € I° with a < b, and p > 1. If the new mapping |f' (z) [P/P~" is convex
on [a,bl], then

<!

(1.5)

a b

'f<)—21_f(b)_bia/f(x)dm (1.6)
b—a I (a)|p/(p71) S (b)‘p/(p,l) (p—1)/p

2(p+1)'77 2 :

The aim of this paper is to establish some integral inequalities of Hermite-
Hadamard type for a-, m-, (a, m)-logarithmically convex functions.
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2. HADAMARD TYPE INEQUALITIES

In order to prove our main theorems, we need the following lemma [7].

Lemma 2.1. [7] Let f: I C R — R be a differentiable mapping on I°, a,b € I°
witha < b. If f' € L [a b, then the following equality holds:

fla)+ f(b
5 b—a/f (2.1)

b—a ! — s 5 — s
_ // (ta+ (1—£)b) — ' (sa+ (1— s)b)] (s — t) dtds.

A simple proof of this equality can be also done integrating by parts in the
right hand side (see [7]).

The next theorems gives a new result of the upper Hermite-Hadamard inequal-
ity for a-, m-, (a, m)-logarithmically convex functions.

Theorem 2.2. Let I D [0,00) be an open interval and let f: I — (0,00) be a
differentiable function on I such that f' € L(a,b) for 0 < a <b < oco. If |f' (x)]

is (o, m)-logarithmically convez on [0, 2] for (o, m) € (0, 1%, then

‘f a)+ f (b b—a/f

S { —a) ’
where n = |f" (a)| /| (£)]™.

Proof. By Lemma 2.1 and since | f'| is an (o, m)-logarithmically convex on [0, 2],
then we have

fla)+f(b
2 b—a/f ) dz

(2.2)

‘ m

3 , o on<l

a31n®n

(o
f'(

I n=1
i) |m —a?1n? n—2aln n+2n* -2
m

< b_a/ / |(f (ta+ (1 —1¢)b)) — (f' (sa+ (1 —5)b))||s —t| dtds

0 0

a 1 1 / . , b m(1—t*)

< [/ [ s () dtds]

a 1 1 / / b m(1—s%)

[ | [s=dir@rs (a) dtds]
Let 0<k<1,0<m<1,and 0 <n < 1. Then
Em < kT (2.3)

When n = 1, by (2.3), we get

‘f(a)—gi_f@) _bia/abf(z)dx
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f’(%) m{/01/01|s—t\dtds+/01/01|s—t]dtds]
<

When 0 <n < 1, by(23 we get

‘f a) + f (b —a/f

b—a

<
- 2

_ 1 1
< b 2y (—) [/ / |s—t|natdtds+/ / |s—t|17a5dtds}
2 m o Jo o Jo
b—al, (b\|" [-a?In®n—2alnn +4n® + o’y In*n — 2an®Inn — 4
= f — 3
2 m 203 1n" n

—alnn+2n* —an®lnn — 2
+ 2
2021n"n
which completes the proof. Il

Corollary 2.3. Let I D [0,00) be an open interval and let f: I — (0,00) be a
differentiable function on I such that f' € L(a,b) for 0 <a <b < oco. If |f' (x)]
is m-logarithmically convez on [0, 2] for m € (0,1], then

fla+fm 1 " Coal (L), n=1
' 2 _b—a/af(x)dx S{ \ |

(b—a) f/ (%)‘ —In?n— 21nn+2r] 27 n < 1
where n 1s same as Theorem 2.2.

2 In3 7

Corollary 2.4. Let I D [0,00) be an open interval and let f: I — (0,00) be a
differentiable function on I such that f" € L (a,b) for0 <a <b < oo. If |f' (x)l]is
a-logarithmically convex on [0,b] for a € (0,1] , then

f(a)+ f(b /f EF 1S )] . n=1
9 b— a — @ |f/ (b)| 4n® —4alnn—2a In 77747 n < 1

2a31n3 7
where n = |f'(a)| / [f" (b
Theorem 2.5. Let I D [O, o0) be an open interval and let f: I — (0,00) be a
differentiable function on I such that f' € L(a,b) for 0 <a <b<oo. If |f' (z)|?
is an («, m)-logarithmically conver on [0, %} for (a,m) € (0, 1]2 and p,q > 1
with ]% + % =1, then

b 1 b
f(a);f()_b_a/af(x)df -
b-a) | )" () =1
=) |f I (o) > (Bt )" <1

where n (o, &) is same as Theorem 2.2.
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Proof. Since |f'|? is an (o, m)-logarithmically convex on [0, 2], from Lemma 2.1
and the well known Hoélder inequality, we have

1010 L[ e

< 5[t =) = (7 ok (= )0 b=t s

b—a (L 1 / ol (b m(1-t%)
[ [sdrar e (D) s
b 1l wl, (b
250 [ =@ ()
b—al ., (ON"/ [N .\
f <E> </0 /0 |s — ¢t dtds)

(2.5)

IN

m(1—s%)

dtds

IN

2

1,1 . 1 1 .
X ( / / an“dtds) + ( / / nqsadtds)
0 0 0 0

If n=1, by (2.3), we obtain

N R
([ [y
() (Grees)

IN

(b—a)

= (b—a)

If n < 1, by (2.3), we obtain

‘f(@;f(b)_bia/abf(@dm (2.6)
(] o)
% [(/0 /0 nqt“dtds)q + (/0 /0 nqsadtds)q]
= (b—a)|f (%) ’” ((p+1)2(p+2)>p - <%>
which completes the proof. U

Corollary 2.6. Let I D [0,00) be an open interval and let f: I — (0,00) be a
differentiable function on I such that f' € L (a,b) for0 <a <b < oco. If | f' (x)|%is
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an m-logarithmically convexr on [ , for m € (0,1] and p = q = 2, then

f(a)2 b—a/f ) da

f ( b) \/T y { 1, ) =1

— ~ 2,2)-1\ 2

m 6 (7171(171(2),2)) ,on<l
Corollary 2.7. Let I D [0,00) be an open interval and let f: I — (0,00) be a

differentiable function on I such that f' € L (a,b) for 0 <a <b < oo. If |f' (z)]is
a-logarithmically convex on [0,b] for a € (0,1] , then

‘f a)+ f (b b_a/ fl

/ 1 1, 1 n=1
< (b_&)‘f()‘((p—l—l)(p-f—Q)) X{ (M)E, n<l

Inn(ag,aq)
where n = |f"(a)| /| f" (b)].

Theorem 2.8. Let I D [0,00) be an open interval and let f: I — (0,00) be a
differentiable function on I such that f’ € L(a,b) for O <a < b<oo. If |f (z)|*

is (o, m)-logarithmically convez on [0, L] for (o, m) € , and then

'f(a);f(b)_bia/abf(x)d:v _—’ ( )
1, "

1 1
X 3 (1 1-2 2p—2 p+1 1—¢p q p—1 o+1 q
2 (5) ! |:<[ln<p]3 o [In¢)? " 2Ine + [In ©]? T 2lng N < 1

where n (o, ) is same as Theorem 2.2, and ¢ = n (g, aq).

< (b—a)

Proof. Since |f'|? is an («, m)-logarithmically convex on [0, %}, for ¢ > 1, from
Lemma 2.1 and the well known power mean integral inequality, we get

‘f(@;f(b)_bia/abfmdx
S e =0 = 5 G (= )]s s
”‘“(//|s—t|dtds) 1(/1/1ls—tl\f’(ta+(1—t)b)!thd8);
+b;“(/0/0|s—t|dtds) (/ / s—t]1f (sa+ (1—s) >|thds)
SO ([ [ rovae)” ([ [ rovese)

SO (L frovae) ([ frovese)

IN

IA

IA

—a
2
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When 1 = 1, by (2.3), we obtain
’f a)+ f (b /
f(z
b—a (1\'
; (5) ( )
b—a [1\' 4 ,
26 G
)
m

3
When 1 < 1, by (2.3), we obtain

b
’f 2 bia/af(a:)d:c

L)
([ [

IN

ey (L [
5t (O I (] [ e
N
X{[ n(agaq) =2 nlagag)+1  1—n(ag aq) ]3
[In (1) (aq,aq))] 01 (ag,aq))]” 2 (n(ag, aq))
+ { n(agaq) =1 nlagaq)+1 ]1}
In (n(ag,aq))]” 2 (n(ag,aq)] [’
which completes the proof. Il

Corollary 2.9. Let I D [0,00) be an open interval and let f : I — (0,00) be a
differentiable function on I such that f' € L (a,b) for0<a <b < oco. If | f' (x)|%is
m-logarithmically convex on [O, ﬁ] for m € (0,1], then

‘f a)+ f (b / £ (@) du
ST ., 1=t
< ] o [ - e - ]

- 1 , n<l
+ [ n(e,9)—1 _ n(g,9)+1 ] q
nn(g.q)*  2n(g.q)
Corollary 2.10. Let] D [0,00) be an open interval and let f : I — (0,00) be a
differentiable function on I such that f' € L(a,b) for 0 < a <b < co. If |f (x)]
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is a-logarithmically convex on [0,b] for a € (0, 1] then

‘f )+ /0 b_a/f Yo < 22217 )

1, n=1

1
)1*5 [ 2n(aq,0q)—2 _ _nlegoq)+l  1-n(ag,oq) ]5
(In(n(ag.aq)®  [n(n(ag,aq))]? In(n(ag,aq))

2
[ n(ag,aq)—1 n(aq,aq)+1)] ‘11}

N

(

Wl

[In(n(eq,aq))]®  2In(n(ag,aq)

where n = |f"(a)| /[ (0)]-
Theorem 2.11. Let f : I C Ry — Ry be differentiable on I°, a,b € I, with
a <band f' € L([a,b]). If |f'] is an (o, m)-logarithmically convez [0, 2] for
(o, m) € (0, 1]2 and piy, pg, 71,72 > 0 with puy + 71 =1 and ps + 17 =1, then

fla)+f(b / a) A
— 2.7
2 fl@ A (2.7)
20y + 213 + 711+ T =1
(D) | @A) LT T2 U
X 20 wi o (FA) n(Ea)
2u+1)(pa+1) 1 (2p2+1)(p2+1) 1 ”(Tl n) 2 (f; %)’ d

where n (o, &) is same as Theorem 2.2.

Proof. Since | f'|* is an (v, m)-logarithmically convex on [0, 2], from Lemma 2.1,

we have
‘f(“) +f / f (2)de (2.8)
< "ta+(1—=1)b) — (f (sa+ (1 —5)b))||s — t| dtds
< % [ / / s =tllf (@I" |F (a) o dtds]
) [ / 1 / Js— A1 @I |f () e dtds]

(b—a)
2

LN 1o ) 1 1 §
f (E) [/ / |s — t|n"" dtds + / / |s —t|n° dtds]
0 Jo 0 Jo

for all ¢ € [0,1]. Using the well known inequality rt < ,m"i + Tt%, on the right
side of (2.8), we get

1 1 11
//|s—t|ntadtd8+/ / s — t|n*"dtds (2.9)
o Jo o Jo
1 1 1 1 1 Lo
< ,u1/ / |S—ﬂ“1dtds—l—7'1/ / nm dtds
o Jo o Jo
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//]s—t|u2dtds+7'2// % dtds

When n = 1, by (2.3), we get

//|S—t|77 dtds—i—/ / |s — t|n*" dtds (2.10)

213 +
2 +1) (a + 1) (&Q+U0m+w
When 1 < 1, by (2.3), we get

1 1 1 1
//|3—t|ntadtds+/ / |s — t| n*" dtds
o Jo 0 Jo
1 1 ) 1l .
,ul/ / |s—t]#1dtd5+7'1/ / nmdtds
o Jo
1 )
/@/ / |s — t| 2 dtds—l—Tg/ / 2 dtds
0 Jo o Jo
11 ) 1 1
ul/ / |s—t|“1dtds+u2/ / |s—t|#2 dtds
o Jo 0 Jo
1o, 1o
7'1/ / nﬁdtds—k@/ / N7 dtds
o Jo 0 Jo

27 N 205
2 +1) (e +1)  (2p2+1) (u2+1)
n(52) -
+ T
1“”(H7H> 1“”(a’a>

from (2.8)-(2.11), which completes the proof. O

+T1+T2

(2.11)

IA

IN

Corollary 2.12. Under the assumptions of Theorem 2.11, and pu = py = ps > 0,
T=T1=T2>0 with,u+7= 1, then we have

‘f a)+ f (b l/ f () de
43 _
(b—a) |, (b G T2 n=1
< ()] B2 o
(2p+1)(p+1) T nn(2,2)’ n<
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