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ABSTRACT. The problem on intersection of Cantor sets was exam-
ined in many papers. To solve this problem, we introduce the notion of
lacunary self-similar set. The main difference to the standard (Hutchin-
son) notion of self-similarity is that the set of similarities used in the
construction may vary from step to step in a certain way. Using a modi-
fication of method described in [3], [4], we find the Hausdorff dimension
of a lacunary self-similar set.

In one form or another, the problem on intersection of Cantor sets was
examined in many papers. In [5], [6], [8] the intersection of so-called thick
Cantor sets was considered. In [2] it was proved that the intersection of two
standard Cantor sets can be of any Hausdorff dimension from 0 to L‘:—g In [7]
there was investigated the intersection of standard Cantor sets one of which is
translated by an element of Cantor set.

To solve this problem, we introduce the notion of lacunary self-similar set.
The main difference to the standard (Hutchinson) notion of self-similarity is
that the set of similarities used in the construction may vary from step to step
in a certain way. Using a modification of method described in [3], [4], we find
a Hausdorff dimension of a lacunary self-similar set.

Let K be the (ordinary) Cantor set in [0,1]. It is shown that for almost
all a € [0, 1] (with respect to Lebesgue’s measure) the set (a + K)[) K is the
lacunary self-similar set and its Hausdorff dimension is equal to 31111n23. Then we
give some generalization of this fact.

1. LACUNARY SELF-SIMILAR SETS

Let us recall the definition of Hausdorff measure, dimension and metric. Let
U be a nonempty set in R™, |U| = sup{|x —y| : z,y € U}. If £ C |JU;, and
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0 < |U;| < ¢ for each i, then {U;} is called a -covering of E. Given E C R"
and s > 0, for any 6 > 0 the outer measure H3(E) of E is defined by the

equality
=inf Y |U[%,
i=1

where inf is taken over all countable §-coverings {U;} of E.
The Hausdorff outer s-dimensional measure H® on R" is defined by the
equality
H(E) = (lsif(l) H(E).

This limit exists, but can be infinite because Hj does not decrease as 6 — 0.
It is known that the o-algebra of H*-measurable sets contains the Borel sets.
And for any F C R" there exists a unique number dim(£) € [0,n] such that

; 00, t<dim(FE)
H (E):{ 0, t> dim(E)

dim(F) is called the Hausdorff dimension (the fractal dimension) of E.
If EC R" and § > 0, the d-parallel body of F is the closed set

[Els={r R ;g£|x y| < 6}

Let I be a collection of nonempty compact subset of R™. The Hausdorff metric
donI'is

d(E,F)=inf{d: E C [Fls, F C [E]s}.
It is known that I' endowed with the Hausdorff metric d is a complete metric
space .

Let us construct a lacunary self-similar set and find its Hausdorff dimension.
Note that the collection of lacunary self-similar sets contains the well-known
self-similar sets.

A mapping ¢ : R™ — R" is called a similitude if [¢)(x) — ¢ (y)| = r|z —y| for
all x,y € R", where r < 1. Clearly, any similitude is a continuous mapping.

Let {1;}7L, be a set of similitudes with ratios {r;}7.,. We set r = max 7;.

Let Ny C {1,...,m} be a nonempty set, for any positive integer k (if N}, =
{1,...,m} for all k, then the following construction gives a self-similar set).

k k
We set £F = TT N, LF = HM (p < k). For any sequence (j...jx) € LF
i=1

and any set F we set F}, j, = (@/le ..o )(F). Now, let I be a collection
of nonempty compact sets, and " F — I,

wk(p) :U(wjl . Owjk U Jidk -

Lk
for any positive integer k.

Theorem 1. There exists a unique set E € I' such that for all FF € T’
k—>oo
VHF) =S E
with respect to the Hausdorff metric d.
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o If F,G €T, then, by the definition of d,
d(wk<F)a wk(G)) < Sukp d(Fj1~~-jk7 Gjl--'jk) < T’kd(F, G) :
c

Take any F' € I" and set M = sup d(F,Fj). For any positive integers p and

1<j<m

q (p<q),
d(yP(F),p1(F)) < d(y?(F),y*( U Jirda)) < PPd(F, U oernda)

p+1 p+1

< r? sSup d(F7 Fjp+l~~~jq> < rP S}le (d(F Fjp+1) + d(Fijrl? Fjp+1jp+2) T

E;I)-H Ep-&-l
d < P 2 q—p—1 P M
+ (‘F}erl---jqfl? Fjp+1---jq) —_ r (M + TM + r M + T M) <r 1 —r

Hence d(y?(F),(F)) "=3 0. As T endowed with the Hausdorff metric d is a
complete metric space, w (F) converges to a nonempty compact set E.
For any G € T’

A(WH(G), B) < d(WH(G), 0" (F)) + d(*(F), E) =5 0.,

and so I is unique. ¢

Let K be the set of finite sequences {(j1, ..., jk)} e x- A finite subset P C K
is called a tree if for any (ji,...,jk) € K there exists (i1, ...,4,) € P such that
Jq=1gforallg=1,... min{k, p}, moreover, if p < k, then this (i1, ...,i,) € P
is unique. Note that for any k the set £* is a tree.

Given a tree P, we set p = inf{k : (ji,...,jx) € P} (the length of the
shortest branch of the tree) and ¢ = sup{k : (j1,...,Jx) € P} (the length of
the longest branch of the tree).

Lemma 1. For any tree P and any non-negative numbers {ay}p, we have
E aj, ...a; inf E aj, ...a;
= J1 Ik — p<k‘<q J1 Ik

where p 1s the length of the shortest bmnch of P, and q is the length of the
longest one.

oLet Py, = {(i1,... k) € P : (j1,--.,Jp) = (i1,...,ip)}, where (jy,...,Jp) €
£eoIf (I, ..., 1,) € L£P, then

U U jla'-'aj}h p+17"'7lk) (1)

Lp 7311 Ap
is a tree. Note that the first p elements of (j1,...,jp, lp+1, - .-, ;) run through
L? and the remaining elements run through the ends of (I,...,l;) € Pty
We set

J1---Jp

Z aij...ajk lf (]177]p>¢73
Hjy..gp =

P
1 it (j1,...,Jp) €P,
SO

Z Qjy ... A5 = Z Qjy - - A Mgy gy - (2)

P cr
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Let u = i?pf ty...5,- From (2) it follows that

Zajl <Ay Z Zajl e gy
P cp
if p=1.

If < 1, then there exists (I1,...,1,) & P such that = gy, ;,. Thus, using
(2), we get

E ajy--aijMh...lpE aj, ... aj,
P Lpr
= E Cle...CLjp E alp+1...alk: E Ajy - - Qg -
LP P!

Py .ty
Thus it follows from (1) that P’ is a tree. Clearly, the length of the shortest
branch of P’ is equal to p’ > p, and the length of the longest branch of P’ is
equal to ¢’ <q.
We proceed in this way until, after a finite number of steps, we reach a tree
L*. where p < k < ¢. This completes the proof. ¢

It is clear that liminf Y (rj, ...7;,)" does not increase as t increases from 0
to co. Furthermore, if ¢ < ¢/, then
inf T ...15)" = inf i) T > (PR g rir)t
B D0 ) = D7) 2 (O o

Hence there exists a unique number s > 0 such that

.. ' e J oo, t<s
hgg}lf k(rjl...rjk) —{ 0, t>s - (3)

Lemma 2. Let {V;} be a collection of disjoint open subset of R™ such that
each V; contains a ball of radius c1p and is contained in a ball of radius cop.
Then any ball B of radius p intersects, at most, (1 + 2cy)"c;™ of the sets V;
(the bar denotes closure).

o If Vi B # 0, V; is contained in a ball concentric with B and of radius
(14 2¢)p. Let h elements of the collection {V;} intersect B, then summing up
the volumes of the corresponding interior balls, we get h(ci1p)" < (14 2¢;)"p",
which proves the Lemma. ¢

We say that the set of similitudes {1;}7_, satisfies the open set condition if
there exists a nonempty bounded open set V' C R”™ such that

(V) €V oand o (V) () ei(V) =0 (4)

for any 4,7 = 1,m, j # i. Thus the sets {V}, j, } o+, form a net in the sense
that any two of sets from the collection are either disjoint, or one set is included
into the other one. The collection {V}, j, }p is disjoint for any tree P.

If (4) holds, then {1*(V)}; is a decreasing sequence of compact sets, which
converges to E with respect to the Hausdorff metric by Theorem 1. It follows

from the definition of Hausdorff metric that £ = () ¢*(V).
k=1
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The set E from Theorem 1 is called lacunary self-similar, if the open set
conditions holds true.

Theorem 2. The Hausdorff dimension of the lacunary self-similar set E is
equal to dim(FE) = s, where s is determined by (3).

o For any £ (moreover, for any tree P) the collection {Vj, j } o+ is a cover
of E. As

.. > t 17 i . )\ — 00, t<$
hggf;%..m —|V|h,§§g§fz;(%-”ﬂk> _{ 0, t>s
r L

and |Vj, ;.| < r*|V]| 2% 0, we get dim(F) < s.
To prove the opposite inequality we show that, if ¢ € [0, s), then H(E) = co.
Since F is compact, it is sufficient to prove that

. . It —
h%n_)lgle’UJ 00 ,

where the infimum is taken over all finite d-covers {U;} of E. Given any d-cover
{U;}X, of E, we can cover E by balls {B;}¥ ;| with |B;| < 2|U;], then

N N
YUl =27y B (5)
=1 i=1

Suppose that an open set V such that (4) holds true contains a ball of radius
c¢1 and is contained in a ball of radius cy. Take any p € (0,1). For each infinite
sequence (j1, j2,...) with (ji,...,jr) € LF for all k, curtail the sequence at the
least value of k& such that

(1£r;i<nm Tj)ﬂ < Tj -+ Ty, < P (6)

and let us denote by P the set of finite sequences obtained in this way. It is
clear that P is a tree.

Each Vj, . j, contains a ball of radius ¢;rj, ...r; and hence a ball of radius
clp(lg;i<nm r;), by (6), and is contained in a ball of radius co7, ... 7;, and there-

fore of radius cpp. By Lemma 2, any ball B of radius p intersects, at most,
h = (c1 + 2¢2)"(eq 1I<nAi<n r;)~" sets of collection {V}, j, }». Note that h does
<j<m

not depend on p.
Let B be a ball of radius p. We denote

D={(r...jx) €P : V[ |B#0}.
The set D contains, at most, h elements. Hence
Z(rh - 'Tjk)t < hpt = h|B|t )
D

hence

B = W™ty (g, (7)
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Suppose that for any ball B; from (5) we have constructed a tree P; and a
subset D; C P; . It follows from (7) that

Z|B|t>h ZZM- 1) (8)

=1 D;

N
Let & = |J D;. From the construction of the S we see that the collection
i=1

{‘_/jl_”jk}g is a (2¢d)-cover of E. We set

P={01,---,jx) €S : forany I <k (j1,...,51) €S} .

Clearly, P C S is a tree, hence the collection {V;, j }p is a (2¢2d)-cover of E.
It follows from Lemma 1 that

N
D) NCRICAED DOSSENESETE » PR ST

i=1 D; == rk

where p and ¢ are the lengths of the shortest and the longest branches of the
tree P, respectively.
Thus by (5), (8), (9),

N
Z \Ui|" > 27t~ inf (rjy ...t
= k

p<k<gq

As |B;] — 0 as 6 — 0, we have p — oo. It follows from the equality
liminf > (rj, ...75,)" = 00, t < s, that H'(E) = 0. ©

k—o0 Lk
Let {M;}7";" be the collection of all nonempty subsets of {1,...,m}. We
will denote by xaq, the characteristic function of M;

1 M= N
XMIWk)_{ 0 if My # N

k
for any positive integer k and | = 1,...,(2"—1). Set fi(k) = Z X, (N5).

Corollary 1. Suppose that hm l—) =P foranyl=1,...,(2"—1) and s is

the number such that

=1

H(Zr) =1. (10)

Then the Hausdorff dimension of the lacunary self-similar set E is equal to

dim(E) = s.
o We have

i) ()

Lk =1 =1 Ml
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k

2m_1 (@*Pz) om_1 P,

¢ ¢

S(m(zs) m(se)
=1 M, =1 M,

for any positive integer k. Hence

.. ' e J oo, t<s
h]gr_l)glf k(rh...r]k) —{ 0, t>s

For instance, let Q = {w = (N1,N5, N3,...)} be the set of sequences of
independent random nonempty subsets of {1,...,m}, where N}, = M, with
probability P, [ =1,...,(2"1). We will denote by P the probability measure
on (2. Using Theorem 1 we construct the lacunary self-similar set E,, for any

w € (), if the open set conditions holds true. From the strong law of large
numbers it may be concluded that

P{w e Q: lim filk) =R}=1,
k—oo k
and so
P{lwe Q:dim(E,) =s}=1,

where s is determined by (10).

2. THE INTERSECTION OF CANTOR’S SETS

Let us set Ko =[0,1], K1 = [0, 5]U[Z, 1], K2 =[0,5]UI3, 3] UI5. §1UIS. 1].
etc., K;y1 is obtained from K; by cutting out the open middle part of each
interval in K;. Thus, K; consists of 2! closed intervals of length 37¢. Taking
the intersection of all sets K;, we obtain the Cantor set K = () K;.

i=0
Consider the similitudes of the real line ¢y (2) = £, ¢hy(z) = £ 4 2. Since

Ki={J @0 0w)((0,1))
J1---Ji
where the sum is taken over all i-tuples {j; ...J;}, the Cantor set is the self-
similar set (it is the particular case of a lacunary self-similar set). It is known
that the Hausdorff dimension of the Cantor set is dim(K) = {22
Fora e [0,1], weset K +a={r:2—a€ K} E, fKﬂ(KjLa)

Theorem 3. For almost all a € [0, 1] with respect to Lebesgue’s measure, E,

is a lacunary self-similar set and its Hausdorff dimension is equal to ln23

o For any non-negative integer i the set S,; = K;[)(K; + a) is a covering of
o0

E, . Tt is clear that {S,;} is a decreasing sequence of sets, and E, = [ Sa..
i=0
From the definition of §-parallel body we conclude that S, ; C [Sai+1]3-:. Hence

d(Sai, Eq) =30 . (11)

Let a = 0,ajasaz . .. be the triadic expansion of a € [0,1]. We can exclude
from the consideration the set of a for which the triadic expansion is ambigu-
ously determined, because Lebesgue’s measure of this set, is equal to zero (for
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these a the set E, is either finite or similar to Cantor’s set). We set

k=1
0 if > a; =0 (mod 2),

Aa(k) = k1
1 if > a;=1 (mod 2),

i=0

for any positive integer k (we state ap = 0). Let us consider the nonempty sets

Na,k C {1, 2}

{1} if ap #2, A\(k) =
Nogp = {2} if ax #0, A\(k)
{1,2} if ap =2, \g(k)=1ora, =0, \(k)=0.
The similitudes ¢ (z) = £, to(z) = £ + 2 with ratios r; = 7, = § and sets
N, generate (see. Section 1) the lacunary self-similar set G, (the open set
condition holds for the open interval (0,1)). As in Section 1 we set

k
‘CSZHNa,i ) wlg(F):U(wjlO“‘Owjk)(F):UF}lmjk )
i=1 ck

LG

where F'is a nonempty compact set. By Theorem 1,
d(Ga, 05((0,1]) == 0. (12)

It follows from the construction that S, C ¥*([0,1]) and ¥*([0,1]) C
[Sa.k|3-*, hence

A5 ([0,1]), Sur) =X 0. (13)
Thus by (11), (12), (13),

d(Ga, Ba) < d(Go, 0510, 1)) + d(w5([0,1]), Sa) + d(Sup, Ea) =3 0.,

so B, =G,.
To find the Hausdorff dimension of F,, it is sufficient to calculate s, for which

00, t< 8,

0, t>s, (14)

liminf » (rj,...7;)" = lilgn inf 3~ M, (k) = {

k—o0
ch

where M, (k) is the number of elements of L.
Let us denote by xz the characteristic function of a set Z. If Z is an integer,
we consider Z as the subset of the set of integers. By construction we have
k

M,(k) = 25®) where  fa(k) =Y (xo(as)xo(Aa(d)) + Xal(ai)x1(Aa(4))) -

i=1
(15)
It is clear that, given a triadic expansion of a, we can calculate the Hausdorff
dimension of E, with the use of (14) and (15). However, for an arbitrary
irrational number we cannot even calculate explicitly number characteristics of
its triadic expansion, e.g. the proportion of digits 0, 1, 2 in its triadic expansion.
We only known [1] that almost all numbers in [0, 1] (with respect to Lebesgue’s
measure) have the property that the proportion of digits 0, 1,2 in their triadic
expansion equals %
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Let Q = {w = (a1, as,as,...)}, where a; are independent random variables
taking values 0, 1,2 with probability % Let us consider the mapping a :  —

0,1], a = a(w) = Z &, then w is the triadic expansion of a. It is known [1]
k=

that for any Borel Set B C [0, 1] we have P{w ca(w) € B} = mes(B), where
P is a probability measure on €2 and "mes” is the Lebesgue measure.

Now let us consider the mapping v : Q — Q, Y(w) =@ = (ay,a9,as, .. .),
where

ar =0 if ap =0, \(k)=0;
&k = if ap — 1, )\a(k) = O;
=2 if ap =2, A\(k) = 0;
dk = if ap = 0, )\a(k) = 1;
dk =4 if ap — 1, )\a(k> = 17
dk =5 if ap = 2, )\a(k) =1

The probability P on €2 induces the probability P= v4 P on Q). With respect
to P the sequence of random variables a1, ao, d3, ... is a homogeneous Markov
chain with the starting distribution p = (3, 3,3,0,0,0) and the matrix of
transition probabilities

Ipill =

Qwlir Owl= Owl-
Qwim Owli= Owl—
Qwik Owli— Owl
W= Owli= Owim O
Wi Owlm Owlim O
W= Owl= Owl— O

It follows from the strong law of large numbers that

Hence

15{@): lim ,16 (Xo(@:) + xs(a:)) = ;} =1. (16)

k—o0
=1

Since the starting distribution and the matrix of transition probability do not
change if we interchange the events ay = 3 and a; = 5, and the set in the
braces in (16) depends only on the starting distribution and the matrix of
transition probability, we have

2
~) . 1 . . 1
P {W : lim = E (Xo(@:) + xs(a:)) = g} =1.

It follows from XO((IZ) = xo(a;)xo(Aa(?)) and x5(a;) = x2(a;)x1(Aa(7)) that
{ae 0,1] : kﬂooa— = %}

— { lim %Z (Xo(ai)xo0(Aa()) + X2(ai)x1(Aa(i))) = %}

k—o0
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=1
From this and Corollary 1 we conclude that for almost all a €
Hausdorftf dimension of F, equals s, where s is determined by

In2

3In3

The next Theorem gives a generalization of the previous one. Let us denote
by K? the set of numbers in [0, 1] which admit base p-expansion without odd
digits. Note that K? = {0} and K? is the middle third Cantor set. Given
a€|0,1], weset KP+a={z:x—a€ K}, EP = KP((K? + a).

. 1< 1
=P {w Pl oy (xo(@i) +xs(a:)) = 5} =
[0, 1]

| the

3755377 4 37%)8 = 1 o

Theorem 4. If p is an even number, then for almost all a € [0, 1] with respect
to Lebesgue’s measure, EP = ().

If p is an odd number, then for almost all a € [0, 1] with respect to Lebesgue’s
measure, E? is a lacunary self-similar set and

2In((5)!) — In(E7)
plnp '

¢ The proof of the first statement is trivial. The second statement can be
proved just in the same way as Theorem 3. ¢

dim(E?) =
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