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ABSTRACT. In this paper we prove the following: If S is an ordered
semigroup, then the set P(S) of all subsets of S with the multiplication
”o” on P(S) defined by "Ao B := (AB] if A,Be€ P(S), A#0, B+
and AoB:=0if A =0 or B =0 is an le-semigroup having a zero
element and S is embedded in P(S).

If (S,.,<) is an ordered semigroup, for A C S, we define (A] :={t € S|t <
a for some a € A}. For A = {a}, we write (a] instead of ({a}]. An element 0
of S is called the zero element of S if 0 <z and Ox = 20 =0 for all z € S
[1]. Let (S, ., <), (T,0, <) be ordered semigroups, f : S — T a mapping from
S into T.

The mapping f is called isotone if z,y € S, < y implies f(z) < f(y). f
is called reverse isotone if z,y € S, f(x) < f(y) implies z < y. [Each reverse
isotone mapping is (1-1): Let z,y € S, f(z) = f(y). Since f(z) < f(y), we
have z < y. Since f(y) =X f(z), we have y < z.] f is called a homomorphism
if it is isotone and satisfies f(xy) = f(x) o f(y) for all x,y € S. f is called
an isomorphism if it is onto, homomorphism and reverse isotone. S and T
are called isomorphic if there exists an isomorphism between them [3]. S is
embedded in T if, by definition, S is isomorphic to a subset of T', i.e., if there
exists a mapping f : S — T which is homomorphism and reverse isotone [4].
An l-semigroup (: lattice ordered semigroup) is a semigroup S at the same
time a lattice satisfying the conditions a(bV ¢) = abV ac and (a Vb)c = acV be
for all a,b,c € S [1]. By an le-semigroup we mean an l-semigroup having a
greatest element ”e” (i.e. e > a for all a € S) [2]. We denote by P(S) the set
of all subsets of S.

Theorem. Let (S,.,<) be an ordered semigroup. We define a multiplication
70” on P(S) as follows:
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o:P(S)xP(S)—P(S)|(A,B) - Ao B

where
._J (AB] if
AOB.—{(Z) if

Then (P(S),0,C) is an le-semigroup having a zero element and (S, .,<) is
embedded in (P(S), 0, Q).

b

Proof.  First of all, the set P(S) in non-empty. The multiplication ” o ” on
P(S) is well defined. Moreover, we have the following:

1) The multiplication ” o ” on P(S) is associative. In fact:

Let A,B,C € P(S). f A=0or B=0 or C =, then (Ao B)oC ={ and
Ao(BoC)=0,s0 (AoB)oC =Ao(Bo().

Let A,B,C € P(S)\{0}. We have Ao B, Bo C € P(S)\{0}. Let now
€ (AoB)oC :=((AoB)C]. Then z < yc for some y € Ao B, ¢ € C. Since
y € Ao B := (AB], we have y < ab for some a € A, b € B. Then

x < (ab)c = a(bc); a € A, bc € BC C (BC]:=BoC,
sox € (A(BoC(C)]:=Ao(Bo(). Similarly, Ao (BoC)]C (Ao B)oC.
2) (P(S),0,Q) is an le-semigroup:

Let A, B,C € P(S). Then Ao (BUC) = (Ao B)U (Ao (). Indeed:
If A=0, then Ao (BUC)=0,AoB=10, AoC = 0.

If B=0,then Ao(BUC)=AoC,(AoB)U(AoC)=AoC.
If C =0, then Ao (BUC)=AoB, (AoB)U(Ao(C)= Ao B.
Let A, B,C € P(S)\{0}. We have

Ao(BUC):=(A(BUC)], Ao B:=(AB], Ao C := (AC].
Since (AB], (AC] C (A(BUC(C)], we have (AB]U (AC] C (A(BUC(C)].
Let now t € (A(BUC)|. Then t < ax for some a € A, z € BUC. If x € B,
then t € (AB] C (AB]U (AC]. If x € C, then t € (AC] C (AB] U (AC].
Similarly, for any A, B,C € P(S)\{0}, we have (AUB)oC = (AoC)U(Bo(C).
Finally, S is the greatest element and () the zero element of P(S).

3) We consider the mapping

f:(5,,2) = (P(5),0,9) | a— f(a) = (a].
The mapping f is well defined. Moreover,



EMBEDDING OF AN ORDERED SEMIGROUP 47

A) The mapping f is a homomorphism. Indeed:
Let a,b € S. We have (a], (b] € P(S)\{0} (since a € (a], b € (b]).

Thus we have

fa)o f(b) = (a] o (b] := ((a](b]] = (ab] := f(ab).
Let a,b €S, a <b. Then f(a):= (a] C (b] := f(b).
B) The mapping f is reverse isotone: Let a,b € S, f(a) C f(b). Then
a € (a] C (b], and a < b.

Remark. More generally, we have the following: If A, B; € P(S), i € I, then

Ao (| JB) =JAoB:) and (| JBi)o A=|J(Bio A).
el el el el
In fact,

A)If A =0, then Ao(U B;) =0, and AoB; = () for alli € I, so U(A o B;)=0.

el el
Thus Ao (| JB) = | J(40 B)).
i€l el

B) If A # 0, then
I) If UBi = (), then Ao (U B;) = (). Since UBi = (), we have B; = () for
i€l iel icl

all i € I, then Ao B; =0 for all i € I, and | J(A o B;) = . Then

icl
Ao (U B;) = U(Ao B;).
iel el
1) Let | JB; # 0. Weput J:={ie€l|B =0} K:={iell|B;#0}
i€l
Clearly I = JUK and JNK =0. f K =0, then I = J, B; = for all i € I,
and UBi = (). Tmpossible. Thus K # ().

el

) Let J = 0. Then I = K, B; # () for all i € I. Since A # ()
and B; # 0 for all i € I, we have Ao B; := (AB;] for all i € I. Then

U(A oB;) = U(ABi]‘

icl icl
Besides, U(ABi] = (A(U B;)]. Thus we have
il icl
o B) = (A B)].......... (%)
i€l icl
Since A # ) and (U B;) # 0, we have Ao (U B;) = (A(U B;)]. Then, by (*),
iel iel icl

Ao <L_J B;) = L_J(j4 o By).

iel i€l
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B3) Let J # 0. Then B; = forall i € I, | | B; =0, and

icl
0#B=(JB)u(lJB)=]B:
iel icJ i€k icK
Since A # () and U B; # (), we have
Ao (U B;) = (A(U By)] = (A(U By)] = U(ABz‘]-
iel iel ieK ieK

Since A # () and B; # 0 for all i € K, we have Ao B; := (AB;] for all i € K,
and U (Ao By) = U (AB;]. Thus we have

€K €K
Ao (U B;) = U(AOB,-) .......... (%)
iel ieK
Since B; = () for all i € J, we have AoB; = () for all ¢ € J, then U(A o B;) =
ieJ
(). Then

U(AoBi)UU(AoBZ-):U(AoBl-) .......... (% % %)
ieK icJ ieK
By (**) and (***), we have

Ao(JB)=JAoB)ul JAoB)= | ] (A4oB)=|JA0B). O

el e K ieJ 1€EKUJ ieJ

Example. We consider the ordered semigroup
S ={x,y, z} defined by the multiplication and the figure below:

Ty

<R

W[ W[

Tz
Y
x|z

z

y X
Applying the Theorem of this note, the ordered semigroup (S, ., <) is embedded

into the le-semigroup L = {a,b,c,d, e, f,g,h}, defined by the multiplication
” ”and the order 7 <; 7 below:
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.lalblcldlelflglh
alalalglalg|lg|lg|h
blalblg|d|g|lg|lgl|lh
clalglglglglglglh
dia|d|g|d|glg|lg|h
elalglglg|glg|glh
flalglglglglglg|h
qlalglyglyglglglglh
Rl h|h[h|h|[R|h|[h|R
<t = {(a,a),(a,d),(a,€),(a,g),(b,0b),(b,d), (b, f), (b g),(c.d),(ce),
(¢, f): (e, 9),(d,d), (d, g), (e,e), (e, q), (f, ). (f.9),(g:9) (h,a),
(h,b), (h,c), (h,d), (h,e), (h, f), (h,g), (h,h)}.

We give the covering relation ” <’ and the figure of S.

< = {(a,d),(a,e),(b,d), (b, f), (c.e): (¢, ), (d, g), (e ), (f, 9),
(h,a), (h,b), (h,c)}.

g
e
d f
a c
b
h
The embedding is given by the mapping:
r—a
f:<S>'7§)_>(L7'7§L> y_>b
z2—gq
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