Lobachevskii Journal of Mathematics
http://1jm.ksu.ru

Vol. 14, 2004, 17-24

(© A.M. Bikchentaev

A.M. Bikchentaev

THE CONTINUITY OF MULTIPLICATION FOR TWO
TOPOLOGIES ASSOCIATED WITH A SEMIFINITE
TRACE ON VON NEUMANN ALGEBRA

(submitted by D. Mushtari)

ABSTRACT. Let M be a semifinite von Neumann algebra in a Hilbert space
‘H and 7 be a normal faithful semifinite trace on M. Let MP" denote the set
of all projections in M, e denote the unit of M, and || - || denote the C*-norm
on M.

The set of all 7-measurable operators M with sum and product defined as
the respective closures of the usual sum and product, is a *-algebra. The sets

Ue,8)={x € M: ||zp|| < and 7(e — p) < § for some p € MP'}, £>0, §>0,

form a base at 0 for a metrizable vector topology ¢, on M , called the measure
topology. Equipped with this topology, M is a complete topological *-algebra.
We will write z; —— = in case a net {z;},.; C M converges to x € M for the

measure topology on M. By definition, a net {z;},.; C M converges T-locally
to x € M (notation: ; 7, ) if 2;p —— xp for all p € MP', 7(p) < oo; and
amnet {x;};c; C M converges weak T-locally to z € M (notation: z; wrl x) if
pxip — pap for all p € MP*, 7(p) < oco.

Theorem 1. Let x;,x € M.

1. If x; LN x, then x;y LN xy and yx; LN yx for every fixed y € M.
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2. If x; wrl x, then x;y wrl zy and yx; wrl yx for every fixed y € M.

Theorem 2. If {z;};.; C M is bounded in measure and if x; TLre M,
then xjy — xy for all T-compact y € M.

Theorem 3. Let x,y, x;,vy; € M and let a set {zi},cr be bounded in mea-
sure. If x; L ¢ and Ui T, Yy, then z;y; LR Y.

If M is abelian, then the weak 7-local and 7-local convergencies on M
coincides with the familiar convergence locally in measure. If 7(e) = oo, then
the boundedness condition cannot be omitted in Theorem 2.

If M is B(H) with standard trace, then Theorem 2 for sequences is a ”Basic
lemma”of the theory of projection methods: If y is compact and z, — x
strongly, then x,y — xy uniformly, i.e. ||z,y—xy|| — 0 as n — co. Theorem
3 means that the mapping

(z,y) = xy : (B(H)1 x B(H) — B(H))
is strong-operator continuous (B(H); denotes the unit ball of B(H)).

The author is greatly indebted to O. E. Tikhonov for drawing author’s atten-
tion to the problem of the T-local continuity of operator functions.

1. INTRODUCTION

Let M be a semifinite von Neumann algebra of operators in a Hilbert
space ‘H and 7 be a distinguished normal faithful semifinite trace on M.
Let MP" denote the lattice of all projections in M, e denote the identity,
and M; denote the unit ball of M in the C*-norm || - || on M. The
closed, densely defined linear operator x in ‘H with domain D(z) is said
to be affiliated with M if and only if u*ru = x for all unitary operators
u in the commutant M’ of M. If x is affiliated with M then z is said to
be T-measurable if and only if, for every € > 0 there exists a projection
p € MP for which p(H) C D(z) and 7(e — p) < e. We denote by M the
set of all T-measurable operators. With sum and product defined as the
respective closures of the usual sum and product, Mis a *_algebra. The
sets

U(e,8)={zeM: ||lzp|| < e and 7(e — p) < & for some p € M},

where € >0, 6 >0, form a base at 0 for a metrizable vector topology t,
on Mv called the measure topology ([8]; [11, p. 18]). Equipped with this
topology, M is a complete topological *—algebra in which M is dense.
We will write z; — z in case a net {z;},., C M converges to 2 € M

for the measure topology on M.
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A subset X of M is bounded in measure, if it is bounded with respect
to this topology on the vector space of Mv, that is in case for every
neighborhood U of 0 there is an a > 0 such that aX C U [8, p. 106].

If M is B(H), the von Neumann algebra of all bounded linear operators
in ‘H is equipped with the usual standard trace, then M coincides with
M and in this case the measure topology coincides with the ||-||-topology.
If M is abelian, then M may be identified with L>(€2, ) and 7(f) =
fQ f du where (2, p) is a localizable measure space. In this case, M is the
space Sp(2) consisting of those measurable complex-valued functions on
Q2 which are bounded except on a set of finite measure and the measure
topology on M may be identified simply with the familiar topology of
convergence in measure.

If x is any self-adjoint operator in ‘H and if

x:/)\def\
R

is its spectral representation, we will write yr(z) for the spectral pro-
jection of x corresponding to the Borel subset 7' C R. In particular
€5 = X(-oo\ (7). If z is closed, densely defined linear operator affiliated
with M and |z| = v/z*z, then the spectral resolution x,(|z|) is con-
tained in M and z € M if and only if there exists A € R such that
T(X(noo) ([7])) < o0

For p,q € MP" we write p ~ ¢ (the Murray — von Neumann equiva-
lence), if u*u = p and uu* = ¢ for some u € M.

A linear set D in H is said to be associated with M if u(D) C D for
every unitary operator u in M’. If D is a closed linear manifold then D
is associated with M if and only if the projection onto D lies in M |9,
p. 403]. For every z € M the projection onto the closure of the range of
x lies in M. It is equal to the left support projection

si(z) = NMge MM qrv =x}

and s;(x) ~ s;(z*).
The two-sided ideal of 7-compact operators

Mo = {z € M: 7(x(ro0)(|2])) < o0 for all A> 0}

is closed in measure topology [12]. If M is B(H) with standard trace,
then M is precisely the ideal of compact operators. Let

o= /Woﬂ/\/lpr ={pe M : 7(p) < oo}
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Definition 1 (cf. [3, p. 114]). A net {z;},, C M is said to converge
7-locally to v € M (notation: x; AR x) if xip — xp for all p € M.

Definition 2 (cf. [3, p. 114]; [5, p. 746]). A net {x;},.; C M is said
to converge weak T-locally to x € M (notation: x; 2ol x) if prip —— pap
for all p € M.

It is clear that

xiLx:>xii>x:>xiw—ﬂ>xforxi,w€M.

If M is B(H) with standard trace, then 7-local (respectively, weak
7-local) convergence coincides with strong-operator (respectively, weak-
operator) convergence. If 7(e) < oo, then M consists of all densely
defined closed linear operators affiliated with M and weak 7-local con-
vergence is precisely the convergence in measure topology on M. More-
over, the measure topology is a minimal one in the class of all topologies

which are Hausdorff, metrizable, and compatible with the ring structure
of M [1, Theorem 2].

2. MAIN RESULTS

Further we assume that 7(e) = co.

Theorem 1. Let xz;,x € M.
1. Ifz; AR x, then x;y R xy and yx; AR yx for every fized y € M.

2. Ifz; o x, then z;y ot xy and yx; 2w yx for every fixed y € M.

Proof. Let x;,x,y € M and let p € MY Since s;(yp) ~ si(py*) < p,
one has s;(yp) € Mg

1. Suppose that z; ™, 2. One has

7l T
yri — yx and zyp = zisi(yp)yp — zsi(yp)yp = xyp,
since the multiplication operations z — yz (M — M) and z — zyp (M —
M) are continuous in the measure topology.

2. One hasr =pVvqge My for p,g e My, sincepVg—p~qg—pAgq
[8, p. 105]. By [3, p. 114] x; 2T 2 if and only if pr;q —— paq for all
p,q € M. Indeed, from raz;r — rar it follows that

PTiq =P TTT g = P TIT  q = PIq.

Therefore,

priyp = prisi(yp)yp — prsi(yp)yp = pryp.
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Now the convergence yz; ol yx follows from the fact that the mapping
2z 25 (M — M) is weak 7-local continuous and by taking adjoints.

Theorem 2. If {xi}iel C M is bounded in measure and if x; LI €
M, then x;y — xy for ally € M.

__Proof. Step 1. Without loss of generality we may assume that y €
M, is self- adjoint and non-negative. Indeed, let y € M, and Yyt = u|y |
be the polar decomposition of y*. Then y = |y*|u* and from z;|y*| —
x|y*| it follows that x;y — zy, since the multiplication operation z
2u* (Mv — Mv) is continuous in the measure topology.

Step 2. Fix non-negative y € ./T/I/O and £,0 > 0. A subset X of M is
bounded in measure if and only if for every d > 0 there exists a constant
¢ < oo such that X C U(e,d) [8, p. 106]. Let n € N and

Yin = / AdeY,  yon = / Adey, Y3, = / Ade.
[0,n—1) [n=1,n) [n,00)

Then y = Y15 + Y2.n + Y3, and for z; = x; — x one has

LY — XY = ZilYin + ZiY2.n + ZiY3.n, 1€ 1. (1)

The set {z},.; is bounded in measure. There exists a constant ¢ > 0
such that

{zitier CU(c,9). (2)
Let
ny =min{k € N: 2¢k > c}.
Since ||y1..|| < n~!, one has y;,, — 0 as n — oo. Since
T(Sl(y3,n)) = 7_(X[n,oo) (y)) — 0 asn — 0,

one has y3,, -~ 0 as n — oo. Therefore Yin + Ysn —~5 0asn — oo.
Then there exists m € N such that

Yin + Yz CU(ny 7, 0) for all n > m. (3)
Recall that
Ule1,01)U(eq,09) C U(ereg,01 + 09) for all €1,d1,62,00 >0  (4)
by [8, p. 107], [11, p. 18]. Now by (2) and (3) one has

2iY1n + ZiYsn € U(2e,20) for alli € I, n > m. (5)
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Step 3. Let m be as above, A, > 0 and p, € M{" (k = 1,...,)),
pepr = 0 for k # [, such that

J
o [ a4 <> N
[m—1,m) =1

(one can choose py as spectral projections of y). There exists z € M,
such that

J
Yom = (Z )\kpk) 4
k=1

[4, Chap. 1, Sect. 1, Lemma 2|. Since z; AR 0, one has zp, — 0 for
allk=1,...,5. Now

J
i
2iY2,m = 5 Aziprz — 0,
k=1

because the multiplication operation ¢ — tz (MV — Mv) is continuous in
the measure topology. Therefore, there exists ig € I such that

ZilYom € U(&,(S) for all i € I, 1> 1. (6)

Step 4. Recall that
U(sl,él) + U(Ez,ég) C U(€1 + 52,(51 + 52) for all 51,51,82,52 >0 (7)

by [8, p. 107], [11, p. 18]. The assertion of Theorem 2 follows from (1),
(5) and (6), since

zy —axy € U(3e,30) for all i € I, i > 1.

Theorem 3. Let x,y,x;,y; € M and let a set {xi},er be bounded in

Tl Tl Tl
measure. If v; — x and y; — y, then x;y; — xy.

Proof. For every p € M{" one has

ziy;p — xyp = xi(yip — yp) + (v — x)yp, i€ L. (8)
Fix €,0 > 0. By assumption of the theorem, there exists a constant ¢ > 0
such that

{zi}ier CU(c,9). (9)
Since y;p — yp — 0, there exists 4; € I such that
yip —yp € U(2ec™,6) for all i € 1,4 > iy. (10)

Now by (9), (10) and (4) one has
xi(yip — yp) € U(2¢,20) for all i € I,i > 1. (11)
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Since z; — x L 0 and yp € Mvo , it follows by Theorem 2 that there
exists 15 € I such that

(x; —x)yp € U(e,0) for all i € I,i > is. (12)

There exists i € I such that ig > ¢; and ig > . Now by (8), (11), (12)
and (7) one has

xyip — xyp € U(3e,30) for all i € 1,7 > .

This proves the theorem.

Example 1. If M is abelian, then the weak 7-local and 7-local con-
vergencies on M coincides with the familiar convergence locally in mea-
sure (i.e., in other words, convergence in measure on every set of finite
measure). The boundedness condition for {;},.; cannot be omitted in
Theorem 2. Indeed, let 2 = (0, 00) equipped with the Lebesgue measure
1. Define the functions

y(t) = minfL, £ (t) = £ X (t) (¢ € (0,00), n € N).

Then

. Tl

i) , — 0 as n — oo;

ii) {z,} , is not bounded in measure;

111) (TS MoﬂMl;

iv) since (zn,y)(t) = Xn,2n)(t) for every t € (0,00), n € N, z,y does
not converge in measure topology.

Example 2. If M is B(H) with standard trace, then Theorem 2 for
sequences is a " Basic lemma” of the projection methods [2, pp. 18-19] (the
boundedness condition for {z,} -, follows from the principle of uniform
boundedness):

If y is compact and x, — x strongly, then x,y — xy uniformly, i.e.
|lzny —zy|| — 0 as n — oo.

Theorem 3 means that the mapping

(z,y) = zy - (B(H) x B(H) — B(H))

is strong-operator continuous [7, pp. 115-117].

Remark. The second part of Theorem 1 was already used in [6] and
[10].
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