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ABSTRACT. The norm estimation of the Lagrange interpolation oper-
ator is obtained. It is shown that the rate of convergence of the interpola-
tive polynomials depends on the choice of the sequence of multiindices
and, for some sequences, is equal to the rate of the best approximation
of the interpolated function.

INTRODUCTION

In the paper [1] the collocation method for singular integral equations
and periodic pseudodifferential equations in 1-dimensional Sobolev space
was justified. The crucial role in the justification and error estimation
plays the fact (Lemma 4) that the Lagrange interpolation operator in
this space is bounded. To generalize this results for the multidimensional
case the norm estimation (i.e. estimation of the Lebesgue constant) of
the Lagrange interpolation operator in multidimensional Sobolev spaces
is needed.

Here, we show that in m-dimensional Sobolev space H® (s > m/2) the
norm of n-order (n = (ny,no,...,n,)) Lagrange interpolation operator
depends of the function M (n,s) which, w.r.t. the choice of the sequence
of multiindices (n), n — oo, is either bounded, or grows infinitely.
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1. FORMULATION OF THE PROBLEM

Let’s fix the natural m € N and denote by N = N™, Ny = Nj*,
Z=7"R=R" A= A" Cartesian degrees of the sets of natural IV,
natural with zero added Ny, integer Z, real R numbers and the interval
A = (—m; 7| C R correspondingly. For the elements of these sets (m-
components vectors) besides the usual operations of addition, subtraction
and multiplication to the number we’ll define the following operations

1- k= lekj7 I? = Zl?; Lk k = (I1k1, loky, ooy lmbm), (1] = Hlj’
j=1 J=1 =

and the partial order
1<k=&L (1 <ky), 1= (I, 0o, oy b)), k= (K1, Koy ooy ki)
By n — oo we’ll mean, that n takes the values of sone sequence
(n;), n; N, n; <njy, j=1,2,....
Furthermore, in a sake of simplicity we’ll write
min(n) instead of 12}i§nm{nj | n = (ny,n9,...,nm) € N}
and
max(n) instead of 11;1jz;>7<n{nj | n = (ny,n9,....,n,) € N}
For the fixed s € R let H® denote m-dimensional Sobolev space, i.e.

the closure of all m-dimensional smooth 27-periodic by every variable
complex-valued functions w.r.t. the norm

me= QL+ P) Q) /)2,

leZ

[ulls = [lul

where
u(l) = (QW)_m/AU(T)GI(T)dT, leZ,

are the complex-valued Fourier coefficients of the function ©v € H® w.r.t
the trigonometric monomials

el(r) = exp(il - 7), le?Z, TE A, 1 =v—1
It is known that, being equipped with the inner product
<wuv>=» (1+Pyad)sd), woveH,
1€Z

H* becomes Hilbert space. For the following we’ll assume that s > m/2,
providing (see e.g. [2]) the embedding of H*® in the space of continuous
functions.
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Let’s fix n = (ny,ng, ..., n,) € N, denote by
I, = ]n1><]n2><"'><]nma In]- = {]{TJ | k?j S Z, | k?j |§ nj}, j =1,2,....m
the set of indices and define uniform partition

A, = {tk = (tk17tk27 ...,tkm) | k = (k‘l,kg, ,km) € 1,

tkj = kjhj, hj = 27T/(27L] + 1), j = 1,2, ...,m},

on A. By P, we denote Lagrange interpolation operator that assigns to
every function u € H® polynomial

(Pau)(7) = Y ulti)ba(r ti), 7= (71,72, ., 7) € A,

kel

where tx = (g, thys -y th,,) € Ap, coinciding with w in the nodes A,,.
Here

m

sin((2n; +1)(75 — t,)/2) .
n (7 o :H 2n, + Usin((; —t)/2) ~ 22 H éel(“tk)’

J=1

1=(1,1,..,1) eN, 1€ A, tx € Ay,
are fundamental polynomials satisfying

1, l:ka
fn(t"t“)_{ 0, 14k, Lkel,

We have to estimate the norm of the operator P, : H* — H?®.

2. PRELIMINARIES

The results of this section are technical ones. They are gathered
in 2 lemmas to exclude less important details from the proof of the main
result.

Lemma 1. For everym € N, s€ R, s >m/2 andn € N
D ((m+jx@n+1))%) " <2m) ((n*(2A—1))7°)°
JEZ leN

Proof. To change the set of sum indices from Z to N let’s represent
7 as a merge of two sets: {—{ |l € N} and {{—1 |l € N}. For the k-th,
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1 < k < m, component of the vector n + j * (2n + 1) we’ll obtain
(nk —l—jk(2nk + 1))2 = (lk(an + 1) - nk)2

= (np (20 + 7% —1))? > (ne(2l — 1)),

jkEZ, jk<0; lk:—jkEN;
(ne+jk(2nk+1))* = (np+ ([ —1 )(an—i—l))Q = (nk+2nklk+lk—2nk—1)2)

JRk€E€Z, >0, ly=jpr+1€N.

As to each summand of index 1 € N correspond 2™ summands when
adding by Z then

S (m+jx@En+1)?) 7 <2m Y (21— 1)) .0

j€z 1eN

Let
=1{k |k = (ki, ko, ..., k) € Ny, ij = p}

be the set of vectors from Ny which component’s sum is p € Ny. By
R(A7") we denote the number of elements of A7
Lemma 2. For every p,m € N

R(Apm) < mp™?

Proof. We’ll show first that
(m+p—1)!

my __ P —
R(Ap)—Cerpfl—m,peNo, mEN, (1)
and then that
Chvpy Smp™ ' p,m e N. (2)

Let m = 1, then for every p € Ny the set A;, contains only one vector,
and hence R(A)) = C? = p” = 1. Assume that (1) is valid for some
m € N, and prove that it is valid then for m + 1. We’ll construct the set
A;”“ as a merge of the sets AT", j =0,1,...,p, adding to each element
of the set A7" m + 1-th component equal to p — j, j =0,1,...,p. Then

m my (m +p)!
R(ATH) = ZRA ZCfnﬂl i) = Chi1s

and hence (1) is valid for all p € Ny and m € N.
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Now assume that estimation (2) is valid for some m € N, and prove
that it is valid then for m + 1. Indeed,

» _ (m+p)
Crmap = m!p!
m—+Dp m_1M +Dp m T m
ZcﬁwpilTSmp =P (?—I—l)S(m—Fl)p O (3)

3. MAIN RESULTS

Theorem 1. For every s € R, m € N, s > m/2 and n € N following
estimation s valid

s+1

> M(n, s)\/1+¢(2s —m+ 1),

m

HPnHHSHHS < 2 275771/

where
5 S
M(n, s) = <—”“> ,
min(n)
and ((t) = Z;’ilj”’ - 18 Riemann’s (-function bounded and decreasing
fort > 1.

Proof. Let’sfixm € N, s € R, s >m/2, n € N, choose an arbitrary
function v € H® and write Lagrange interpolative polynomial w.r.t. the
nodes A,, for it

(Pau)(r) = ) ulti)balr ti).

kel,

It’s Fourier coefficients are

(@)(]) = { 20+ 1]~ Zkoe’ln u(ty)er(ty), i ; i:,

Substituting the values of function u in the nodes A, by its Fourier series
expansion we’ll obtain

(Paw)(1) = 20+ 17 Y~ (3 aG)es (b)) ar(tie) =

keln jeZz

=[20+1]7 > A() Y egltialt) = > a(l+j* (2n+1)).

jez kel jez
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Further, according to the proof of Lemma 2 [1], we get

|Paull2 =Y (4+1) [ (Baw)()) P=D_(141%) | D a(1+j*(2n+1))

1eln leln j€z

=212+ P+ jx 2n 1))
-3

|Z (1412)2 (14-(14+j*(2n+1))?) "2a(14+j*(2n+1)) (1+(1+j*(2n+1))?)? 2

j€z

<O A+ + (1+j*(2n+ 1))

lel, jeZ

S Al +j*2n+1) P (1+ 14+ (2n+1))%)) <

JEZ

< I}é‘c}f(Z((l +1)/(1+ (I+j* (2n+1))%)") JullZ.

jez

It is easy to check that sum

D (A+P)/(1+(1+j*(2n+1))%))°

jez

reaches maximum when 1 = n, so using Lemma 1 we have

max(3_((1+P)/(1+ (1 # (20+ 1))

jez

_Z (1+0?)/(14+ (m+j*(2n+1))?)*

<27 Y (04 (2n+1)))77 277D (nx (25— 1))
<M () (25— 1))

JeEN

Summands could be estimated as

(1 =170 = Qi —17)™ < ((Zk NCTEYE ) ’
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and using Lemma 2 we obtain

24 M (m,s) ) (25— 1))

JEN
< 25FMms M2 (n, 5) Z Z 2j, — 1))
jEN k=1
R(A™
_ 2s+m 5M2 Il s Z Z]k’ m _ 25+mmsM2(n, 8) Z ( J '>2S
JjeEN k=1 JENp (m + 2‘7)
st+m, s 2 —2s
<2 mM(ns( +J€Zn m+2j25>

< 2mfsms+1M2(n’ S)(l + ij(sterl)).
jeEN
Theorem is proved. [
Denote polynomial of the best approximation to u € H?® of degree not
higher than n € Ny and the corresponding best approximation

(Spu)(7) = Zﬂ(l)e(z’r- 1), En(u)s = |lu— Sats,

where (Syu)(7) is the n-th partial sum of Fourier series of w.

Corollary 1. For every s € R, m € N, s >m/2, n € N and arbitrary
function uw € H®

Ju— Palls < (142" m™F M(n, s)\/1+ (25 —m + 1)) En(u),.  (4)

The proof is obvious. [J
Corollary 2. For every s € R, m € N, s > m/2, n € N, arbitrary
function uw € H® and sequence of indices (n;)jen satisfying

lim M(n,s) < oo,

n—oo

sequence of polynomials (Pyu) converges to function u with the error
estimate

|lu — Paulls = O(Eq(u)s).
Proof follows directly from Corollary 1. [J

Corollary 3. For any p,s € R, m € N, p > s > m/2, n € N and
arbitrary function uw € HP the following estimation is valid

En(u)s < (1+ HQ)%EH(U)JD'
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Proof follows from properties of the best approximation and definitions
of norms in H* and H?. [J

Corollary 3 allows to generalize Corollary 2.
Corollary 4. Foranyp,s € R, m € N, p > s >m/2, n € N, arbitrary
function uw € HP and sequence of indices (n;);en satisfying
lim M(n,s)(n?)72" < oo,
n—oo
sequence of polynomials (Pyu) converges to function u with error estimate
lu = Paulls = O(En(u)y).
Proof follows from Corollaries 1 - 3.
Remark 1. For any constant C, C' > \/m?*, the set {n | M(n,s) < C}
s a cone in N. Choosing indices from this cone we’ll obtain sequence of
interpolation polynomials converging with estimation (4) where M (n, s)

is substituted by C. The minimal possible value of M(n,s) = \/m?® will
be on the set

{n|neNn=(ny,ng,..,nm),n=mn,1 <kl <m}

of indices with equal components.
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