Lobachevskii Journal of Mathematics
http://1ljm.ksu.ru

Vol. 16, 2004, 17 — 56

(© P. K. Jakobsen and V. V. Lychagin

Per K. Jakobsen and Valentin V. Lychagin
OPERATOR VALUED PROBABILITY THEORY

ABSTRACT. We outline an extention of probability theory based on
positive operator valued measures. We generalize the main notions from
probability theory such as random variables, conditional expectations,
densities and mappings. We introduce a product of extended probability
spaces and mappings, and show that the resulting structure is a monoidal
category, just as in the classical theory.
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1. INTRODUCTION

In this paper we present an extension of standard probability theory.
An extended probability space is defined to be a normalized positive
operator valued measure defined on a measurable space of events. This
notion of extended probability space includes probability spaces and spec-
tral measures as important special cases. The use of the word probability
in this context is justified by showing that extended probability spaces
enjoy properties analog to all the basic properties of classical probabil-
ity spaces. Random vectors are defined as a generalization of the usual
Hilbert space of square integrable functions. This generalization is well
known in the literature and was first described by Naimark. Expectation
and conditional expectation is defined for extended probability spaces by
orthogonal projections in complete analogy with probability spaces.

The introduction of probability densities presents special problems in
the context of extended probability spaces. For the case of probability
spaces a probability density is any normalized positive integrable func-
tion, whereas for the case of extended probability spaces it turns out that
the right notion is not a density but a half density. These half densities
are elements in a Hilbert module of length one. Special cases of such half
densities are well known in quantum mechanics where they are called
wave functions. We define a random operator to be a linear operator on
the space of half densities. The expectation of random operators are op-
erators acting on the Hilbert space underlying the extended probability
space. For the case of probability spaces the notion of random vectors
and random operators coincide.

We introduce mappings or morphisms of extended probability spaces
through a generalization of the notion of absolute continuity in probabil-
ity theory. Half densities plays a pivotal role in this generalization. We
show that the morphisms can be composed and that extended probabil-
ity spaces and morphisms forms a category just as for probability spaces.
The Naimark construction extends to morphisms and in fact defines a
functor on the category of extended probability spaces.

Extended probability spaces can be multiplied and we furthermore
show that this multiplication can be extended to morphisms in such a
way that it defines a monoidal structure on the category of extended
probability spaces. This is in complete analogy with the case of proba-
bility spaces and testify strongly to the naturalness of our constructions.

We do not in this paper attempt to give any interpretation of extended
probabilities beyond the one implied by the strong structural analogies
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that we have shown to exists between the categories of probability spaces
and extended probability spaces. It is well known that the interpretation
of the classical Kolmogorov formalism for standard probability theory
is not without controversy as the old debate between frequentists and
Bayesians, among others, clearly demonstrate. Our theory of extended
probability spaces is evidently a generalization of the Kolmogorov frame-
work and it might be hoped that this enlarged framework will put some
of the controversy in a different light. As a case in point note that ex-
tended probabilities are in general only partially ordered. The notion of
partially ordered probabilities has been discussed and argued over for a
very long time. In our theory of extended probability spaces, ordered
and partially ordered probabilities lives side by side and enjoy the same
formal categorical properties.

2. EXTENDED PROBABILITY SPACES

In this section we will make some technical assumptions that will as-
sumed to hold throughout this paper. These assumptions are not neces-
sarily the most general ones possible.

A measurable space [5] is a pair X = (Qx, Bx) where Qy is a set and
By is a o-algebra on €0x. A measurable map f : X — Y is a map of
sets Qx — Qy such that f71(A) € By for all A € By. Let Q be a
set and let 7 be a topology on 2. In this paper the term topology is
taken to mean a second countable,locally compact Hausdorff topology
[3]. Note that any such space is metrizable,Polish and o-compact. The
Borel structure corresponding to a topology 7 is the smallest o-algebra
containing the topology 7 and is denoted by B(7). A Borel space is a
measurable space where the o-algebra is a Borel structure. Any contin-
uous map f : (Qx,7x) — (Qy,7y) is measurable with respect to the
Borel structures B(7x) and B(7y). Borel sets are the observable events
to which we must assign probabilities.

Let now (Q2x, B(7x)) be a Borel space and let O(Hx) be the real C*
algebra [4] of bounded operators on the real Hilbert space Hy. A positive
operator valued measure (POV) [1] defined on (Qx, B(7x)) is a map Fy
from B(7x) to O(Hx) such that Fx(0) = 0,Fx(2x) = 1. The map Fy
is assumed to be finitely additive on disjoint union of sets and for any
increasing sequence of sets {V;} satisfy the following continuity condition

Fy(lim V) =sup{Fx(Vi) | i=1,2,3,..},

where the supremum is taken with respect to the usual partial ordering
of self adjoint operators. The supremum always exists since the sequence
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{Fx(V;)} is increasing and bounded above by Fx (lim; . V;). The con-
tinuity condition implies that Fx is additive on countable disjoint unions.

FX(Uioil‘/i> - Z FX(Vz‘)a
i=1

where the sum converges in the strong operator topology, that is, point-
wise convergence in norm.

A positive operator valued measure is a spectral measure if Fiy (V) is a
projector for all V' € B. A necessary and sufficient condition for a POV,
Fx .to be a spectral measure is that it is multiplicative

Fx(VinVa) = Fx(V1)Fx(Va).
We are now ready to define our first main object

Definition 1. A extended probability space X is a triple X = (Qx, B(7x), Fx)
where Fx : B(1x) — O(Hx) is a positive operator valued measure.

Note that a probability space X = (Qx,B(7x),ux) can be iden-
tified with a extended probability space in many different ways. In
fact for any given Hilbert space Hx we can identify the probability
space with a extended probability space X = (Qx,B(7x), Fx) where
Fx(V) = px(V)ny-

3. RANDOM VECTORS

In standard probability theory quadratic integrable random variables
and their expectation plays an important role. We will now review the
classical Naimark construction of the analog of such random variables
for the case of extended probability spaces. We will call such random
variables random vectors. The space of random vectors forms a Hilbert
spaces and we use this structure to define expectation and conditional
expectation by orthogonal projections in complete analogy with the stan-
dard case.

3.1. The space of random vectors. Let (2, B, F') be a extended prob-
ability space and let .S be the linear space of simple measurable functions
v :Q — H. The linear structure is defined through pointwise operations
as usual. Elements in S can be written as finite sums of characteristic
functions.

U= ZgzeVz )
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where {V;} is a B -measurable partition of the set 2. We define a pseudo
inner product on S by

(v,w) = Z(F(Vz' NW;)&,nj)

where v = Z@HV, Zm@w and ( )y is the inner product in the

Hilbert spaee H. The product is not definite. In fact we have

(v,v) =0
)

Z<F(Vz’)5i,§i>1{ =0
T
<F(Vi)§z’,§i> =0
for all 4.

The last identity follows from the fact the F'(V}) is a positive operator.
So for any simple function v = ) ¢,0y. we have (v,v) = 0 if and only if
F(V;)& L& for all i. This is of course true if V; is of F' measure zero but
it can also be true if F'(V;) # 0 but &; is in the kernel of F'(V}).

Since ( ) is a pseudo inner product the set of elements of length zero,
(v,v) =0, form a linear subspace and we can divide S by this subspace.
and thereby get a, in general, incomplete inner product space. The com-
pletion of this space with respect to the associated norm is by definition
the space of random vectors and is a Hilbert space. We will use the no-
tation Ly(B, F') or just Lo(F') for this space in analogy with the classical
notation Ly(i). The set of equivalence classes of simple functions [v] ev-
idently form a dense set in Ly(F'). Denote this dense subspace by T'(F).
We have a well defined isometric embedding = of H into Lo(F) defined
by

m(§) = [§0al.

We also have a spectral measure P : B — O(Ly(F')). On the dense set
T(F) the spectral measure is given by

= [Z§i9%ﬂa]7

where v = > &;0y,.

In fact the existence of this spectral measure is the whole point of the
Naimark construction. It show that by extending the Hilbert space one
can turn any POV into a spectral measure. This idea has been generalized
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by Sz.-Nagy and J. Arveson into a theory for generating representations
of *-semigroups but we will not need any of these generalization in our
work.

As our first example let i be a measure on the measurable space (€, B)
and let H be a Hilbert space. Define a positive operator valued measure
on (2, B) acting on H by

F(U) = p(U)1y.
For this case we have
(o) [} = S (ViOW3)66 1) = S (65w = [ o wh,

where for any H valued functions f, g we define (f, ¢) y(x) = (f(z), f(z))n.
Thus for this case our space Ly(F') will be the space of H valued function

elements such that /(f, fladu < co. When H = C the space Lo(F)

turns into the space of square integrable complex valued functions Lo (u).
As our second example let H be two dimensional and let a basis {1, &2}
be given. With respect to this basis we have

0=l o )

where p and v and w are signed measures. In order for F(U) to be
positive for all U it is easy to see that p and v must be positive measures
and that the following inequality must hold

(V) < p(U)U).

Any function f : 2 — H determines a pair of real valued functions
{f1, f2} through f(z) = fi(x)& + fa(x)&. The inner product in Lo (F)

is given in terms of the measures p,v and w as

<(f1>f2)a (91,92»
= /flgldﬂ‘i‘ /f292dl/+/(f192 + fag1)dw.

Similar expressions for the inner product in Lo(F) exists for any finite
dimensional Hilbert space H.

3.2. The expectation of random vectors. Recall that we have a iso-
metric embedding 7 : H — Lo(F') defined by

(&) = [£0al-
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Note that the image m(H) C Ly(F) is a closed subspace and therefore
the orthogonal projection onto 7(H) exists. Let Qg be this orthogonal
projection.

Definition 2. The expectation of a random vector f € Lo(F') is the
unique element E(f) € H such that

m(E(f)) = Qu(f)-
The following result is a immediate consequence of the definition

Proposition 3. The expectation is a surjective continuous linear map
: Lo(F) — H and is the adjoint of the embedding

(f,m(€)) = (E(f),§) VEeH.

Note that adjointness condition uniquely determines the expectation.
In fact we could define the expectation to be the adjoint of the embedding
.

Using this proposition it is easy to verify that the expectation of a
simple function element [v] where v =Y &6y, is given by

E([v]) = ZF(%)(@)-

This example makes it natural to introduce a integral inspired notation
for the expectation

E(f) ¥ /de.

Note that it is natural to put the differential dF in front of f to em-
phasize the fact that F is a operator valued measure that acts on the
function valued of f.

Let {&;} be an orthonormal basis for H. For general elements f the
following formula holds

E(f) =) {f,m(&)&:

3.3. Conditional expectation. Let A C B be a o-subalgebra. We can
restrict the POV F to A and will in this way get the Hilbert space
Ly(A, F') of A measurable random vectors. We obviously have a isomet-
ric embedding of Ly (A, F') into Lo(B, F'). Thus Lo(A, F') can be identified
with a closed subspace of Ly(B, F') and therefore the orthogonal projec-
tion Q4 : Lao(B, F) — Lo( A, F) is defined. In complete analogy with the
classical case we now define
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Definition 4. The conditional expectation of a element f € Lo(B, F) is
given by

Ea(f) = Qal(f) € La(A F).

It is evident that Ly(.A, F') is isomorphic to H when A = {Q,0} and
that for this case we have E4(f) = m(E(f)). Let us consider the next
simplest case when A is generated by a partition {A;...A,,} where 2 =
U A; and A; N A; = 0 when 7 # j. We need the following result

Proposition 5. Let F'(A;) fori = 1..n have closed range. Then Lo(A, F')
T(AF).

Proof. Let [v,] be a Cauchy sequence in the inner product space T'(A, F).
This means that ||[v,] — [v]]|*> — 0 when m and n goes to infinity. But
Uy = ZSZ-"H 4, and since F(A;) are positive operators we get

D (PN = &), & = &") = 0
4
(P(A)(E = &), 6 = &") =0

for all 7.

Let L; = F(A;)(H) be the range of F(4;) and let L' be the orthogonal
complement of L;. We have L} = Ker(F(A4;)) and since L; by assump-
tion is a closed subspace we have the decomposition H = L;® Li- . Write
£ = 4+ 7 with 7" € L and 7 € L;. We then have by orthogonality

(F(A)(t7 =), 87 — ") — 0.

Clearly F(A;)|r, : Li — L; is a positive, bounded, injective and sur-
jective map.

Let T; : L; — L; be the square root of this operator. It is also a pos-
itive bounded injective and surjective map and therefore has a bounded
inverse. From the previous limit we can conclude that

(Ti(t7 =), Tt — ")) — 0.

Thus {T;(¢!")} is a Cauchy sequence in L; and since L; is closed there ex-
ists a element y; € L; such that T;(¢!') — y;. From the previous remarks
the element & = T} *(y;) € L; exists and lim,, oo t7 = lim,, oo T} H(T3(t1))
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T limy, oo T3(17)) = T, Hyi) = & If we let v =Y &0, we have

[|[va] = o]l 2
= <F(Az)(§zn _gi)afzn — &)

=2 (Ti(t7 = &), Ti(t] — &)
= > (T#) — i Tlt) — wi)
= DI = will — 0.

Therefore T'(A, F) is complete. O

The assumption in the proposition holds for example if H is finite di-
mensional or if H is infinite dimensional but all the F'(A;) are orthogonal
projectors or isomorphisms. For the classical measure case H ~ R and
the proposition is true.

Let v = Y &;0y, be asimple function in Ly (B, F'). Then by the previous
proposition the conditional expectation must be of the form Q4(v) =
>_mifa,. It is uniquely determined by the conditions (v—Q4(v),£04,)r =
0 for all £ € H and j = 1..n. These conditions give us the following
systems of equations for the unknown vectors n;:

F(A)m =) JF(Vi N Ajéx

for any .

This systems does not have a unique solution in H but all solutions
represents the same element in Lo(A, F') = T'(A, F'). For the special case
v = &yl we get the simplified system

F(A)n; = F(C N Ay)éo.

When dim H = 1 and F(4;) = u(A;) we get the usual classical expression
for the conditional expectation of C' given A.

4. DENSITIES AND RANDOM OPERATORS

Densities are important for most applications of probability theory.
For us they will make their appearance when we seek to generalize the
relation of absolute continuity between measures to the context of pos-
itive operator valued measures. This generalization will play a pivotal
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role when we define maps between extended probability spaces. The gen-
eralization of the notion of density to the case of operator measures turns
out to be surprisingly subtle.

4.1. The Hilbert module of half densities. Let v be a measure. A

density is a positive measurable function p such that [ pdv = 1. Using

this density we can define a new measure

n(V) = /V pdv.

If we try to generalize this formula directly to the case of POV measures
we run into problems.

Let F' be a POV defined on a measurable space (2, B(7)) and let p be
a function as above. Then we can certainly define a new POV measure
by the following formula

E(V) = /V pdF.

There is nothing inconsistent in this definition, the only problem is
that it is very limited. In fact if 2 is a finite set then any POV measure
on 2 is given by a finite set {F;} of positive operators between zero and
the identity with the single condition ) F; = 1. If E is the new POV
determined by the above formula then we have F; = p;F; for some set of
numbers {p;}. Thus each F; is proportional to Fj.

Now if the numbers p; were changed into positive operators we could
produce a much more general E starting from a given F. We would thus
be considering a formula like

E(V) = /V pdF,

where p is a positive operator valued function. However even if we could
make sense of the proposed integral we would have problems. This is
because the product of positive operators is positive if and only if they
commute. This would put a highly nontrivial constraint on the allowed
densities, constraints it would be difficult to verify and keep track of.

There is however a natural way out of these problems. It is very simple
to verify that if F'is a POV measure acting on H and () a operator, then
QFQ* is a new POV measure. This suggest that we consider a density
to be a operator valued function ¢ such that

/Qtdego* =1. (1)
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We could then use this density to define a new POV measure by

E(V) = / odF . 2)

On a formal level this now looks fine, the only remaining problem is
to make sense of the proposed integrals. We will now proceed to do this.
Let
V={s=) sify, | s;cOH) Vi€ B}
where {V;} form a measurable partition of 2. These are simple measur-
able operator valued functions. The set V' is a real linear space through
pointwise operations as usual. We can define a left action of O(H) on V/

in the following way
as = Z(asi)ﬁv

This action clearly makes V' into a left module over the real C'*- algebra
O(H). Define an O(H) valued product on V' through

(s,t) =Y s F(VinW;)ts,
0,
where s = ) 5,0y, and ¢t = ) t;0,. This product is clearly bilinear over
the real numbers.

Proposition 6. The following properties

(s,s) >0,

(as,t) = as, 1),
(s,1) = (t; )",
(s,at) = (s, 1)a”

hold.

Thus the product is like a Hermitian product where the role of complex
numbers are played by the elements of the real C*-algebra O(H). Such
structures have been known and studied for a long time. They leads, as
we will see, in a natural way to the idea that probability densities for
operator measures are elements in a Hilbert module. Our main sources
for the theory of Hilbert modules are the paper [10] and the book [2].
Chapters on Hilbert modules can also be found in the books [7] and [13].

Note that the product we have constructed is not positive definite. In
fact, since the sum of positive operators in a real C*-algebras is zero only
if each operator is zero, the identity (s, s) = 0 holds if and only if

s;iF(Vi)si =0 for all i.
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These identities can easily be satisfied for nonzero operators s;. In fact
if F/(V;) are projectors and s; are projectors orthogonal to F'(V;) then the
equations are clearly satisfied. In order to make the product definite
we will need to divide out by the set of simple functions whose square
is zero (s,s) = 0. In order to do this we will need the analog of the
Cauchy-Swartz inequality.

For any element s € V' we know that (s,s) > 0 and therefore there
exists a positive operator h such that h? = (s, s). Denote this operator
by |s|. Thus we have |s|> = (s, s). Also for any element s € V define a
real number ||s|| by

1] = [I{s, )]

where ||(s, s)|| is the operator norm of the positive operator (s, s). With
these definitions at hand we can now state the following Cauchy Swartz
inequalities for V. The proof of this proposition is an adaption of the
proof in [13] to the case of real C* algebras.

Proposition 7. The following forms of the Cauchy-Swartz inequality

(s, 1) (t, s) < |s*[]¢]]?,
s DI < lsl] []2]

hold.

Proof. A positive linear functional, w ,on O(H) is a real valued linear
functional such that w(a) > 0 whenever a > 0. A state on O(H) is a
positive linear functional such that w(l) = 1 and w(a) = w(a*). The
main property that makes states useful in C* algebra theory is that if
a # 0 there exists a state such that w(a) = ||a||. From this it follows
immediately that if w(a) = 0 for all states w then a = 0 and this implies
that if w(a) < w(b) for all states then a < b. In this way verification
of inequalities in a C* algebra is reduced to the verification of numer-
ical inequalities. Also recall that in any real C* -algebra the following
important inequality holds [4]

w(a*d*ba) < [|b*b||w(a*a)

For any given state w define (s,t), = w((s,t)). It is evident that (),
is a pseudo inner product on V. It therefore satisfy the Cauchy-Swartz
inequality (s,1)2 < (s, s)u(t,t),. Define a = (s,t). We clearly have

w(aa*) = w(alt,s)) = w({at, s)) = (at, s),.
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Therefore
wlaa®) < [(at, at),(s, 5).]?
= [w(alt, t)a")(s, 5).]?
= [w(alt*a*)(s, 5).)2
< J[(t, )]]2w(aa”) 2w({s, 5))2.
Dividing by w(aa*)z we find
wlaa")® < ||tlw((s, s))F = w(|[H](s, s)).

The first inequality now follows since this numerical inequality holds

M\»—‘

for all states w. As for the second inequality recall that in any real C*-
algebra we have ||aa*|| = ||a||? and for any pair of operators 0 < a < b
we have ||a|| < ||b]|. Using this we have

(s, )12 = (s, ) (s, )71 = |[(s, 6 (s )] < |1 [s PP = []s] P11
and this proves the second inequality. O

From the second inequality we can in the usual way conclude that the
triangle inequality holds for || |.

Corollary 8. || || is a pseudo norm on V.

Let N be the subset of elements in V' of pseudonorm zero.
N ={s||ls|| = 0}.
For any operator a € O(H) and a pair of elements s and ¢ in N we
now have
llas||* = [[{as, as)|| = [|a(s, s)a’[| < [lal| [[s][* [la*]| =0
[Is + 2] < [Is]] + [[¢]] = 0.
Thus N is a submodule and we can therefore define a quotient module
H =V/N.

Elements in H are equivalent classes of simple operator valued func-
tions denoted by [s]. Note that for any elements [s], [t] € H with [s] =0
we have

(s, O < [lsl] ][] = 0,
and as a consequence of this (s,t) = 0. We therefore have a well defined
operator valued product on H defined through

([s], [t]) = (s, 1)
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This product enjoy the same properties as the product on V' and is
in addition positive definite. Thus H with this product is a pre-Hilbert
module with a norm || || defined on the underlying real vector space. In
general this vector space is not complete with respect to the norm. We
can however complete the vector space with respect to the norm. The
resulting structure is a Hilbert module over the real C*-algebra O(H).
We will call it the Hilbert module corresponding to the extended proba-
bility space (2, B(7), F'). With the analogy with Hilbert spaces in mind
we will consider (p, ) to the the square length of ¢. Note that for a
general Hilbert module the length is a positive operator, not a positive
number. Also note that in order to simplify the notation we use the same
symbol || || for the norm on H and for the operator norm on O(H). This
is the sense of the formula ||¢||* = [|{¢, ¥)||.

We have now made sense of equation (1). It just state that ¢ should
be a element in the Hilbert module H of length 1.

We will next proceed to make sense of equation (2). Note that what
we do is in fact to prove the analog of the easy part of the classical
Radon-Nikodym theorem.

For any U € B(7) define a map Py : V — V by

PU(S) = Zsie‘/iﬂU.

This map is clearly a O(H) module morphism.

Proposition 9. The following properties

PU 0] PU == PU,
Py(as) = aPy(s), Vae O(H),
Pynv = Py o Py,

(Pu(s),t) = (s, Pu(t)),
(s, Py(s)) =0,
Py + Py = Pyow, if VOW =0,
(Pu(s), Pu(s)) < (s, s),
[[Pu(s)] < |]s]
hold.

The last property shows that if [|s|| = 0 then [|Py(s)|| = 0. Therefore
Py induce a well defined map, also denoted by P, on H through

Py([s]) = [Pu(s)]-
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The last property shows also that the map Py is bounded on H. Tt
therefore extends to a unique bounded linear map on H. This map clearly
also enjoy the properties listed in the previous proposition.

Let now ¢ be a element in the Hilbert module H of unit length (p, ¢) =
1. For each set U € B(7) define a operator E,(U) on the Hilbert space
H by

E (U) = (¢, Pu(p))-

Clearly E,(Q2) =1 and E,(U) > 0 for all U. It is also evident from
the previous proposition that E,, is finitely additive on disjoint sets. It
is in fact also countably additive as we now show.

Theorem 10. E, : B(1) — O(H) is a positive operator valued measure.

Proof. Let first s = Zsié’vi be a element in V with (s, s) = 1 and let {7}}

be a increasing Sequerzlce of sets with limit 7" = U;T}. The set of operators
{E,(T;)} is a increasing sequence of positive operators. The supremum
of this sequence exists [1]. Denote the supremum by Sup{E,(7;)}. In
order to show that F is a positive operator valued measure we only need
to show that

E(U;T5) = Sup{Es(T})}-
It is a fact [1] that the sequence E4(T}) converges strongly to the limit
Sup{Es(T;)}. Since the strong limit is unique when it exists we must only
show that Es(T;)(x) — Es(U,;T;)(x) for all elements x € H. We know

that F' is a positive operator valued measure so F'(T; NV;) — F(T'NV;)
strongly. But then since all s; are bounded operators we have

sl (T; N Vi)si(x) — s (T N Vy)sj ()
s

Zsl (T; N Vi)s Zsl (T N Vi)si(z)

i
Ey(T))(x) — Ey(T)(x),

for all € H. This proves that F; is a POV. Next for any element [s] in
H we define Eiy(U) = ([s], Py([s])). Tt is trivial to verify that Ejy = E,
so that the previous proof show that Ejy is a POV. Finally let ¢ be a
arbitrary element in H. Then there exists a sequence of elements [s,] in
H such that [s,] — ¢. Since EJ,) is a POV we know that for all x € H
p(U) = (Ejs,) (U)z, x) g is a measure.
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Let p, be the positive set function defined by

By continuity we know that Ej, (U) — E,(U) in the uniform norm and
thus strongly. But then by continuity of the inner product on H we can
conclude that

Tim i (U) = px(U),
for all sets U € B(7). This implies through the Vitali-Hahn-Saks theorem
[5] that p, is a measure and then it follows [1] that E, is a POV. O

We have now made sense of equation (2) and are now ready to define
the symbolic expressions occurring in equation (1) and (2).

We define the integrals / wdFy*and / pdFp*as follows:
1%

/@de* < (o, ¥),

/sodFso* L (o, Pr(p).
1%

We have thus found that probability densities for operator valued mea-
sures are not functions but elements in a Hilbert module. They should in
fact not be thought of as densities but as half densities, their square is a
density in the above sense. This is a startling conclusion. Half densities
are however not unfamiliar to anyone that has been exposed to quantum
mechanics. Wave functions are half densities. In fact wave functions
appear naturally in this scheme. If F'is a positive operator valued mea-
sure acting on a real two dimensional Hilbert space we are lead to define
densities as functions whose values are operators on the plane. The com-
plex numbers are isomorphic to a special subalgebra of operators on the
plane (the conformal operators). Thus a large class of densities can be
identified with complex valued functions of length one. Since self-adjoint
operators are now naturally identified with real numbers the length can
be considered to be a number. What we are describing are of course wave
functions. Thus densities for positive operator valued measures acting
on a two-dimensional plane are wave functions.

4.2. Random operators. Recall [2] that a map A : H — H is said to
be adjointable if there exists a map denoted by A* : H — H such that

(A%, 1) = (i, AY),

for all elements ¢ and ¢ in ‘H. A map is self-adjoint if A* = A. It
follows directly from the algebraic properties of the inner product and the
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completeness of the underlying real vector space that any adjointable map
is a bounded O(H) module morphism. In fact the set of all adjointable
maps form a abstract real C*-algebra that we denote by .A. We will call
the elements in A random operators.

The expectation of a random operator A with respect to a density ¢ is
by definition given by

(A) = (¢, Ap).

The expectation of a random operator with respect to a density ¢ is
thus a operator on H. We can also use the density to define a POV
acting on H as we have seen. Note that the expectation of self-adjoint
random operators is a self-adjoint operator in O(H).

Returning to the two dimensional example discussed above we see that
in that case for complex valued densities the expectation of self-adjoint
random operators can be identified with real numbers and thus the ex-
pectation of random operators can be thought of as numbers. In higher
dimensions and for more general densities no such identification with
real numbers is possible. Furthermore no such reduction should be ex-
pected. After all, the self-adjoint elements in a real C*-algebra are the
right analog of real numbers.

Let us assume that the real Hilbert space underlying the extended
probability space X is one dimensional. If we choose a basis we can
identify the Hilbert space with R and the Hilbert module H x with the
real Hilbert space of square integrable functions on R. A positive operator
valued measure is through the basis identified with a probability measure
and therefore for a half density ¢ € Hx the formula E(V) = (¢, Pro)
turns into

u(v) = [ v

The half density ¢ is of course not uniquely determined by the proba-
bility measures ;1 and v unless we by convention always take the positive
square root. If all our observables are random vectors then it does not
matter which half density we choose, they will all produce the same ex-
pectation. Thus by restricting to random vectors as our observables the
difference between the various half densities ¢ are not observable. How-
ever there is really no rational reason to restrict to this class of observ-
ables. If we include random operators in our observables the difference
between the half densities are readily observable.
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5. THE CATEGORY OF EXTENDED PROBABILITY SPACES

In classical probability theory the notion of morphisms of probability
spaces plays a role at least as important as the notion of a probability
space. In fact from the Categorical point of view morphisms are the most
important element in any theory construction. All other entities should
be defined in terms of the morphisms. In this section we review the notion
of a morphism in the context of probability spaces and then define the
corresponding notion for extended probability spaces. The naturalness
of our definition is verified by proving that extended probability spaces
and morphisms forms a category. We also show that just as for the case
of probability spaces we get a functor mapping the category of extended
probability spaces into the category of Hilbert spaces. The existence of
this functor is a verification of the naturalness of our constructions.

Let X = (Qx,B(7x),ux) and Y = (Qy,B(1y), uy) be probability
spaces. A morphism f : X — Y is a measurable map f : Qx — Qy
such that py is absolutely continuous with respect to the push forward
of the measure pux by f, py < fiux. By the Radon-Nikodym theorem
this means that there exists a probability density p : 2y — R such that

py (V) = / pdpix.
f7rv)

There are several other possibilities for morphisms of probability spaces
[11]. We could have required fiux < py or fiux =~ py. They can
all be composed and lead to a category structure. However the only
possibility that generalize well to extended probability spaces is the first

one py < fipx.

5.1. Morphisms of extended probability spaces. In this section we
will introduce the notion of mapping between extended probability spaces
and will then use mappings to define morphisms. This distinction be-
tween mappings and morphisms does not exist for probability spaces.

In order to define what a mapping is in the context of extended prob-
ability spaces, we must first generalize the notions of absolute continuity
and push forward to positive operator valued measures. We will do this
by combining them into a single entity.

Definition 11. Let X = (Qx, B(7x), Fx) be a extended probability space,
Y = (Qy,B(1y)) a measurable space and h the 3 tuple h = (fn, gn, o n)
where fr, : Qx — Qy is a measurable map,g, : Hy — Hx 1is a isom-
etry and oy € Hyx is a element in the Hilbert module corresponding to
X. Then the push forward of Fx by h s the positive operator valued
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measure,h,Fx, defined on the measurable space Y by

hFx (V) = gj, © {¢n, Pfﬁ(\/)@h) © Gh;
where g; s the adjoint of gy,.

Note that we have g; = g, Yo Q) where Q) is the orthogonal projection
onto the closed subspace gn(Hy) C Hx and therefore g; o g, = 1 and
gn o g5 = Qn.We can now define mappings between extended probability
spaces using push forward in a very simple way.

Definition 12. Let X = <Qx,B(Tx), Fx> and Y = <Qy,B(Ty), Fy) be
extended probability spaces. A mapping h : X — Y is a 3 tuple,h, as in
the previous definition such that

h«Fx = Fy.

Let us assume that the real Hilbert spaces underlying the extended
probability spaces X and Y are one dimensional. If we choose basis for
these two spaces we can identify the Hilbert spaces with R, the positive
operator valued measures with probability measures p and v and the half
density ¢ with a real valued function on 2x. We must have g, = 1 and
the condition for h = (fy,, 1, ¢s) to be a mapping is

o) = [ au
ftv)

This is of course the condition for f, to be a mapping between the
probability spaces (Qx,B(7x),p) and (Qx, B(7x), ) if we identify the
classical density with ¢?.

Our first goal is to show that the proposed mappings can be composed.
In order to do this we must first define a certain pullback of half densities
induced by a mapping. Let therefore mappings h : X — Y and k :
Y — Z of extended probability spaces be given. Let us first define a
measurable map fron, a isometry go, and a linear map h* by

fkoh = fk o fh :Qx — QZ>
Jkoh = gn o gy : Hy — Hx,
h*(a) =gnoaog,: O(Hy) — O(Hx).

The map h* has the following easily verifiable properties

Proposition 13. The map h* is bounded and
h*(a+b) = h*(a) + h*(b),
h*(ab) = h*(a)h*(b).
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Define a linear map h* : Vy — Hx by

Zh* s;j) P Soh)

where s = 3 s;6y,. The map h* has the following important properties

Proposition 14. The map h* is bounded and

h*(s+t) = h*(s) + h*(t),
h*(as) = h*(a)h"(s),
(h*(s), h*(t)) = h"((s, 1)),
[s] =0= [h*(S)] =0,
h*(Py(s)) = Pp1y (h7(s)).

Proof. Let s = ) s;0y, and t = ) t;0y,. Then it is easy to verify that
{VinW;} form a partition of Qy and that s+t = > (s; +t;)0v;aw,. But
then we have

*(s+1t) Zh* s; +t5) VnW)(SOh)
= Zh* Proswngt oy (#n) + Zh*(tﬂ'W St vons o) (Pn)
_ Zh* 1y (o) + Zh* ©n) = h*(s) + h*(t).

This proves the second statement. For the third statement we have

h*(as) = h*(ZasZHV Zh* as;)P (¢h)
= Y W)k (s:) Py (9n) = B (@)h"(s),
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and
(h*(s), " (1)) = Z(h*(si)Pfh‘l(Vi)(SOh)? W () Py w,) (9n))
= Zh*(si) o (¢, Pfl;l(ViﬂWj)(QOh» o h*(t;)*

ihj

= Ggno Zsi ° g4 © (#n, Pfh—l(vinwj)(@h)) ©gno t;) ° gp,

.3

=gno0 ZSiOh*FX(ViﬂWJ’) Ot;) og;’;

ihj

=gn o Zsi o Fy (V;NWj) Ot;) ° gy,
4,3

= gno(s,t) o gy ="h"((s1))

proves the fourth statement. The first and last statement in the propo-
sition follows from the fourth. Finally

B (Py(s)) = B (3 _sifviw) = R ()P avs ()

O

Using this proposition we can extend the map h* to a continuous linear
map from Hy to Hx . This map is given on the dense set Hy by

h*([s]) = h*(s).

All the properties in the proposition holds for the extension. We are
now ready to prove that our mappings can be composed

Theorem 15. Let h: X — Y and k : Y — Z be mappings of extended
probability spaces. Define pron € Hx by @ron = h*(pr). Then

ko h = (froh> Gkoh, Proh)
15 a mapping of extended probability spaces ko h : X — Z and we have
(koh)"=h"ok™

Proof. In order to show that k£ o h is a mapping we must prove that
(koh).Fx = Fz. But doing this is now a straight forward calculation if
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we use the previous proposition.
(koh),Fx(V)
= Gkoh © (Pkon; P f;olh(v)(@koh» © Gkoh
= gr, © g, © (h* (), Pfgl(fgl(v))(h*(%))) © gn © Gk
= gr. 0 gp, o (" (@), " (Pr1(y) (2r))) © g © i
= 910 910 9n ° {exLs-1(v) (k) © g1 © g 0 gn
= gr © (ppPpr (V)(sok)> ogr = Fz(V).

The last statement in the theorem is also proved by direct calculation.
Let s =) s;0y, € Vz. Then we have

(ko h)*([s])
= Z ]C O h 8] (‘Pkoh)

- Zh* k*( L ))(h*(@k))
= Zh* (K (s (P ()
= h*(Zk*(s»Pf;(Vj)(sok)) = h*(k*(s).

Since the identity holds on a dense subset is also holds for all elements
in ‘Hz and this proves the theorem. O

We now can use this Theorem to define composition of mappings

Definition 16. Let h : X — Y and k : Y — Z be mappings of extended
probability spaces. Then ko h is the composition of k and h.

It is now straight forward to prove that composition of mappings is
associative.

Theorem 17. Leth: X —Y k.Y — Z andr : Z — T be mappings
of extended probability spaces. Then we have

ro(koh)=(rok)oh.

Proof. Clearly we have frokon) = frokjon a0d Gro(kon) = G(rok)on- And
from the previous theorem we have

Pro(kon) = (ko h)*(¢r) = h* (K" ()
P(rok)oh = W (pror) = h*(k* (1))
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Extended probability spaces and mappings of extended probability
spaces does unfortunately not form a category, we will in general not
have unit morphisms.

For a given extended probability space X = (Qx, B(7x), Fx) the only
reasonable candidate for a unit morphism is

Ix = (lay, Luy, Luytay)-
For this mapping it is easy to show that
Proposition 18.

ko 1X = k?,
Ly o h = (fn, gn, Qnn)-

Thus the mapping is not a unit morphism in the categorical sense
unless g is a isomorphism. It is for this reason that we distinguish
between mappings and the yet to be defined morphisms. Morphisms will
be defined in terms of a equivalence relation on mappings.

Recall that for any mapping h: X — Y , Qn : Hx — gn(Hy) is the
orthogonal projection on the closed subspace g, (Hy).

Definition 19. Two mappings h,k : X — Y of extended probability
spaces are equivalent if

fh = fk>
9h = Gk,
Qneon = Qrpk.

If h and k are equivalent we will write h =~ k.

The defined relation is a equivalence relation. In order to define mor-
phisms we must show that composition of mappings extends to equiva-
lence classes of mappings. For this we need the following two lemmas.

Lemma 20. Let h: X — Y and k :' Y — Z be mappings of extended
probability spaces. Then

Qkoh =h" (Qk’) .

Proof. For any £ € Hy , Qron(§) is the unique vector in gp(gx(Hz)) such
that £ — Qgon(&) is orthogonal to gn(gx(Hz)). But for any n = gn(gx())
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in gn(ge(Hz)) we have

(€ = h*(Qr)(€),m)
= (§ = (9rn 0 Qr 0 g;,)(&), gnlgr())))
= (91(9(8)) — (gk © gh 0 gn © Qi © g;)(&), @)
= (9x(9,()) — gi(9(£)), ) = 0.
Therefore by uniqueness Qxon(§) = h*(Qx)(&). O
Lemma 21. Let h,h' : X — Y be equivalent. Then
h* = h"™.

Proof. We only need to verify the identity on the dense subset Hy C Hyx.
But for any [s] € Hx with s =) 5,6y, we have

n*([s Zh’* )Py, vy (ow)
= Z gn © S; © g;, o Qh')Pfh/(%)(SOh’)
= Z(gh 0 50 g, )Qu Py vy (nr)
= Z(gh 05,0 g, ") Pr vy (Quipw)

- Z(gh 050 g ) Pp vy (Qnpn) = 1" ([s])-

We can now prove that composition is well defined on classes.

Proposition 22. Let h,h' : X — Y be equivalent and k. k' : Y — Z be
equivalent. Then

koh~Fkoh'

Proof. We only need to prove that pion, = pron. But using the previous
two lemmas we have

QronPron = P (Qr)P™ () = M (Qrer) = M (Qupr) = Quon (Prront)-
O

Definition 23. A morphism between extended probability spaces X and
Y is a equivalence class, [h],of mappings h: X — Y.
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In order to keep the notation simple we will always denote a morphism
[h] by a representative mapping h. Thus when we speak of a morphism
h we mean the class [h]. The meaning will always be clear, we just have
to make sure that any operations involving morphisms does not depend
on choice of representative.

We can now formulate the main result of this subsection.

Theorem 24. Extended probability spaces and morphisms form a cate-
gory.

Proof. We know that composition is well defined and associative. For
any object X, let the unit mapping be 1x = (1o, 1lp,, 1y 0a,). From
proposition 18 we have for any morphisms h: X — Y

ho 1X ~ h,
Ly o h = (fn, gn, Qnipn) = h
because (), is a projection. [

We know that the category of probability spaces|[11] has a terminal
object, T" ,in the categorical sense, there is a unique morphism from any
probability space X to T. Here T = (Qp, Br, ur) with Qp = {x} |
Br = {0,{*}} and ur the only possible probability measure on By. The
existence of T" makes it possible to define points in probability spaces
categorically. We will now see that the category of extended probability
spaces does not have a terminal object and thus extended probability
spaces will not have points in the categorical sense, but only generalized
points. The only possible candidate for a terminal object in the category
of extended probability spaces is the object T' = (Qr, By, Fr) where
Fr : Br — O(R) ~ R is the only possible positive operator valued
measure, Frr(Qr) = 1g. We will now show that 7" is in fact not a terminal
object.

Let h : X — T be any morphism of extended probability spaces. We
have h = (fn, gn, pn) and clearly f; : Qx — Qp = {*} is unique. The
map ¢gn : R — Hy is a isometry and is therefore determined by a vector
&, € Hx where (&,,&,) = 1 and g,(1) = &,. The vector &, and element
n € Hx must satisfies the single condition

h*FX(QT) = FT(QT) = 1R-

Using the definition of h, we find that the following identity must be
satisfied

((Pns on)(En), En) = 1,
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and clearly this identity will be satisfied by many choices of ¢, and &,.
Thus the morphism A is not uniquely determined and therefore 7" is not
a terminal object.

5.2. The Naimark functor. In probability theory there is a certain
functor that plays a major role in the theory. We will now review the
construction of this functor and show that a analog functor is defined
on the category of extended probability spaces. The existence of this
functor testify to the naturalness of our constructions. The functor will
be called the Naimark functor since the Naimark dilatation construction
plays a major role in its construction.

Let us start with a review of the functor for the case of probability
spaces. For any probability space X = (Qx, B(7x), ux) define a Hilbert
space,denoted by La(X), by Lo(X) = Lo(ux). Let X = (Qx, B(7x), pix)
and Y = (Qy, B(7y), py) be two probability spaces and let f : Qx — Qy
be a morphism of probability spaces in the sense that

y(V) = dpix

py (V) /fl(v)p p

Define a mapping Lo(f) : Lao(Y) — Lo(X) by
Ly(F)(€) = Vp(Eo f)

It is easy to verify, using the Radon Nikodym theorem, that La(f) is
in fact a isometry and moreover that Ls is a functor from the category
of probability spaces to the category of Hilbert spaces. We will now
show that it is possible to define a functor, also denoted by Lo, from the
category of extended probability spaces to the category of Hilbert spaces
that for probability spaces reduce to the functor discussed above.

Let X and Y be extended probability spaces and let Ly(X) and Lo(Y)
be the corresponding Hilbert spaces of random vectors. Informally to
any morphism h : X — Y of extended probability spaces we will define
a isometry Lo(h) : La(Y) — Lo(X) by the formula

Ly(h)(€)(x) = #h(2)(gn((€ © fn)(2)))

It is easy to see that the mapping Ly(f) is a special case of this general
formula. Of course we can not use this formula to actually define Lo(h)
since elements in Ly(Y') are not vector functions and elements in Hx are
not operator valued functions. The action of elements in Hx on Ly(X)
implied by the formula must also be made sense of and since morphisms
are classes of mappings we need to prove independence of representative..
We will now prove that the map Lo (h) exists and that it defines a functor.
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Recall that if Sy denote the space of simple Hy valued functions with
inner product (v, w) = 3, (Fy(V; N T})&, nj)my then Ly(Y') is the clo-
sure of Ty = {[v] | v € Sy} where [v] = 0 iff (v,v) = 0. For any extended
probability space, Vx is the linear space of simple operator valued func-
tions occurring in the construction of the Hilbert module Hy. For a
measurable map f : 0y — Qy,a isometry g : Hy — Hx and a element
v=">.&0y; € Sy define a linear map /9 : Vy — Ly(X) by

tfg ZS & Qf ]

where s =3, s;0w, € Vx.
Lemma 25. For the linear map t19 the following property

(t19(s), t19(s)) < cuglls]]?
holds.

Proof. Let v =3, &0y, and s = 3 _; s;0w,. Then we have
(th9(s),t19(s))
= Z<FX(WJ N7 (Vi)si(9(80)). 85(9(&)))

= D s Fx (W5 0 7 (Vi) 0(€0)). 9(E)iny

< Z s, S (fz)) < Cv,gHSH2'

In the last line we used the Cauchy-Swartz inequality and the definition
of the norm in the Hilbert module. 0

This lemma implies that if [s] = 0 then [t/9(s)] = 0 and therefore we
can extend t/9 to a bounded linear map /9 : Hy — Ly(X). It is defined
on the dense subset Hyx by th9([s]) = [t19(s)].

The following proposition sets the stage for proving the existence of
the Naimark functor.

Proposition 26. Let h : X — Y be a mapping of extended probability
spaces. Then there exists a isometry Lo(h) : Lo(Y) — Lo(X) that is
defined on the dense subset Ty by

Ly(h)([v]) =t (ion),
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and that satisfy

LQ(I{Z e} h) = Lg(h) e} LQ(kZ),
L2(1X) = 1L2(X)‘

Proof. We will start by showing that #/»9» only depends on the class of v.
Let {s,} be a sequence of elements in Hx converging to ¢p,. For each n
we can define a positive operator valued measure on (Qy, B(7y)) acting
on the Hilbert space Hy by

F{}(V) =go <$na Pf—l(V)(Sn» ©g.

By continuity Fy*(V) — Fy (V) strongly and thus weakly. But then we
have

(1 (on). 1 (on)
= lim (£ (5,), £ (5)

n—oo

= Jim D (s, Py (5a)) (961)). 9(60))

= Jim i«g* 0 (5m, Py (50)) 0 9)(€ 1)), €ty
= lim iw&(m)(@), Eiy

= Z<F;<vi>§i,fi>m = (v,0).

The assumption [v] = 0 means that (v,v) = 0, so t/»9 depends only
on the class of v. Therefore Ly(h) is well defined on the dense subset
Ty and the argument just given show that it is a isometry. It therefore
extends to a isometry from Lo(Y') to Lo(X).

For the last part of the Theorem let [s,] and [t,,] be sequences in
Hyx and Hy converging to ¢j and ¢;. Here s, = >, spfw,, and t, =
> tmjbr,,;. For [v] € Tz C La(Z) with v = =, §0y, we have by con-
tinuity of all maps involved that if we define [u] € Ty C Ly(Y) by
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Uy, = Zt;j(gk(&))éf;l(mwmj then we have

Ly(h) © Ly(k)([v])
= La(h)(t) (1)) = Lo(h)(t( lim [t,]))
= lim Ly(h)(¢]*([tm]))

= Jim_ La(h Eﬁm%& Snt,) = lim La(h)([un))
= lim ¢ gh(soh) = lim lim ¢/ ([s,])
= Jlim_lim > (5500 90 Ly © 96 (€00 118 oy,
il
Note that
h*([tn))
- Zh* mJ 1(ij)(80h)
:mefmwmwm
= lim Zh mi)Snl 1 1,
We have

Lo(k 0 h)([o]) = therohon (ipyen) = thhersion (17 (i)
= theenoion (h*( i [t,,])) = Tim_efion 900 (1 (1))

m—00

= lim tf’“’h Ikoh hm Zh mi) snlé’ m]-)ﬂan)

m—0o0

= nll_rgo nh—>HoloZ |2 )Sni)” (gkoh(&)) e (VN f (T NWos
2,7,0

= nll_rgo JLH(}O Z Sp1© Gn O tp, j° g © gn © gk)(fz) L (V)N T )Wy
1,7,

= lim_lim Y (57,0 0 © £, © g (€051 (11 vyrimyy s
1,7,

The last statement of the theorem is verified by a trivial calculation.
O

We are now finally ready to prove the existence of the Naimark functor.
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Theorem 27. Ly(h) is a well defined functor from the category of ex-
tended probability spaces to the category of Hilbert spaces.

Proof. We only need to prove that Ls(h) is well defined for a given mor-
phism h. The functorial properties follows from the previous proposition.
Assume h ~ /. Let us first assume that the densities of h and h’ are [s]
and [s']. We can without loss of generality assume that s and s’ are of

5= g 56w, ,
i

/ /

s = E s;0w,,
i

since we can bring it to this form by the same construction as in lemma

the form

29. The equivalence then amounts to Qys; = Qs for all i. Then on the
dense subset Ty C Lo(Y') we have for v = > &0y, that

La()([]) = 3 _s5(9n(€D)0 5 iy,

= Z(S; °oQpo gh)(gz’)efgl(vi)mwj
(2]
= 2(5;* o Qu o gh’)(gi)‘gfh—,l(w)mwj = Ly(W')([v]).
.3
The case for general densities follows by continuity. O
The Naimark functor L, is not the only functor occurring in this theory.
In fact if we recall the properties of the pullback operation h — h* defined
earlier in this section we can define a second functor.

Theorem 28. For any extended probability space X, define a Hilbert
module H(X) = Hx and for any morphism h : X — Y of extended
probability spaces define a morphism of Hilbert modules H(h) = h*. Then
H is a functor from the category of extended probability spaces to the
category of Hilbert modules.

For the case of probability spaces the Hilbert module H(X) and the
space of random vectors Lo(X) are both isomorphic to the Hilbert space
of square integrable real valued function. This is why random variables
and densities appear to be taken from the same space in probability the-
ory. But this is a very special situation. If the underlying Hilbert space
is not one dimensional but two dimensional the densities and random
vectors start to reveal their different nature. As we have discussed pre-
viously for this case a important subclass of densities are the one whose
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values are contained in the conformal group of the plane. These densities
form a sub-Hilbert module that is actually a isomorphic to the complex
Hilbert space of complex valued functions.

6. MONOIDAL STRUCTURE ON THE CATEGORY OF EXTENDED
PROBABILITY SPACES

In probability theory the notion of product measures and product den-
sities play a major role. It is through these that dependence and indepen-
dence for random variables are defined. From a categorical point of view
the situation is summarized by saying that the category of probability
spaces supports a monoidal structure. We will now show that the cate-
gory of extended probability spaces also supports a monoidal structures
and that as a consequence the notions of dependence and independence
can be defined.

Let us start by reviewing the notion of a monoidal structure for a
category. A monoidal structure in a category is basically a product in
the category that is associative up to natural isomorphism and has a
unit object up to natural isomorphism. What this means is that if X,V
and Z are objects in the category and if the product is denoted by ®
then we require that there exists a isomorphism ayyz : X @ (Y ® Z) —
(X®Y)®Z. Similarly if I is the unit object we require that there exists
isomorphisms Bx : I ® X — X and yx : X ® I — X. The isomorphisms
can not be arbitrarily chosen for different objects, they must form the
components of a natural transformation. In addition they must satisfies
a set of equations known as the MacLane coherence conditions. These
equations ensure that associativity and unit isomorphisms can be ex-
tended consistently to products of finitely many objects. The conditions
that must be satisfied by «,y and § are the following.

For all objects X,Y,Z and T' we must have

axey,zr 0 0xyzer = (Axyz ® 1lr)oaxyszro (1x ® ayzr),
(ix®1y)oaxry = 1x ® By,
1 = Br.

These are the MacLane coherence conditions. The naturality condi-
tions are expressed as follows. For any arrows f: X — X' g:Y — Y’
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and h : Z — Z' we must have

(feg@h)oaxyz=(f®@(g®h))oax y z,
foBx =pFxo(11®f),
foyx =vxo(f®1y).

In general such equations are difficult to solve, there is a very large
number of variables and equations. However in some simple situations
the naturality conditions can be used to reduce the system of equations
to a much smaller set.

The reader not familiar with categories,natural transformations and
Coherence conditions might want to consult the book [8] for a elementary
introduction to the categorical view of mathematics, a more advanced
introduction can be found in the book [9]

The notion of product measures in probability theory has of course
been known for a long time. The corresponding monoidal structure in
the category of probability spaces is described in detail in [11]. The main
features are as follows. For two probability spaces X = (Qx, B(7x), pix)
and Y = (Qy, B(7y), uy) their product is the probability space X @ Y =
(,Qx x Qy,B(tx @ 7v), ux @ py), where pix ® py is the product mea-
sure. The product of two morphisms f : X — Y and g : X' — Y’
is a morphism f®¢g : X® X' - Y ®Y where fg = fxg
is just the Cartesian product of the maps f and g. The associativity
and unit isomorphisms are just the usual one from the category of sets.
axyz((z,(y,2))) = (z,y),2), Bx((+,2)) = =, and yx((z,*)) = z. For
the category of probability spaces this choice of a, # and v are the only
possible ones as we show in [11]. The unit object for the monoidal struc-
ture is the trivial, one-point probability space.

6.1. Product of extended probability spaces and morphisms. We
will now define the product of extended probability spaces and morphisms
and show that this product is a bifunctor on the category of extended
probability spaces.

Let X = (Qx,B(7x), Fx) and Y = (Qy, B(1y), Fy) be two extended
probability spaces. The product of the two positive operator valued
measures Fxy and Fy always exists and is uniquely determined [1] by its
value on measurable boxes by

The product measure acts on the Hilbert space Hx ® Hy. The ten-
sor product is the Hilbert tensor product. We now need to extend the
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product to morphisms and show that it is a bifunctor. Before we do this
we must specify the relationship between the Hilbert modules Hyx ® Hy
and Hxgy. We will show that, as expected, we can map the first into
the second using a continuous injective module morphism. We will start
by constructing this morphism.

Recall that for any extended probability space X, H x is the completion
of the dense subspace Hy = {[s] | s € Vx} and

VX = {S = ZSZGVZ

si € O(Hx),{V;} is a B(7x) measurable partition of Qx}

is the real linear space of simple O(H x) valued measurable functions on
Ox.

For a pair of extended probability spaces define a map vxy : Vx xVy —
VX@Y by

7XY(87 t) - Z(sz ® t])QWXW]7
i,J

where s = 50y, and t = ) t;0w;.

For this map we have the following

Lemma 29. The map v is bilinear and if [s] = 0 or [t] = 0 then [y(s,t)] =
0.

Proof. We evidently have vxy (as,t) = vxy (s, at) for all real numbers a.
Let s =Y 1"  sify, and r = > " rx0c, be two elements in Vy. Define a
new sequence of sets {A4;} where A; =V, for [ = 1..n and A4, = C;_,, for
l=n+1,..n+mandlet L ={1,2,.n+m}. Let S={0:L — Zy}
be the set of all Zy = {—1, +1} valued functions on the index set L. The
set S is a index set for a new partition, {77 },cg of the set Qx defined
by

T = ﬁzeLA?(l)>

where for any set U we define Ut = U and U~! = U¢, the complement
of U. We evidently have

Vi = Ugglo@)=13 17,
Cr = Ulslo(ntr)=1 17
Therefore

s+r:Z Z S; + Z ri | Oro.

o \{ilo()=1} {klo(k+n)=1}
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But then we have for any ¢ =} t;0y, € Vy that

’)/)(y(S + T, t)
551 [ED ST SR F P
7,J {ilo(9)=1} {k|o(k+n)=1}
= Z Z 3z®t QTJXW +Z Z (Tk®tj)‘9T"><Wj
0, {ilo(i)=1} 0,J {klo(k+n)=1}
:Z(Si®t Z ‘9T‘7><W +Z ’l“k®t Z QTJXW]‘
i,j {o]o(i)=1} {o|o(n+k)=1}
= Z(SZ & tj)eviij + Z T & tj>80k><Wj - /YXY(Su t) + 'YXY(n t)-
i,J kg

This show that -« is bilinear. For the second part of the statement in
the lemma we have

(vxv (s,1), 7xv (s,1))
= Y (5 @ ;) Fxay (Vi x W) 0 (Vi x W2)) (55 @ 1)

1,7,k,l
=Y (s @) (Fx(Vin Vi) @ Fyr(W; 0 W) (s} @ 17)

35,k

_Z si @ 1;)(Fx (Vi) ® Fy (W;))(s} @ t5)

= (ZsiFX(Vi)s;k> ® (ZQFAW@)IS}*) = (s,5) ® (t,1).

But [s] = 0 implies that (s,s) = 0 and the identity just derived
then implies that (yxy(s,t),vxy(s,t)) = 0 and therefore by definition
[’}/X)/(S,t)] = 0. ]

Using the lemma we have a well linear map, also denoted by vxy, from
Hx @ Hy to Hxey

Txy ([s] @ [t]) = [yxy (s, 8)].
The map vxy satisfy the following important identity

Lemma 30.

(vxvy (v), 7xv (v)) = (v, ).
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Proof. Anyv € '7'{\;(8/7—-(\; is of the form v = Zsi@)ti where s; = Zsiﬁvij
i J
and t; = Ztikewik' But then we have
k

<7XY(U)> VXY(U»
= ) (s ® tu) Fxay (Vi X Wix) 0 (Vi X Win)) (St @ tin)*

i7j’k7l7m7n

= D (s @ ta) (Fx (Vi N Vi) @ Fy (Wi 0 W) (57, ® 1,)

i7j’k7l7m7n

= Z (ZSszX(Vz’j N Vlm)szkm> ® (ZtikFY(Wik N VVln)ﬁZ)

il 7m k,n
= Z(Su s1) ® (ti tr) = Z(Si ®ti, s Q1) = (v,v).
0 i,

O

We can now state and prove the main property of yxy. First we will
recall some facts about (external) tensor products of Hilbert modules.
Let Hx ®% Hy denote the tensor product of Hx and Hy,as real vector
spaces, with topology determined by the norm induced from the operator
valued inner product (¢ @1, ¢’ @) = (p, ¢') @ (¥, 9"). The completion
of Hx ®y Hy is the external tensor product [2] of the Hilbert modules
Hx and Hy and will be denoted by Hx ® Hy. It is a module over
the spatial tensor product O(Hx) ® O(Hy) [12] of the represented C*—
algebras O(Hx) and O(Hx).

Proposition 31. There exists an injective morphism of Hilbert modules
Yxy : Hx ® Hy — Hxgy Such that

(vxv (v), 7xv (v)) = (v, v).
@@Hﬁ; 1s a dense subspace of Hx @ Hy and on this dense subspace

Yxy S given by
Yxy ([s] @ [t]) = [yxv (s, 8)].

Proof. Let 7‘(\; Qr 7/1\; and Hyx ®, Hy be the projective tensor products
[6] of the underlying real vector spaces. Note that the tensor product
spaces have not been completed with respect to the projective norm. The
embedding 7‘(\; R 7/1\; — Hx ®, Hy is know to exist and be dense [6].
The norm on ’7—{\; R 5%; and H x ®y Hy induced by the operator valued
inner product is evidently a cross norm and it is know that the projective
norm is the largest possible cross norm. Therefore we can conclude that
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7/1\; R 7-{\; is a dense subspace of Hx ® Hy and thus by completion in
Hx ®Hy. By the previous lemma vxy is bounded and therefore extends
uniquely to a bounded map vxy : Hx ® Hy — Hxgy. The first identity
in the statement of the proposition follows from the previous lemma and
the continuity of the operator valued inner product. Il

In order to introduce tensor product of morphisms between extended
probability spaces we need the previous proposition and the following
lemma

Lemma 32. For any measurable sets C € B(tx) and D € B(1y) we
have the identity

vxy © (Pc ® Pp) = Poxp © Yxy

Proof. For C € B(7x) and D € B(1y) we have

(vxy o (Po ® Pp))([s] @ [t])
= xy ([P (s)] ® [Pp(t)])

= (51 @ ;)0vinc)x(w,nD)
0

= Z(Sz ® t;)0v, xw,)nexp) = Poxp(yxy([s] @ [t]).
i,J

By continuity and density we can conclude that the identity vxy o
(Pc ® Pp) = Poxp o yxy holds on Hx ® Hy. O

Let now h : X — Y and k : X’ — Y’ be morphisms of extended
probability spaces. We thus have h = (fy, gn, pn) and k = (fr, g, ©r)
where ¢, € Hx and ¢ € Hx/. Define a 3-tuple h ® k by

h @k = {fren, Ghok: Phak),

where fagr = fo X fi » gror = gn ® gk and pper = Yxx/(Yn ® @x). Then
we have

Proposition 33. h®@ k: X @ X' - Y ® Y’ is a morphism of extended
probability spaces.
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Proof. We need to prove that (h ® k).Fxgx = Fygy:. But this is true
because

(h & k). Fxex:(C x D)

= Gno © (Pnak, P
= (9n @ gr)" o (yxxr (0n @ k), (Pro1 (oxpy © Vxx) (0 @ 91))) © (9n © gr)

= (9n @ gi) © (vxx:(n @ r), (Yxxr © (Pp1cy @ Proip))) (on @ 1)) © (9r @ gi)
= (9 @ gr) © (¢n ® Yk, Pp=1(cy (0n) ® Py-1py(@k))) © (9n ® gi)

= (gn © (@n, Pf}:I(C)(QOh» ° gn) @ (gr, © (Px; Pf,j(D)(‘Pk)) ° gr)

= (hFx)(C) @ (k. Fx/) (D) = Fy (C) ® Fy/(D) = Fygy (C x D),

where we have used the previous lemma. This proves that h ® k is a

(CxD) (Phek)) © Ghok

mapping of extended probability spaces. In order to show that it is also
a morphism we must show that it is independent of choice of represen-
tatives. Thus assume that h ~ h’ and k£ =~ k. We need to show that
h®k ~ h'®@k" and this amounts to proving that QrerPrer = Qner Chek -
But from the identity (g, @ gx)(Hx @ Hx') = gn(Hx) ® g (Hx’) we have
Qreor = Qn ® Q) and the rest of the proof is a simple calculation. O

Having proved that h ® k is a morphism our next goal is to prove that
it behaves as a functor under composition. For this we need the following
lemma.

Lemma 34.
Yxx o (W @K) = (h®@k)" ovyyy:

Proof. By continuity we only need to prove the identity on the dense
subset Hy ® Hy: C Hy ® Hy-. But on this subset we have

((h @ k)" oyyy ) ([s] @ [t])
= (h®@ k)" (vy (s, 1))

= (W ® k)" (s @ t;) P, x o) (vixww;) (Phok)
irj

= Z(h*(sz) ® k*(tj))(P(fhxfk)—l(Viij) o Yxx')(n ® r)
ij

= (" () @ k() (i © (Pysquny ® Py ) (08 @ )
irj

= () (0 () Py (90)) @ (K" (85) Py a o (06)

Z‘?j

= (vxx o (B" @ k"))([s] @ [t]).
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We can now prove our first main result in this section

Theorem 35. The operation ® is a bifunctor on the category of extended
probability spaces.

(W @k)o(h®k)=(hoh)® (K ok),

Ix ® 1y = 1xgy.

Proof. The unit property is trivial to verify and for the first identity we
only need to prove that vxx: (Qron @ @rron’) = (RQ W )*(Yrer). But using
the previous lemma we have

Yxx' (Pron ® Prron’)

= yxx (R (o) ® W™ (o1))

= (yxxr o (M @ 1™))(pr ® 1)
= (K" @) o vyyr)(or @ i)
= (" & I"™) (prew)-

6.2. The monoidal structure. Showing that ® exists and is a bifunc-
tor is the only hard part in proving that there is a monoidal structure on
the category of extended probability spaces.

The only reasonable candidate for a unit object is clearly the extended
probability space T discussed previously. For any objects X,Y and Z
define

Nx = <f77x7g77x79077x>7
Tx = <f“/xvgﬁx7(pﬁx>>

axyz = <faxyz> h'OéXYZ’ SOOtXYZ>’
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where
fax (6, @) = frx (@) = @
Joxy 2 (2, (y,2)) = ((, ) 2),
gk (§) =1®
gyx(§) =E®
Jaxy2(§ @ (' ®E)) = (€®€)®§”,

Pnx = ]‘HT®X’
Pyx = ]‘HX®T’
Paxyz = 1HX®(Y®Z)'
These are obviously the simplest choices we can make and it is a tedious

but simple exercise prove the following theorem. This is the second main
result of this section.

Theorem 36. 7nx,vx and axyz are morphisms of extended probability
spaces

nx : T ®@X — X,
x: XQRT— X,
axyz XY ®Z) - (XY)® Z,

and are the components of natural isomorphisms. Furthermore (®,T,n,~, «)
s a monotdal structure on the category of extended probability spaces.

REFERENCES

[1] Sterling K. Berberian. Notes on Spectral Theory. Van Nostrand, 1966.
[2] E. C.Lance. Hilbert C*-Modules: A Toolkit for Operator Algebraists. University
press, 1995.
[3] Karl Stromberg Edwin Hewitt. Real and Abstract Analysis. Springer Verlag, 1969.
[4] K. R. Goodearl. Notes on Real and Complex C*-Algebras. Shiva Publishing Lim-
ited, 1982.
[5] Konrad Jacobs. Measure and Integral. Academic Press, 1978.
[6] G. Kothe. Topological Vector Spaces, volume II. Springer Verlag, 1979.
[7] N. P. Landsman. Mathematical Topics Between Classical and Quantum Mechan-
ics. Springer Verlag, 1998.
[8] F. W. Lawere and S. H. Schanuel. Conceptual Mathematics. Cambridge, 1997.
[9] S. Mac Lane. Categories for the Working Mathematician. Springer, 1998.
[10] William L. Paschke. Inner product modules over b*-algebras. Transactions of the
American Mathematical Society, 182:443-468, August 1973.
[11] Valentin Lychagin Per Jakobsen. Relations and quantizations in the category of
probabilistic bundles. Acta Applicandae Mathematicae, 82(3):269-308, 2004.



56 P. K. JAKOBSEN AND V. V. LYCHAGIN

[12] John R. Ringrose Richard V. Kadison. Fundamentals of the Theory of Operator
Algebras, volume II. Academic Press, 1986.
[13] Nik Weaver. Mathematical Quantization. Chapman and Hall/CRC, 2001.

UNIVERSITY OF TROMS0,9020 TROMSO, NORWAY
E-mail address: perj@math.uit.no

E-mail address: lychagin@mat-stat.uit.no

Received October 1, 2004



