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ABSTRACT. We consider general bounded derivations on the Banach
algebra of Hilbert-Schmidt operators on an underlying complex infinite
dimensional separable Hilbert space H. Their structure is described by
means of unique infinite matrices. Certain classes of derivations are
identified together in such a way that they correspond to a unique ma-
trix derivation. In particular, Hadamard derivations, the action of gen-
eral derivations on Hilbert-Schmidt and nuclear operators and questions
about innerness are considered.

1. INTRODUCTION

Throughout this article H will be a separable infinitely dimensional
complex Hilbert space. Let B (H), K (H), S (H) and N (H) be the classes
of bounded, compact, Hilbert-Schmidt and nuclear operators on H re-
spectively. As it is well known, /C(H) is the only non-trivial closed
self-adjoint two-sided ideal in B(H) (cf. [5]). Furthermore, by the po-
lar decomposition theorem any A € B(H) can be written uniquely as
A = U o |A], where U is a partial isometry and |A] is a positive opera-
tor (see [8], Vol. 2, Th. 6.1.2, p. 401). Remember that if A € K(H)
and {p,} is the sequence of eigenvalues of |A| then A is said to be a
Hilbert-Schmidt operator (resp. a nuclear operator) if Y p? < oo (resp.
if > pn < 00). Moreover, an operator A is of Hilbert-Schmidt type if
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and only if the series 3 ||Af,||> converges for at least one orthonormal
basis {f,} of H. In that case it is readily seen that 3 p2 = 3 || Ag,||” if
{gn} is any orthonormal basis of H. So, if {e,} is an orthonormal basis

of H and A, B € S(H) then
(A,B), =) (Ae,, Be,)

defines an inner product on S(H). If ||A]l, = (A, A)Y/? then (S(H), (o, 0),)
becomes a Hilbert space. Indeed, (S(H), |[o||,) is a Banach * - algebra
without unit. Analogously, if A € N (H) and {e,} is an orthonormal
basis of H then > (Ae,,e,) = > pn, i.e. the sum of the former series
does not depend on the choice of {e,} . This value is known as the trace
of A and it is denote as tr (A). Further, if we let ||A||; = tr (|A|) then
(N (H),|lo|l,) is a Banach algebra. If A € B(H) then A € N (H) if and
only if |A|1/ ? € S (H). For more details on this matter the reader can see
[7], Ch. 1. §2. In this article, by a derivation on a Banach algebra Ll we
will mean any linear operator ¢ : { — 4 so that the usual Leibnitz rule
d(a-b) =0(a) b+ a-d(b) holds for all a,b € 4. In particular, given
a € Y the maps [a,b] = a-b—b-a defined for all b €  are the so called
inner derivations. We will say that a derivation is outer if it is not inner.

The authors previously studied the existence and structure of general
derivations in the frame of weight sequence Banach algebras (cf. [1]).
Our matter in this article is to consider questions concerning to inner-
ness of bounded derivations on S (H). This problem has been solved in
other contexts; for instance in the frame of von Neumann algebras every
bounded derivation is inner (cf. [10], [11]). In Section 2 we consider the
structure of general (bounded) derivations on S(H). We develop, in Th.
2 and Prop. 5, the intrinsic relationship between bounded derivations
on S(H) and derivations on a Hilbert space of infinite complex matri-
ces (cf. [2], [3]). The precise structure of derivations on S(H) is given
in Prop. 7 and Prop. 8 allows us to define an equivalence relation on
them. So, in Corollary 11 we see how each infinite matrix derivation
determines a unique equivalence class of bounded derivations on S(H).
In particular, from this development it follows the simple structure of
the so called Hadamard derivations. Finally, in Section 3 we describe the
action of bounded derivations on self-adjoint Hilbert-Schmidt operators.
Hadamard derivations and their restrictions to nuclear operators on H
are considered in Prop. 15. In Prop. 16 we realize certain derivations
on S(H), in general not inner, as certain series of inner derivations on

S(H).
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Notation 1. Throughout this article w will be an infinite countable set
and, if A is a Banach algebra, D(A) will denote the class of bounded
derivations on A. Let > (w x w) be the Hilbert space of infinite matrices

1/2
a = (Gnm)y meo endowed with the norm ||al|, = (Emm@} \an,m\z) . We

will write by means of @, a' and a* the conjugate, the transpose and the
adjoint of a respectively. If m,n € w it is easy to see that aj, ,, = @y,
as usual a, ,, = Gy and @ = a™.

2. ON THE STRUCTURE OF GENERAL DERIVATIONS ON S(H)

Theorem 2. (cf. [2], [4]) A bounded linear endomorphism A of I? (w X w)
is a derivation if and only if there are matrices o = {nm}, me, N4

6= {ﬁn,m}n,mew of complex numbers uniquely determined so that
(i) For any n € w, ay, = 0.
(i) sup [Bnm| < oo.

n,mew

(iii) The matriz « is nearly-inner, i.e. the formal mapping L, : z —
a-z—z-a defines a bounded linear operator on I* (w X w).

(iv) For any n,m,p € N the identities By m + Bmp = Pnyp hold.

Then

n,mew \pew

2 e
for z € I? (w X w), where for alln,m € w we are writing e, ,, = (521(71“);;,11@

and 624 denotes the usual Kronecker’s function. In particular, we can

denote A = A, 3.

Remark 3. Let A € D(I? (w x w)). So, the corresponding entries of
the matrices a and [ related to A according to Th.2 are defined by the
relations
A (677/7771) = Z(ap,n ep,m - am,p 677/7])) + ﬁn,m enm’m n7 m E w.
pEW
In particular, observe that
2 2 2 2
sup > (|apnl® + lamp[*) + [Brm|* < [A]* < o0,

n,mew pEW

i.e. all rows and columns of a nearly-inner matriz are bounded and square
summable.

Proposition 4. Let a, aq, as be nearly-inner matrices with null diagonals
and let B, By, Ba be bounded matrices that verify condition (iv) of Th.2.
So, the following formulae hold:
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(1) [Aar0, Aaso] = Aagar,an), 6(a1 as), Where for each n,m € w
alar, az),, = (1= 0nm) o, 02, @)
/8 (ala aZ)n7 [ala aQ] [O[Q, Ozl]mﬂn .

(i) [Aao,Dogl = —Aaepo, where a@ﬁ = {anm - ﬁnvm}n,m@} denotes
the Hadamard product of the matrices o and .

(il1) [Ao,g,, Ao,g,] = 0.

(iv) [Amﬂl’ Aa2,ﬁ2] = Aa(al702)—a1®52+a2®ﬁlﬂ(a17042)'

Proof. Given n,m € w we obtain that
[Aa1,07 Aag O] (en m)
= Z < ol asl, s epm 0y, (o, a],, emp)

pEW

+ ([al, ), + [0z, ) - Enme (3)

By Remark 3 the infinite matrix {[al, OzQ]mm} is defined. Hence,

n,mew
relations (2) will be established if we show that a (ay, ) and 5 (g, as)

satisfy the conditions of Th.2. For, by Remark 3 and the definitions in
(2) they do for 3 (ay, as) . By definition « (a4, ap) has null diagonal. In
order to see that a (o, as) is nearly-inner let z € I? (w X w) be a matrix
with only a finite number of non zero entries. If n, m € w we have

(Lay © Loy = Lay © Lay) (2),
- La(al’OQ) (z)n,m + “n,m /8 (ala aQ)n,m . (4)

In consequence, the formal operator Lu(a,,a,) is defined and obviously
linear on the dense subspace of matrices with finite support of I? (w X w).
Since o1 and o, are nearly-inner matrices by (4) the restriction of Ly(a; a,)
to this subspace is continuous. Thus by completeness it extends to
a unique bounded operator on I? (w X w), i.e. the matrix a (ay,ay) is
nearly-inner and (i) follows. Since Loop = — [La, Dop] and Ly, Ags €
B(I* (w x w)) then L,op is also bounded. So a ® 3 is a nearly-inner
matrix and as it has null diagonal (ii) holds. Now, the proofs of (iii) and
(iv) are straightforward. m

Proposition 5. Let e = {en},c,, f = {fm} e, be orthonormal basis of
H, let U € B(H) be the unitary operator so that Ue, = f, if n € w and
let Aec S(H).

(1) If Je.s (A) = {(Aen, fin) }pmeo then Je ; defines an isometric iso-
morphism of S(H) onto 1% (w X w).
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(i) 3@f(A) = Jee (UA) = 3fvf(AU*)'
(iii) The map &, f(A) = Je,r(UA*) is an *-algebraic isometric isomor-
phism of S (H) onto I* (w x w).
Proof. Since
Y e, )= Il Aeal® = A5 < o0
n,mew new

then J. s is well defined and it is clearly an *- isometry from S(H) into

Pwxw). If a=(anm) belongs to I% (w x w) it is easy to see that

n,mew

h— Ah=>"fn Y nm(hen)

n

defines a Hilbert - Schmidt operator on H so that J. f (A) = a. Hence by
the open mapping theorem (i) holds. For (ii) it suffices to observe that
for all n,m € w is

<A6n7 fm> = <Aen7 Uem> = <AU*fna fm> .
Moreover,
GE,f(A);,m = Ge,f (A)mm = <UA*6m7 fn)

= <6ma Aen> = <UA6n, fm) = 3e,f(UA)n7m
= Ge,f(A*)n,m

It is clear that &, is linear and as |[UA*||, = ||A], if A € S(H) by
(i) &, becomes an isometry. On the other hand, if a € [* (w X w) it is

easily seeing that G;}(a) = 3;} (@)*oU and 6;} becomes also isometric.
Finally, if A, B € S(H) and m,n € w we have

(Sef(A)  Sef(B), =3 Ser(Anp G r(B)ym

= (fp.UA%) - (fn. UB%€,) = Y (Aey,e,) - (Ben,e,)
= <Z (Bem, ep) Ae,, en> = (ABey, en) = (U" frn, (AB)"e,,)

= (U(AB)*en, fm) = S..r (AB)

n,m

and (iii) follows. m

Remark 6. In what follows, if a,b € H we will write a* ® b to denote
the vector map

(a*®0b) (h) = (h,a)-b, (h€H).
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It is easy to see that

(1) a* ® b is a Hilbert-Schmidt if a,b € H since it is a finite rank
operator.

(2) (Aa,b) = (A,a* @), ifa,b e H and A € S(H).

3) (a1 +a2)" ®b=al @b+ al @b if a;,as,b € H .

(4) a* ® (bl +bg) =a* ®b1 +a* ®bg ifa,bl,bz € H.

(5) (Ma)* ®@b=A(a"®b) =a*® (Ab) if a,b € H and X € C.

(6) (a*®@b)" =b*®a ifa,beH.

(7) If e = {en}pen, and f = {fim} e, are orthonormal basis of H the
set {€}, ® fin}, me, becomes orthonormal basis of S(H). In fact,
the class of finite rank operators is dense in S (H), (cf. [7], p. 36).

Proposition 7. Let 6 € D(S(H)), A € S(H) and let e = {e,}, ., be

new
an orthonormal basis of H . There exist a unique set of bounded linear

forms {7}, e on S (H) so that 6 (A) can be written in S (H) as

S(A)= D A(A) € ®em. (5)

m,new

Further, there exist unique matrices o and 3 as in Th. 2 so that for
cach n,m € w is 77 (A) = (A, B2,

B = ¢ [e(cn) + - en] — e(a")" ® e,

e(@n) = Epew Qmp - €p and o’ = Epew Qpn - €p.

Proof. Given two orthonormal basis e = {e,},c., f = {fm}me, of H,
by (iii) of Prop. 5 there is a 1-1 correspondence

Vep:D (PP (wxw) = D(SH)), ey (A)=6_,;0A06.;.  (6)

So, if 6 € D(S(H)) there are unique matrices @ = (Umn)ynews B =
(Bmn)mne, 10 the conditions of Th. 2 so that &, ;o0 o 6_} = A, p.

Now, with the above notation if A € S (H) then 7
5(4) = (8.} 0 A) (3.,0A)

- Z (Z(<Aen, 6p> Omp — Opn <Aepv em)) + (Aen, em) ﬁm,n)

mnew peEw

: 6;} (emn) (7)
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= Z ((Aen, e (@n)) — (Ae(a”)  em) + (Aen, em) Bumn) - €, ® €n

mnew
_ E n,m *
- <AvBe >2'6n®6m
m,new

and so (5) follows. m

Proposition 8. Let e = {en},c s [ = {fmtmew: 9 = {9n}new, P =
{hin} e, be orthonormal basis of H, A € D (I (w x w)), A € S(H). Then

Ve (A) (VIAU) = V70, (A) (A U, (8)

where U,V € B(H) are the unitary opemtors so that Ue, = g, and
Vim=hnifnmew.

Proof. Observe that both sides in (8) are defined because S(H) is a
two-sided ideal of B(H) (cf. [6], §15.4.8, p. 335). The proof follows
observing that

€n @ frm =V (g @ hi) U and g3 (VFAU) = 73" (A)
for each mn e wand all A € S(H). =

Notation 9. Let §1,05 € D (S (H)). We will write 6; ~ 5 if and only if
there are unitary operators U,V on H so that 6, (V*AU) = V*§, (A)U

if A€ S(H). It is readily seeing that ~ defines an equivalence relation
onD(S(H)).

Corollary 10. Given 61,65 € D(S(H)), 61 ~ 02 if and only if for all or-
thonormal basis e = {en},c.,» [ = {fm}tmeo 0of H there are orthonormal
basis g = {Gn}tnew> "= {Pm}me, of H so that \Ile’} (601) = \I!;}L(éz).
Proof.
(=): Let U, V unitary operators on H so that §; (V*AU) = V*0, (A) U
for all A € S(H). Given orthonormal basis e = {e,}, ., [ =
{fin} e, of H there exists A € D (I (w x w)) so that U, s (A) =
01. If we write Ue, = ¢, and V f,, = h,, if n,m € w then
9 =A{9n}news P = {hm}e, are orthonormal basis of H. So, by
Prop. 8 we have ¥, (A) = J; and the condition is necessary.
(<): Let e = {en}pen> 9 = {gn}new = {hm} e, be fixed or-
thonormal basis of H so that W ! (4;) and \11;2(52) determine a
same element A in D (1% (w x w)) . Hence 97 ~ 5 since by Prop. 8
there are unitary operators U,V € B(H) so that for all A € S(H)
is

60 (VFAU) =V, (A) (VFAU) =V, (A) (AU =V, (A)(A)U.
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Corollary 11. There is a 1-1 correspondence between D(S(H))/ ~ onto
D (P (wxw)), ie. D(S(H))/ ~ =D (*(wxw)).

Proof. Let us write
U:D(I*(wxw)) = DSH))/ ~, U(A)=[¥. ;(A)],

where A € D(I?(w X w)), e and f are orthonormal basis of H and
[U. (A)]” denotes the ~ equivalence class of ¥, s (A) in D(S(H))/ ~ .
By Prop. 8 the function ¥ is well defined, i.e. ¥ (A) does not depend on
the choice of the orthonormal basis e nor f. If Ay, Ay € D(I? (w x w))
and U (Ay) = U (Ay) then V.. (A;) = Y., (As). By Prop. 8 we have
A1 = Ay, i.e.V is injective. We have already seen that for any orthonor-
mal basis e and f of H the map W, , introduced in (6), defines a bijection
between D (I? (w x w)) and D(S(H)). Therefore ¥ is also surjective. m

Notation 12. From now on we’ll denote any bounded derivation § on
D(S(H)) as 6 = 04, where o, B are the unique infinite matrices de-
termined by 6 as we have pointed out in Prop. 7. This matrices are
uniquely by means of Th. 2 and they identify the corresponding ~ equiv-
alence class of 0 as in Corollary 11. So, ¢ is intrinsically determined
by these matrices while its coordinate representation changes according
to the rules of Prop. 4 and (8) of Prop. 8. In particular, we shall say
that any bounded derivation 6o 5 on S (H) is a Hadamard derivation.

Remark 13. Any Hadamard derivation is induced by bounded sequences
of complex numbers. For, if {by},c,, is such a sequence and

b= {bn - bm}n,mew )

then 0,4 is a Hadamard derivation. On the other hand, given dpp we
already know that By,m = Bni + Bim for all n,l,m € w. In consequence
B has null diagonal and By .m = Bug + Brm = —Bin + Bim, €. the first
row determines the whole 3. Of course, although 3 defines do g uniquely
it does not give rise to a unique bounded sequence.

3. ON CERTAIN PARTICULAR DERIVATIONS

Proposition 14. Let 6,5 € D (S (H)) and A be a self-adjoint Hilbert-
Schmidt operator on 'H. If e = {en},, is the orthonormal basis of 'H
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induced by the sequence {p,} of eigenvalues of A then

new

Sap (A) = €n @ (A= pyp - Idy)e(an)

new

==Y (A=pn-Id)e(@") @ep

new
Proof. If n € w then
Oa (€n, @ €) = Ve (Do) (€, @ €n) (9)
= G;slz (Aas (€nn)) = Z (W €r ® €m — Qnm €, @ €5)
mew
Since A= . pne;®e,inS(H) by (9) we obtain that
= Z Cnm * (pm - pn) 6;; ® em. (10)

n,mew

Now from (10) our claim follows easily. =

Proposition 15. (i) Any Hadamard derivation on S (H) is the re-
striction of an inner one on B (H).
(i) The restriction of any Hadamard derivation to N (H) belongs to
D(N(H)).
Proof.

(i) Let do3 be a Hadamard derivation and let e = {en},, be an
orthonormal basis in H. By Remark (13) we can assume that
B =A{Bm — ﬁ”}m,ne;ﬂ where {Bn},,c., 5 a bounded sequence in C.

Let us prove that if A € S(H) then

Z (Bp-ep)*@)ep,A )

peEw

Go,5 (A) = (11)

For, if n,m € w then

= (ﬁm - Bn) : (62 ® em)

Z (Bp . ep)* ® ep, € R ey,

pEW

= vaq (e, ®em) €, ® e

pP,qcw

= 50,[3 (6; ® em) )

i.e. (11) holds by Prop.7. Indeed, dpp5(c) = [h(B),0], where
b (8) € B(H) is the diagonal operator b (6) = 3 ., By (€} @ €p) .
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(i) With the notation of (i), since N(H) is an ideal our claim is
clear if b (8) € N(H) (for instance, if {Bn},c, € ' (w)). For
the general case, let A € N(H). Actually, let A =U o |A] be the

polar decomposition of A and {p,} the sequence of eigenvalues

new

of |A| associated to an orthonormal basis e = {e,}, ., . Since
[Al = 22 pn- (6], @ en) in S(H), we gel
new

do,6(|Al) an do,6 (€, ® €,) =0

new

as follows by Prop. 14. Consequently we see that

d0,5(A) = [ (8),U o |A]]
=[0(0),Ule|A[+Uch(B),|All =[b(0),Ule|Al. (12)

But for all S,T € B(H) we have [|[SAT|, < ||S||||Al|; IT] (ct.
9], §3.34 (xi), p. 133). Accordingly we obtain

100,6(A) 1y < 1T (8), UTII - 1ALy < 2[5 ()1 - | Ally
and [[h (B)| = sup,e,, |Gn| < 00, i-e. do [y € DIN(H)).
|

Proposition 16. Let a be a nearly-inner matrix with null diagonal.
Given an orthonormal basis e = {en}, ., of H and A € S(H) then

0a0 (A) =) [ep@e(a?), A (13)
pEW
Proof. By Prop. 7, (7) we have
= Z Z ((Aen,ep) Qmp — apn (Aep,em)) - e, ey, (14)

n,mew pcw
Hence, if A belongs to the finite linear span of {e} ® e,,} by (14)

we obtain that

n,mew

Z{ "@e(a’) —er® Ae(af)} . (15)

PEW
Since {€;, ® e}, e, is a basis of the complete space S(H) and da0 €
B(S(H)) then (15) holds for all A € S(H). Now, it is straightforward to
see that each summand in (15) defines a bounded derivation on S(H).
Indeed, those derivations are all inner, if p € w is

(A%ep)" ®@e(af) —es @ Ae (a?) = [e; @ e(a?), A
and we get (13). m
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Example 17. Let H = [*(N) and let a be the nearly-inner matriz so
that o, s 0 or 1, according as m # n+ 1 or m = n + 1 respectively.
On identifying el with the zero form on H then o induces the bounded
derivation

ba0(A)= > (Aer@emp—e 1 @em), @ en
n>1m>1
defined for A € S(H). Let us assume that 6 is inner, say 6a0(0) =
[C, o] for same C € S(H). So, if r;s € N we get
[C,ef e =€ @Ces — (C'e,)" @ e (16)
and

50470 (ei ® 68) _ { —€r+1 ® ey Zf S = 17 (17)

ey Qe —e Qe if s>1
From (16) and (17), if r > 1 and s > 1 we deduce that

[Cier @es](e,) = Ces — (Cepyer) - €5 = €5_1.
Hence if r # s is (Ces,e,) = 057" Thus {(Ces, er)}, e

square summable, which contradicts Prop. 5. So 6,0 is not inner, al-

becomes not

though it is realized as a generalized series of inner derivations as stated
in Prop. 16.
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