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ABSTRACT. A class of matrix polynomials having some dominant prop-
erties is described, and some characteristic properties of such polyno-
mials have been found. Reduction of integral and integro-differential
equations having singular matrices at the main part to systems with non-
singular ones is proposed. For systems of nonlinear finite-dimensional
equations with singular Jacobi matrix, the definition for multiplicity
of a solution is introduced. Reduction methods of such systems to the
systems with isolated solutions, which can be numerically solved by well-
known methods, are suggested.

1. INTRODUCTION

Investigation of matrix polynomials is widely applied to the study of
differential-algebraic equations (DAE). For instance, basing on K.Weier-
strass’s article [21] on reduction of the regular matrix pencil to the canon-
ical form it was ascertained that the general solution of linear DAE with
constant coefficients can depend not only on the right-hand side but also
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on the derivatives. All further developments concerning numerical meth-
ods for solving the linear DAE with constant coefficients also take into
account the matrix pencils structure.

In the present paper we investigate matrix polynomial applications to
the higher order DAESs, to the singular systems of integral and integro-
differential equations, and to the systems of nonlinear algebraic equations
having multiple solutions.

2. PROPERTIES OF SEMI-INVERSE MATRICES AND A-MATRICES

In this section we give several definitions and auxiliary statements from
the matrix polynomial theory.

Definition 1 [3], [20]. An (n x m)-matriz A~ is called semi-inverse
with respect to an (mxn)-matriz A if the matriz A~ satisfies the equation

AATA=A.

For any nonsingular square matrix A the semi-inverse matrix coincides
with the inverse one. If the matrix A is arbitrary then there exists a semi-
inverse (n x m)-matrix A~, which is nonunique, in general [20].

The pseudo-inverse matrix, call it A, is one of the semi-inverse matri-
ces of the matrix A. Unlike the semi-inverse matrix, the pseudo-inverse
matrix is uniquely determined. In [20] one can find many constructive
algorithms for computing the matrix A" and also an extended list of
bibliography on the problem.

Definition 2 [17]. The expression A(\) = \eAg + N\F71A; + - + Ay,
where Ag, Ay - -+ Ay, are constant matrices of the same dimension, X\ is a
scalar and Ay # 0, is called the \-matriz of degree k.

Definition 3. The matriz A(X\) is said to be reqular if there exists a
scalar \ such that det A(\) # 0.

Definition 4 [11]. The pencil of (n x n)—matrices AA + B has the
simple structure (satisfies the "rank-degree” criterion, or has the index
1) if

deg det(AA + B) = rankA.

Hereafter the symbol deg(P()\)) denotes the degree of a polynomial
P()N).

Lemma 1 [6], [9]. The matriz pencil N(E — AA™) + E satisfies the
rank-degree criterion (has index one).

Definition 5. The \ -matriz

k

AN =D N4, Ag #0,

1=0
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will be said to possess the dominant property (DP) if
degdet A(A) > krankA,.

. . Al .
For instance, the matrix < 1 0 ) does not possess this property,

AN
Aod

Let us construct the sequence of matrices
ADQ) = (B+ MNE - AFV A7) ATD, (1)

where A(()O) = Ay, AO()\) = A()), the upper index of the matrices A
denotes the number of iteration, and A(()i) is the coefficient at the higher
degree of X in AW ()).

For the subsequent arguments the following result is important.

Theorem 1. Let the matriz A(\) = 3. \*=A; possess the DP and
rankAy = r < n. Then, for the matriz A®)(\) defined by the recurrent
formula (1), det A(()k) # 0.

Proof. If degdet A(A\) = kr + S > kr, from Lemma 1 we get the
following equality

degdet AV(N) = kr + S +n—r > k(r+s)),

while the matrix < ) for d # 1 does.

where r 4+ 51 = rankAél). For the iterations (1) one has

degdet AD(N) =kr+S+n—r+n—(r+s))+--
+n—(r+s+so+--+5_1)
>k(r+si+s2+-+s), (2

where r+s1+s3+---+s5; = rankA(()i). Subtraction the (i—1)-th inequality
from the i-th one leads to the estimate

si<(n—(s1+s24--+si1))/k < (n—7)/k (3)

Now, substituting i = k and s; < (n — r)/k into the right-hand-side of
(3), we get

degdet AB(N) > k(r + 51 + 59+ -+ 5) > kn. (4)
Since A®(X) = S8 AA® | from the estimate (4) it follows that
det AF) £ 0. O

The following properties of A-matrices take place.

Property 1. If A(\) is a reqular matriz, which does not possess the
DP, then there exists a positive integer m such that the matriz \™A(N)
possesses the DP.
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Property 2. If the matriz A(\) possesses the DP, then the matriz
(E 4+ ME — AgAy))A(N) also possesses the DP.

3. INTEGRAL EQUATIONS

Consider the following system of integral equations
t
Ax(t) + /K(t —7n)x(r)dr = f(t), t €[0,1], (5)
0

where A is an (n x n)—matrix, det A = 0, K(¢) is an (n x n)—matrix
with real-analytical coefficients, f(t) is a given sufficiently smooth vector-
function and z(t) is the unknown continuous n-dimensional vector-function.

Since the elements of the matrix K (¢) are real-analytical functions, in
case A = 0 there exists at least one value of i such that K®(0) # 0.
Differentiating this equation i + 1 times and setting K (0) = A, we
obtain the equation of the form (5).

Henceforth we will assume that (5) has at least one solution. A rather
simple criterion of the uniqueness of the solution for the problem (5) will
be proposed below.

Let us give an example. The system

t

(380 [ (3 o= (15). o

where ¢ is a scalar, t € [0, 1], has the following unique solution

21 (t) = fo(t) = e(fi(t) = fo1)/(1 = ©),

za(t) = (f1(t) = (f2 (1) /(1 = ©)
for any f1 € C?, fo € C%, f2(0) =0, f1(0) = f5(0).

If, otherwise, ¢ = 1 then any pair x; = v(t), o = f, —v', with arbitrary
continuous function v(t), v(0) = f1(0) = 0, is a solution of the system
(6) if and only if f1(0) = 0, f1(t) = f,(1).

If the system (5) has a unique solution there are several ways to find
it out. In particular, applying the integral Laplace transformation [16]
to (5), it is possible to reduce it to the system on finite-dimensional
equations in the space of transforms and then to answer the question of
existence and uniqueness of solution for the obtained system.

In [2], [19] other investigations can be found allowing to conclude on
existence of the unique solution for the integral equation (5).

The method of reduction of the problem (5) to the system of integral
equations of second kind has been proposed in [11]. For such reduction



APPLICATION OF MATRIX POLYNOMIALS 21

realization it is necessary to investigate an‘“/-extended system” of the
dimension (In x (I 4+ 1)n).

For the case when the criterion of solution uniqueness is satisfied, it is
suggested the transformation of the problem (5) to the system of integral
equations of the second kind

+/Kw4mmm=ﬂm e o1, (1)

where K (t) is a real-analytic (n x n)—matrix, f(¢) is a continuous vector-
function. This equation (7) has a unique solution [16].
Introduce notations

Ag=A, A =K"Y0), i=12,...k (8)

where A and K (t) are the same matrices as in the original equation (5),
and equation sequence

where

Ki(t) = Kz 1(t) + (E A=Y A(Z DIVK (1),
filt) = fia(t) + (B — ATDACDT) (2,
)

Theorem 2. Let

1) for the equation (5) there exists a number k such that the matric
A(N) possesses the DP and AY) are determined by (9);

2) rankA® = rank{ AD|f;(0)}, i=0,1,... k.

3) the functions K(t — 1), f(t) belong to the class C*

Then

1) the system (5) has a unique continuous solution;

2) the problem (5) is equivalent to any system from (9);

3) in the system (9) det A®) £ 0.

Proof. At the assumption that ¢ = 0 in the equations (9), one has the
following system of linear algebraic equations

AVz(0) = £(0),
solvability of which follows from the condition 2 of the theorem. Let

us prove that the solution of the (i — 1)—th system in (9) is a solution
of the i—th system, and vice versa. To this end it is sufficient to note
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that the i—th system of (9) is the result of the operator (E + (E —
A=Y AGC=D=)d/dt) application to the previous (i — 1)—th system.
Then it follows [12] that problems

(E+ (E — AUYACYYG/dt)x(t), 2(0) =0, t € [0, 1],

have only trivial solution, and hence, the solution of the (i — 1)—th
system in (9) is also the solution of the i—th system. For the proof that
the solution of the original problem is unique replace in Theorem 1 the
scalar A with the differential operator d/dt. Due to the first condition of
the Theorem one has

det AR £ 0,

and hence the system (9) for ¢ = k, is the system of integral equations of
second kind, having for continuous Ky (t — 7), fx(f) a unique continuous
solution [16]. The continuity of the components Ky (t — 7), fi(t) follows
from the condition 3 of the theorem. OJ

4. INTEGRO-DIFFERENTIAL EQUATIONS

Consider the following system of integro-differential equations
t
Boa? (1) + Bie®V(t) + -+ + Bya(t) + / D(t —r)x(r)dr = g(t), (10)
0

29(0) = aj, j=0,1,---,p—1, (11)

where B; are (n x n)-matrices with constant coefficients, ¢ € [0, 1], D(t)
and g(t) are sufficiently smooth matrix and vector-function, respectively,
and also rank By =r < n.

Now take the matrix

B(\) =Y XB, (12)

where the matrices B;, ¢=0,1,...,p are the same ones as in (10), and
Byij=DU ™Y (t)|=0, j=1,2,...,k—p. Apply to the system (10) the

operator
k

P, =[[(E+d/au(E - Bf " BI7)), (13)
=1
where BY) = BV 4(E-BY"VBYUBYU™D B — B j=1,2,.. k-
1.
According to Definition 1 we obtain the system
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XP:B(’“W /Dt—T ydr =g(t),  te€0,1.  (14)

Theorem 3. Let for some value of k the matriz B(X\) (12) has the
DP. Then, in the system (14) detB )£ 0.

The proof of this theorem is similar to the proof of Theorem 2.

Definition 6. The minimal possible value of k for which the matriz
B(X) (12) possesses the DP, will be called the nonsolvability index of the
system (10).

Consider the following partial case of the system (10):

ZBxW )=q(t), te][0,1]. (15)

If for some k, 1 < k < p, the matrix B(\) = Zf:o A~ B; possesses the
DP, then applying the operator P, = Hle(E +d/dt(E— Bék_Z)Bék_l)_))
to the system (15) we obtain the following system

p .
STBP () =), e 1) (16)
i=0
with nonsingular matrix at the derivative of the highest order.
In this case,

7 i—1 i—1 i—1)— i—1
BY =BV +(E-ByB{ B,

BY =B, j=01,...,pi=12,.. .k

J
Find the value of k for the case when B(A) does not possess the DP,
while det B(\) # 0.
Omitting details of transformations and arguments, we derive

_ { (np—s)/(n—r), np — s is multiple to n — r, (17)

[(np —s)/(n—r)]+ 1, in the opposite case,

Here [o] is the integer part of the number «, s = degdet B(\), r =
rankBy.

For the investigation of the first kind systems, note the important role
of the pencil ABy + B; index, i.e. the minimal nonnegative integer k for
which the following equality holds: [3]

rank((/\Bo + Bl)_lBo)k+1 = rank((/\Bo + Bl)_lBo)k.
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Formula (17) gives more simple way to the index of the pencil ABy+ B
computation, namely

(n—3s)/(n—r) n — s is multiple to n — r,
k= ) : (17a)
[(n—s)/(n—7r)]+1 in the opposite case,
where s = degdet(ABy + B;), r =rankB,.
5. FINITE-DIMENSIONAL NONLINEAR EQUATIONS
Consider the following system of nonlinear equations
F(z) =0, (18)

where F': D — R", D C R".

In this section, for the system (18) the solution multiplicity notion
is formulated and the reduction to the system with isolated solution is
suggested.

Let z* be a solution of (18), i.e. F(2*) = 0. Further we assume that
the vector-function F'(x) is sufficiently smooth in a neighborhood of the
point x* for the consequent transformations be correct.

Introduce the notation

Aop(z) = OF (z)/0x. (19)

If det Ag(x*) # 0, then x* is usually called an isolated solution of (18).
In [15], [18] a sufficiently complete theory has been developed for the
original problem. Here we consider the case

det Ag(z*) = 0. (20)

Such solutions are usually called multiple, or sometimes singular. To find
them is an essentially difficult problem (see, for example, [1], [4], [5], [13],
[14]).

Numerical methods for finding the multiple solutions for (18), with in-
formation on the rank (corank) of the matrix Ag(z*) have been proposed
in [4], [5]. Note that this information does not allow to answer the main
question: what is the multiplicity of the solution x* for the system (18)7
For example, both the systems

x2+y2 :0’
22 —y? =0,

x4+y4 :0’
{ot (22)
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have the solution z* = (z = 0, y = 0) with rankAy(z*) = 0. But for the
first system this solution has multiplicity 2, while for the second one the
multiplicity is 4.

Moreover, even in the case when F(z) is a quadratic polynomial,
rank Ag(z*) does not give the information about the solution multiplicity.
For example, the Jacobi matrices of two similar systems

2
r—y° =0,
2
{rn 20 &o
2
r—y* =0,
{28 (21)

have the same rank for z = y = 0, but the multiplicities of this so-
lution are different. Choosing the initial approximation z° such that
det Ag(2") # 0 and applying to these systems Newton method, we ob-
tain ' =0, y"*! = y'/2 for (23), and ' = 27 /2, Yy = y'/2+ 2 /4y’
for (24). Consequently, Newton method for (23) converges at the rate of
geometric progression, but for (24), when z° = ¢, y° = 2, the conver-
gence is “very slow”.

Note, the definition of the multiple solution for (18) must also imply
the classical definition of the multiple solution for the scalar equation,
i.e. for n = 1 2* is the solution of multiplicity & if F®(2)|,—p- = 0,4 =
1,2,..,k—1, F®(2)],—p # 0.

Let us construct the matrices A;(z) according to the rule

AZ(ZE) = ZozjﬁAi_l(m)/ﬁxj, (25)

where «; are scalar values and Ay(x) is defined by (19).
Introduce the matrix
k
AN =D N A7), (26)
i=0
where the matrices A; are defined by the rule (25).

Definition 7. The minimal possible number k + 1, for which the
A—matriz defined by (25), (26) possesses the DP, is called the multiplicity
of the solution x* for the system (18).

As an illustration consider the examples given above.

For the system (21) we have

= (g g ) aen=(3 3 )
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AAO(x*)—i-Al(x*):)\(g 8)+(§ _;)

Here rankAg(z*) = degdet{\Ao(z*) + A;(2*)} = deg(—8) = 0, and
hence the multiplicity of the solution is 2 (a3 = ag = 1).
For the system (22),

Anle) = ) = nta) = ().

. 24 24
A?’(m):(zzl —24)'

The matrices AAg(x*) + Aj(z*) and N2 Ag(z*) + A\A;(2*) + Ag(x*) do
not possess the DP (by virtue of the fact that the operation deg(0) has
not been defined), and the matrix

24 =24

has rankAg(z*) = degdet{\3Ag(x*) + AA;(x*) + AAs(a*) + A3(z*)} =
deg(—1152) = 0. Hence the multiplicity of the solution is 4. Here oy =
Qg = 1.

Similarly for the system (23) the multiplicity of the solution is 2.

For the system (24) one has

\ 10 + 0 -2
00 2 0)°
Here rankAg(zx) = 1, degdet{\Ao(z*) + A;(2*)} = deg(4) = 0, i.e. the

matrix AAg(z*) 4+ Ay (2*) does not possess the DP. Meanwhile, the matrix
N Ag(z%) + N (27 + Az(a*) =

10 0 —2

2

(o) (s 0)

possesses the DP because of deg det{\?Ag(z*) + AA;(2*)} = deg(4)\?) =
2, and so, the multiplicity of the solution is 3. Here a; = ap = 1.

N Ag(2%) + Ay (27) + Mo () + Ag(a”) = ( 24 24 ) ,

Consider the case when the matrix pencil AAg(z*) + A;(z*) possesses
the DP, i.e. it satisfies the "rank-degree” criterion. The result for such

pencil is well-known.
Theorem 4 [6], [8]. If the matriz pencil NAg+ Ay satisfies the "rank-
degree” criterion then the matrices

Ao+ (E — AgA7) Ay, A + Ay (E — Ay A)

are nonsingular.
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This theorem allows one to reduce the original system (18) to the
following systems with isolated solution

Fi(z) = F(x) + Ao(z)(E — Ay 49O, (27)
or

Fy(z) = F(z) + (E — AgAy ) Ap(2)0O, (28)
where © = (ay,ag, - ,a,)". Here the solution of (18) is the solution of

(27) and (28) with det OF)/0x|,—p # 0, det OF;/0x|p—yr # 0.

The example (24) shows that even in the case when F'(x) represents a
polynomial whose degree is less than 3, the multiplicity of the solution
can be greater than 2. In this case, the multiplicity of the solution is
defined only by the structure of the matrix pencil AAg(z*) + A; (the
matrix A; is a constant matrix) and the multiplicity of the solution can
be determined (we omit discussions) by formula (17a).

Another notion of solution multiplicity is given in [10].

6. EXAMPLE OF NUMERICAL COMPUTATION

Take the system of differential-algebraic equations

Az + f(z) =0, t€10,09], z(0)= o,

where A — ( ; ; ) @) = ( 12 ) and 21(0) = 22(0) = 1.

2?2 + 22
1 2
This problem has unique solution z(t) = xo(t) = 2/(2 — t). Let us
apply the implicit Euler scheme for numerical solving of this problem

A(xi-i-l_xi)_'_hf(xi-‘rl):o? 7::1727"'7]\77 h:]'/N

As a result, we come to the system of nonlinear equations with respect to
x;11, with singular Jacobi matrix on the solution. The reduction (27) was
employed for the numerical solving of this system. After this reduction,
one iteration of Newton method was made, and the value on the previous
step, i.e. z¥ 11 = T;, was taken as the initial approximation.

The results of computations are given in the following table

h|0.1 0.05 0.025 |0.0125
p [ 0.1214 | 0.0544 | 0.0259 | 0.0126

Here p is the modulus of the maximum error of the components at the
mesh points.

Conclusion. The connection between systems of linear differential
equations and matrix polynomials is well-known. In the present paper we
studied this connection for integral and integro-differential equations with
singular matrix at the main parts. We suggested to use reduction of such
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singular equations to regular ones. Also we have investigated systems
of nonlinear algebraic, or transcendent, equations. We have proposed
a general notion of solution multiplicity which is compatible with the

relevant notion for one equation.

1]
2]

[14]
[15]

[16]

REFERENCES

Allgower E.L., Bohmer K., Hoy A., Janovsky V. Direct Methods for Solving
Singular Nonlinear equations, in ZAMM, 1999, Vol.79, pp. 219-231.

Belov L.I. The initial value problem for the linear loaded integro-differential
Volterra-type equations with a singular matriz before the derivative, in 'Boundary-
Value Problems’, Irkutsk State University Publ., Irkutsk, 1997, pp. 99-102 (Rus-
sian).

Boyarintsev Yu.E. Regular and Singular Systems of Linear Ordinary Differential
Equations, Nauka, Novosibirsk, 1980 (Russian).

Brezhneva O.A., Izmailov A.F. Construction of Defining Systems for Finding
Singular Solutions to Nonlinear Equations, in ’Comp. Math. Math. Phys.’, 2002,
Vol.42, No 1, pp. 10-22.

Brezhneva O.A.; Izmailov A.F.; Tret’'yakov A.A., Khmura A. An Approach to
Finding Singular Solutions of a General System of Nonlinear Equations, in
"Comp. Math. Math. Phys.”, 2000, Vol.40, No 3, pp. 365-377.

Bulatov M.V. Transformation of Differential-Algebraic Systems of Equations, in
"Comp. Math. Math. Phys.”, 1994, Vol.34, No 3, pp. 301-311.

Bulatov M.V. Transformation of Singular Systems of Volterra-type Integral Equa-
tions’, in ’Computational Technologies’, 2000, No 4, pp. 22-30.

Bulatov M.V. Singular systems of Volterra integral equations,in 'Integral Equa-
tions and Boundary Value Problems of Mathematical Physics’, Part 2, Vladivos-
tok Univ. Publ., Vladivostok, 1992, pp. 18-22 (Russian).

Bulatov M.V.; Chistyakov V.F. The properties of differential-algebraic systems
and their integral analogs, Preprint/September, Memorial University of New-
foundland, 1997.

Bulatov M.V., Chistyakov V.F. On notation of multiple solutions of finitedimen-
sional nonlinear systems, in "Inverse and ill-posed problems of applied mathemat-
ics: Proceedings of XIII Baikal Int. School-seminar ” Optimization methods and
their applications”’, Vol.3, Irkutsk, MESI SB RAS, 2005, pp. 60-66 (Russian).
Chistyakov V.F. Algebraic-Differential Operators with Finite-Dimensional Ker-
nels, Nauka, Novosibirsk, 1996 (Russian).

Gantmacher F.R. The Theory of Matrices, Nauka, Moscow, 1966.

Gorbumov V.K. Regularization of Degenerated Equations and Inequalities Under
Ezxplicit Data Parametrization, in ’J. Inverse Ill-Posed Problems’, 2001, Vol.9,
No 6, pp. 575-594.

Izmailov A.F., Tret’yakov A.A. Bi-reqular Solutions of Nonlinear Problems. The-
ory and Numerical Methods, PHYZMATLIT, Moscow, 1999 (Russian).
Krasnoselsky M.A. et al. Approxamate Solving Operator Equations, Nauka,
Moscow, 1969.

Krasnov M.L. Integral FEquations, Nauka, Moscow, 1975.



APPLICATION OF MATRIX POLYNOMIALS 29

[17] Kurosh A.G. Course of Higher Algebra, Nauka, Moscow, 1975.

[18] Ortega J.M., Rheinboldt W.C. Iterative Solution of Nonlinear Equations in Sev-
eral Variables, Academic Press, New York and London, 1970.

[19] Sidorov A.N., Falaleev M.V. Generalized solutions of singular differential and in-
tegral equations in Banach spaces, in ’Method of Lyapounov Functions in Analysis
of Systems Dynamics’, Nauka, Novosibirsk, 1987, pp. 308-318.

[20] Vaarman O. Generalized Inverse Mappings, Valgus, Tallinn, 1988.

[21] Weierstrass K. Zur Theorie der Biliniaren und Quadratischen Formen, Monatsh.
Acad. Wissenschaft, 1867, pp. 310-338.

INSTITUTE OF SYSTEMS DYNAMICS AND CONTROL THEORY, SIBERIAN BRANCH,
RUSSIAN ACADEMY OF SCIENCES, 134 LERMONTOV STR, 664033, IRKUTSK,
Russia

E-mail address: mvbulQicc.ru

Received October 29, 2005



