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ABSTRACT. In regular and in intra-regular ordered semigroups the
ideals and the interior ideals coincide. In regular and in intra-regular
poe-semigroups the ideal elements and the interior ideal elements coin-
cide. In an attempt to show the similarity between the theory of ordered
semigroups and the theory of fuzzy ordered semigroups, we prove here
that in regular and in intra-regular ordered semigroups the fuzzy ideals
and the fuzzy interior ideals coincide. We also prove that A is an interior
ideal of an ordered semigroup S if and only if the characteristic function
fa is a fuzzy interior ideal of S. We finally introduce the concept of a
fuzzy simple ordered semigroup, we prove that an ordered semigroup is
simple if and only if it is fuzzy simple, and we characterize the simple
ordered semigroups in terms of fuzzy interior ideals.
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1. INTRODUCTION-PREREQUISITES

In regular ordered semigroups the ideals and the interior ideals coincide.
This is the case for intra-regular ordered semigroups as well: In intra-
regular ordered semigroups the ideals and the interior ideals are the same.
Suppose that the ordered semigroup possesses a greatest element, that is
it is a poe-semigroup. In regular poe-semigroups the ideal elements and
the interior ideal elements coincide. In intra-regular poe-semigroups the
ideal elements and the interior ideal elements coincide as well [7]. An
ordered semigroup S with a fuzzy subset defined on S, is called a fuzzy
ordered semigroup. The following question is natural: What happens in
case of fuzzy ordered semigroups? The theories of ordered semigroups
and of fuzzy ordered semigroups are parallel to each other. In this paper
we first introduce the concept of a fuzzy interior ideal in an ordered
semigroup. Then, in an attempt to show the similarity between the
theory of ordered semigroups and the theory of fuzzy ordered semigroups,
we prove here that in regular and in intra-regular ordered semigroups the
concepts of fuzzy ideals and of fuzzy interior ideals are the same concepts.
Moreover we prove that for an ordered semigroup S, a set A is an interior
ideal of S if and only if the characteristic function f, is a fuzzy interior
ideal of S. We introduce the concept of a fuzzy simple ordered semigroup
and we prove that an ordered semigroup is simple if and only if it is
fuzzy simple. Finally, we characterize the simple ordered semigroups in
terms of fuzzy interior ideals. So in addition to the characterization of
simple ordered semigroups by means of ideals we already have, we obtain
characterizations of simple ordered semigroups in terms of fuzzy interior
ideals. Fuzzy interior ideals of semigroups (without order) and fuzzy
simple semigroups (without order) have been considered by Kuroki in
[9].

Given an ordered semigroup S, a fuzzy subset of S (or a fuzzy set in
S) is, by definition, an arbitrary mapping f : S — [0, 1] where [0, 1] is
the usual closed interval of real numbers. For each subset A of S, the
characteristic function f4 is the fuzzy subset on S defined as follows:

1 if x€A
fA.S—>[0,1]|a—>fA(x) .—{ 0 if QE¢A
A fuzzy subset f of S is called a fuzzy right ideal of S if
(1) f(zy) > f(x) for all z,y € S and
(2) If z <y, then f(z) > f(y) for all x,y € S.
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A fuzzy subset f of S is called a fuzzy left ideal of S if
(1) f(zy) > f(y) for all x,y € S and
(2) If z <y, then f(z) > f(y) for all x,y € S.

A fuzzy subset f of S is called a fuzzy ideal of S if it is both a fuzzy right
and a fuzzy left ideal of S [§].

By a poe-semigroup we mean an ordered semigroup (po-semigroup [1])
S having a greatest element "e¢” (i.e. e >aVa € S). If (5,.,<)is an
ordered semigroup, and A a subset of S, we denote by (A] the subset of
S defined as follows:

(Al :={t € 5|t <afor some a € A}.

An ordered semigroup (.5, ., <) is called regular if for each a € S there
exists € S such that a < axa. Equivalent Definitions: (1) A C ASA
for each A C S. (2) a € (aSa] for each a € S [3].

An ordered semigroup (S, ., <) is called intra-regular if for each a € S
there exist z,y € S such that a < xa?y. Equivalent Definitions: (1)
A C SA%S for each A C S. (2) a € (Sa®9] for each a € S [4].

2. Fuzzy INTERIOR IDEALS

We prove here that in regular and in intra-regular ordered semigroups
the ideals and the interior ideals coincide.

If (S, ., <) is an ordered semigroup, a nonempty subset A of S is called
an interior ideal of S if

(1) SAS C A and

(2)Ifae Aand S>b<a,thenbe Al7].
Condition (2) is equivalent to the condition (A] = A.

Definition 2.1. Let (S5, ., <) be an ordered semigroup. A fuzzy subset
f of S is called a fuzzy interior ideal of S, if the following assertions are
satisfied:

(1) f(zay) > f(a) for all z,a,y € S and

(2) If @ <y, then f(z) = f(y).
Lemma 2.2. [8] Let (S,.,<) is an ordered semigroup and () # A C S.
Then A = (A] if and only if the fuzzy subset fa of S has the property:

r,ye S, v <y = falx) > faly).

Proposition 2.3. Let (S, ., <) be an ordered semigroup and ) # A C S.
Then A is an interior ideal of S if and only if the characteristic function
fa is a fuzzy interior ideal of S.
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Proof. —. Let xz,a,y € S. If a € A, then f4(a) := 1. Since A is
an interior ideal of S, we have xay € SAS C A. Since zay € A, we
have fa(zay) := 1. Then we have fa(zay) > fa(a), and condition (1) of
Definition 2.1. is satisfied. If a ¢ A, then f4(a) := 0. Since fa(zay) > 0,
we have f4(zay) > fa(a), and condition (1) of Definition 2.1. is satisfied.
Now since A is an interior ideal of S, we have A = (A]. Then, by Lemma
2.2, condition (2) of Definition 2.1 holds true. Hence f4 is a fuzzy interior
ideal of S.

<. Let z,y € S, a € A. Since f4 is a fuzzy interior ideal of S, we
have fa(zay) > fa(a). Since a € A, we have fa(a) :=1, so fa(zay) > 1.
Then fa(zay) =1, and zay € A. Hence we have SAS C A. Since fy4 is
a fuzzy interior ideal of S, the following condition is satisfied:

€,y € S? X S Yy = fA(x) 2 fA(y)

Then, by Lemma 2.2, we have A = (A]. Hence A is an interior ideal of
S. O

Proposition 2.4. Let (S,.,<) be an ordered semigroup and f a fuzzy
ideal of S. Then fis a fuzzy interior ideal of S.

Proof. Let z,a,y € S. Since f is a fuzzy left ideal of S and x,ay € 9,
we have f(x(ay)) > f(ay). Since f is a fuzzy right ideal of S, we have
flay) > f(a). Then we have f(zxay) > f(a), and f is a fuzzy interior
ideal of S. [J

Proposition 2.5. Let (S,.,<) be a reqular ordered semigroup and f a
fuzzy interior ideal of S. Then f is a fuzzy ideal of S.

Proof. Let z,y € S. Then f(xy) > f(x). Indeed: Since S is regular
and r € S, there exists z € S such that + < zzz. Then we have
xy < (zzz)y = (xz)xy. Then, since f is a fuzzy interior ideal of S and
xy, (zz)xy € S, we have f(xy) > f((xz)xy). Again since f is a fuzzy
interior ideal of S and zz,z,y € S, we have f((xz)zy) > f(z). Thus we
have f(zy) > f(z), and f is a fuzzy right ideal of S. In a similar way we
prove that f is a fuzzy left ideal of S. Thus f is a fuzzy ideal of S. [J

By Propositions 2.4 and 2.5 we have the following:

Theorem 2.6. In reqular ordered semigroups the concepts of fuzzy ideals
and fuzzy interior ideals coincide.

Proposition 2.7. Let (S, ., <) be an intra-reqular ordered semigroup and
f a fuzzy interior ideal of S. Then fis a fuzzy ideal of S.

Proof. Let a,b € S. Then f(ab) > f(a). Indeed: Since S is intra-
regular and a € S, there exist z,y € S such that a < za?y. Then
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ab < (xay)b. Since f is a fuzzy interior ideal of S, we have f(ab) >
f(xza’yb) = f(xa(ayb)). Again since f is a fuzzy interior ideal of S, we
have f(za(ayb)) > f(a). Thus we have f(ab) > f(a), and f is a fuzzy
right ideal of S. In a similar way we prove that f is fuzzy left ideal of S.
Therefore f is a fuzzy ideal of S. [J

By Propositions 2.4 and 2.7 we have the following:

Theorem 2.8. In intra-reqular ordered semigroups the concepts of fuzzy
ideals and fuzzy interior ideals coincide.

3. Fuzzy SIMPLE ORDERED SEMIGROUPS

In this paragraph we introduce the concept of fuzzy simple ordered semi-
groups, we prove that an ordered semigroup is simple if and only if it
is fuzzy simple, and we characterize this type of ordered semigroups in
terms of fuzzy interior ideals.

An ordered semigroup S is called simple if does not contain proper ideals,
that is, for any ideal A of S, we have A = S [5,6].

Definition 3.1. An ordered semigroup S is called fuzzy simple if every
fuzzy ideal of S is a constant function, that is, for every fuzzy ideal f of
S, we have f(a) = f(b) for all a,b € S.

Notation 3.2. If S is an ordered semigroup and a € S, we denote by I,
the subset of S defines as follows:

I,.={be S| f(b) > f(a)}.

Proposition 3.3. Let (S,.,<) be an ordered semigroup and f a fuzzy
right ideal of S. Then the set 1, is a right ideal of S for every a € S.

Proof. Let a € S. First of all, ) # I, C S (since a € I,). Let b € I,
and s € S. Then bs € I,. Indeed: Since f is a fuzzy right ideal of S
and b, s € S, we have f(bs) > f(b). Since b € I(a), we have f(b) > f(a).
Then f(bs) > f(a), so bs € I,. Let b€ I, and S > s <b. Then s € I,.
Indeed: Since f is a fuzzy right ideal of S, s,b € S and s < b, we have
f(s) > f(b). Since b € I,, we have f(b) > f(a). Then f(s) > f(a), so
sel,. [

In a similar way we prove the following:

Proposition 3.4. Let (S,.,<) be an ordered semigroup and f a fuzzy
left ideal of S. Then the set 1, is a left ideal of S for every a € S.
By Propositions 3.3 and 3.4 we have the following:
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Proposition 3.5. Let (S,.,<) be an ordered semigroup and f a fuzzy
ideal of S. Then the set I, is an ideal of S for every a € S.

Lemma 3.6. [8] Let S be an ordered semigroup and ) # 1 C S. Then
I is an ideal of S if and only if the characteristic function fr is a fuzzy
ideal of S.

Theorem 3.7. An ordered semigroup (S, ., <) is simple if and only if it
is fuzzy simple.

Proof. =—. Let f be a fuzzy ideal of S and a,b € S. Since f is a fuzzy
ideal of S'and a € S, by Proposition 3.5, the set I, is an ideal of S. Since
S is simple, we have I, = S. Then b € [,, from which f(b) > f(a). By
symmetry, we get f(a) > f(b). Thus we have f(a) = f(b) and S is fuzzy
simple.

<=. Suppose S contains proper ideals and let I be an ideal of S such
that I # S. By Lemma 3.6, f; is a fuzzy ideal of S. We have S C [.
Indeed: Let x € S. Since S is fuzzy simple, the fuzzy ideal f; is a
constant function, that is, fr(z) = f1(b) for every b € S. Let now a € [
(I # (). Then we have f;(x) = fi(a) := 1, hence x € I. Thus we have
S C1I,and so S = 1. We get a contradiction. [

Lemma 3.8. [2] An ordered semigroup S is simple if and only if for
every a € S, we have S = (SaS].

Theorem 3.9. Let (S, ., <) be an ordered semigroup. Then S is simple
if and only if every fuzzy interior ideal of S is a constant function.

Proof. =—. Let f be a fuzzy interior ideal of S and a,b € S. Since S
is simple and b € S, by Lemma 3.8, we have S = (SbS]. Since a € S,
we have a € (SbS]. Then there exist x,y € S such that a < zby.
Since a,zby € S, a < zby and f a fuzzy interior ideal of S, we have
f(a) > f(zby). Since z,b,y € S and f is a fuzzy interior ideal of S, we
have f(xby) > f(b). Then we have f(a) > f(b). In a similar way we
prove that f(a) < f(b). Then f(a) = f(b), and f is a constant function.
<. Let f be a fuzzy ideal of S. By Proposition 2.4, f is a fuzzy interior
ideal of S. By hypothesis, f is a constant function. Then S is fuzzy
simple and, by Theorem 3.7, S is simple. [J
As a consequence we have the following:

Theorem 3.10. For an ordered semigroup S, the following are equiva-
lent:

(1) S is simple.

(2) S = (SaS] for everya € S.
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(3) S is fuzzy simple.

(4) Every fuzzy interior ideal of S is a constant function.

The authors would like to express their warmest thanks to the editor of
the journal Professor Marat M. Arslanov for editing and communicating
the paper.

REFERENCES

[1] G. Birkhoft, Lattice Theory, Amer. Math. Soc., Coll. Publ., Vol. XXV, Provi-
dence, Rhode Island 1967.

[2] N. Kehayopulu, Note on Green’s relations in ordered semigroups, Mathematica
Japonica 36, No. 2 (1991), 211-214.

[3] N. Kehayopulu, On regular duo ordered semigroups, Mathematica Japonica 37,
No. 3 (1992), 535-540.

[4] N. Kehayopulu, On prime, weakly prime ideals in ordered semigroups, Semigroup
Forum, 44, No. 3 (1992), 341-346.

[5] N. Kehayopulu, On left reqular and left duo poe-semigroups, Semigroup Forum,
44, No. 3 (1992), 306-313.

[6] N. Kehayopulu, On intra-regular ordered semigroups, Semigroup Forum, 46, No.
3 (1993), 271-278.

[7] N. Kehayopulu, Note on interior ideals, ideal elements in ordered semigroups,
Scientiae Mathematicae 2, No. 3 (1999), 407409 (electronic).

[8] N Kehayopulu and M. Tsingelis, Fuzzy sets in ordered groupoids, Semigroup
Forum 65, No. 1 (2002), 128-132.

[9] N. Kuroki, Fuzzy semiprime ideals in semigroups, Fuzzy Sets and Systems 8, No.
1 (1982), 71-79.

UNIVERSITY OF ATHENS, DEPARTMENT OF MATHEMATICS, 157 84 PANEPIS-
TIMIOPOLIS, GREECE

E-mail address: nkehayop@math.uoa.gr

Received February 15, 2006



