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ABSTRACT. Tensor invariants of an almost product structure are con-
structed. We apply them to solving the problem of contact equivalence
and the problem of contact linearization for Monge-Ampeére equations.

In this paper we study almost product structures. By this structure
we mean an ordered set P of real or complex distributions on a smooth
manifold N such that the tangent space T, N (or its complexification
T,NC) splits into the direct sum of the subspaces from P at each point
a € N.

Almost product structures in above sense arise in various forms: as a
fields of semi-simple endomorphisms, as non-holonomic webs, and (what
is most important for us) as Monge-Ampere equations.

An interpretation of a Monge-Ampeére equation as an almost product
structure allows us to solve the problems of contact linearization and the
problem of contact equivalence for Monge-Ampere equations.

The solution of the first problem for non-degenerated Monge-Ampere
equations was annonced by the author in [9]. Here we give a complete
proof.

In the series of papers (see [3], [4], [5], [6], [7], [8]) for generic symplec-
tic Monge-Ampere equations was constructed an e-structure (absolute
parallelism). In this paper we solve similar problem in contact case.
After this result the problem of contact equivalence of Monge-Ampere
equations becomes trivial.
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An history (not only!) of classification problem for Monge-Ampeére
equations can be founded by reader in [10].

Moreover, we suppose that the results obtained in the paper for gen-
eral almost product structure are interesting without their applications to
Monge-Ampere equations. For example, Monge-Ampere structure con-
sidered in the first section is no else than a non-integrable CR-structure
(Cauchy-Riemann structure) in an elliptic case or a non-integrable para-
CR-structure in a hyperbolic case on a 5-dimensional contact smooth
manifold.

A few words about the structure of the paper.

In the first section we recall a notion of an almost product structure
and give some important examples.

The tensor invariants of an almost product structure are constructed
in the second section. To this end we consider a decomposition of the de
Rham complex to the generated by an almost product structure direct
sum. The main result of this section is based on differential’s structure
of differential graded algebra. We explain a geometrical sense of the
constructed in the previous section tensors and prove an analog of the
Frobenius theorem for subdistributions of an almost product structure.

Our main results in theory of Monge-Ampere equations are presented
in the last section.

In the first and second subsections of the fourth section we introduce
a reader to V. Lychagin’s theory of Monge-Ampere equations and recall
some definitions and notations.

In the third one we construct contact tensor invariants of hyperbolic
and elliptic Monge-Ampere equations and calculate (as an example) the
tensors for the non-linear wave equation.

A solution of the linearization problem for non-degenerate equations
we present in the fourth subsection. As an example of applications of
the result we consider the generalized Hunter-Saxton equation. This
equation arises in the theory of a director field of a liquid crystal and in
the geometry of Einstein-Weil spaces.

At last, in the fifth section we construct an e-structure for generic
Monge-Ampere equations. We introduce the non-holonomic de Rham
complex and construct the set of relative and absolute contact invariants
of equations.
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1. ALMOST PRODUCT STRUCTURES: DEFINITION AND EXAMPLES

Let N be a (real) smooth manifold and let P = (Py,..., P.) be an
ordered set of real or complex distributions on N, i.e.

P,:N>aw~ Pi(a) CT,N ,

or
Pi:N>aw Pj(a) CcT,N®*=T,N®C,
1=1,...,7.

The set P is called an almost product structure (AP-structure) on N
if at each point a € N the tangent space T,N (for real distributions) or
its complexification T, N® (for complex ones) splits in the direct sum of
the subspaces P (a),..., P, (a), i.e.

&P, (a) = T.N (or T,N®).
i=1

Let D(N) and ©° (N) be the modules of vector fields and differen-
tial s-forms on N respectively. A submodule of vector fields from the
distribution P; we denote by D(F;):

D(P) = {X € D(P)|X, € P(a)Ya € M}.
For the distribution P; we define a submodule of vanishing on the distri-
butions P; (j = 1,...,r; j # ) differential s-forms:

VP L {ae(N)|X|a=0VX D), j=1,...,r; j#i}.

Let us consider some examples.

Example 1 (Field of semi-simple endomorphisms). Let A be a field of
endomorphisms on a smooth n-dimensional manifold N. Suppose that
at each point @ € N the linear operator A, : T,N — T,N is semi-simple.

Let Ay, ..., A\ be eigenvalues of A and let p; is a multiplicity of the
eigenvalue \; (i = 1,...,7; py +---+p, = n). Then T,NT splits into
the direct sum of eigensubspaces P (a), ..., P, (a)' of the operator A,:
T,N® = ®7_, P, (a). Here dim P, (a) = p; (i = 1,...,r). Suppose also
that py,...,p, are constant. Then the maps P; : a +— P, (a) (i=1,...,7)
are complex distributions on N and the set P = (P, ..., F,) is a complex
AP-structure.

Suppose n = 2k. If A2 = —1 or A? =1, then A is a classical almost
complex structure (AC-structure) or classical almost product structure
respectively.

1Pi corresponds to ;.
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Example 2 (f-structure). A field of endomorphisms f on a smooth man-
ifold N is called f-structure if §3+¢f = 0, where ¢ = £1 (see [16], [2]). An

f-structure is called hyperbolic or elliptic if e = —1 or € = 1 respectively.
At each point a € N the tangent space T, N splits into the direct sum
T.N=9M,d L,,

where 9, = ker f, and £, = Imf{,, dimM, = m, dim £, = 2n.

For hyperbolic f-structure the tangent space T, N at each point a € N
splits into the direct sum of real eigensubspaces of f, that are correspond-
ing to eigenvalues 0, +1 and —1:

T,.N=M, L oL,

For elliptic f-structure the complexification of T, N splits into the direct
sum of complex eigensubspaces of f, that are corresponding to eigenvalues

0,t=+/—1and —u:
T.NC=mCaogrocg,.
The splitting generates an almost product structures on V.

Example 3 (Almost contact structures). The triplet (n, &, ®), where
n is a contact differential 1-form, ¢ is a vector field, and ® is a field
of endomorphism on a smooth manifold N is called an almost contact
structure if the following conditions hold:

(1) n(§) =1,
(2) no® =0,
(3) ®(&) =0,

(4) ©*=——e+n®¢
where ¢ = £1 (see [2]). Similar to the previous example the almost
contact structure is called hyperbolic or elliptic if e = —1 or € = 1 re-
spectively. An almost contact structure generates an almost product
structure with three distributions: one of them (the one-dimensional dis-
tribution) is generated by the vector field £ and other two are generated
by eigensubspaces of the restriction ®;|kern,, @ € N.

The following example is main for us.

Example 4 (Monge-Ampere structure on a 5-dimensional manifold). Let
N be a 5-dimensional smooth manifold which is endowed with a contact
structure C' : a — C'(a) C T, N and let J be a "non-holonomic” field of
endomorphisms?® J, J, : C(a) — C(a), J? = ¢, where ¢ = £1.

%ie. J is a section of the vector bundle 7: N 3 a — a, ® X, € A' (C(a)*) ® C(a).
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Suppose that the distribution C'is generated by the differential 1-form
U on N: C(a) = ker U, for each a € N?. Let €, is a restriction of dU to
Cl(a): Q4 = dU|c(q)- Then €, is a symplectic structure on C'(a). Assume
that J, is symmetric with respect to €2,.i.e.

Q. (J,X,Y) =Q,(X,J,Y)

VX,Y € C(a), Ya € N.

The pair (C,J) is called a Monge-Ampére structure (MA-structure)
on N. This structure is called hyperbolic or elliptic if e = 1 or e = —1
respectively.

A Monge-Ampere structure generates an almost-product structure P =
(C4.1,C_) on N, where the 2-dimensional distributions* Cy : a — C4 (a)
are generated by the eigensubspaces C'L(a) of J and 1-dimensional dis-
tribution [ is generated by the intersection of the first derivatives® C'J(rl),
CW of the distributions C, and C_: l(a) = Csrl)(a) nc(a).

Indeed (see [12]), Ct(a) and C_(a) are skew-orthogonal with respect to
Q, or its complexification QF. Moreover, €, is non-degenerate on C (a)
and C_(a). Then for hyperbolic MA-structure

U([Xg,Yy])=—dU (X4,Y5) #0

for any X.,Yy € D(Cy). Similarly, U® ([X,Y4]) # 0 for elliptic one.
This means that the tangent space T, N (for a hyperbolic MA-structure)
or its complexification T, N (for an elliptic one) splits into the direct
sum

T.N (or T,N®) = C,(a) ®(a) ® C_(a).

Note that in the elliptic case the complex distribution [ is generated
by a real vector field. Indeed, since the operator .J, is real, the subspaces
Cy (a) and C_ (a) are complex conjugate: Cy (a) = C_ (a). Then the
subspaces CJ(FI) (a) and o (a) are complex conjugated also, and its
intersection is complex conjugate to itself: I(a) = [ (a). Therefore this
complex line is generated by a real vector Z: [ (a) = CZ,, Z € T, (N)

(see [10]).

The previous example is a partial case of the non-integrable (=non-
holonomic) Cauchy-Riemann or para-Cauchy-Riemann structure.

3The differential 1-form is defined up to multiplication by non-vanishing function.

4dimg Cy = 2 for hyperbolic MA-structures and dim¢ C+ = 2 for elliptic ones.

5The first derivative P() of a distribution P is the distribution which is generated
by the vector fields from P and by its all possible sorts of commutators.
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Example 5 (CR- and para-CR-structures). A smooth manifold N is
called a Cauchy-Riemann manifold or CR-manifold if there exists a
distribution P on N such that at each point a € N the vector space

P(a) C T,N endowed with a complex structure J,, J> = —1 and J
depends on a smoothly. Analogously N is called para-CR-manifold if
J2 =1

In this case P(a)® (or P(a) in case of para-CR-structure) splits into
two eigensubspaces of the operator J, and we obtain two (complex for
the CR-structure and real for the para-CR-structure) subdistributions Py
and P of the distribution P. A (para)-CR-structure is called integrable
if the distributions P; and P, are completely integrable, otherwise it is
called non-integrable or non-holonomic.

Let us consider a non-holonomic (para)-CR-structure. Let Pj3(a) o
Pl(l) (a)N P2(2) (a) be an intersection of the first derivatives of the distribu-
tions P; and P, at a point a € N. Suppose that P3 : a — Ps(a) is a dis-
tribution. If by some reason Ps(a) is a compliment of P(a) to the tangent
space T, N, the we obtain an almost product structure P = (Py, Ps, P3)on
N.

2. ALGEBRA AND GEOMETRY OF ALMOST PRODUCT STRUCTURES

2.1. A structure of a differential graded algebra. Let A = @, A¥
be a differential r-graded algebra over a field of characteristic 0 with a
differential d, i.e.

d(a-b)=da-b+ (—1)"a- db.

Here k is a multi-index, k = (ky,..., k), k; € {0,1,...,n;}, n; € N are

some numbers, [k| = k; + - -+ + &y, and (—=1)*=(—1)"8 where dega ¥ s

if a € A, def EBM:SAI‘. We assume also that A is a super-commutative

algebra, i.e.
a-b=(=1)"b-a,

and the differential and multiplication are compatible with grad:

Ak . At C Ak—i—t

dAs C Ay

The differential d splits in the following direct sum:
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d=Pd, _<@d>@ P | .

|o|=1 It]=1
where 0 = (0y,...,0,), 0; € I; = {z € Z||2] < n;}, d, : Ak — Akte
(le| =1), d; = d(o___li,,,O)G and t has negative components.

Lemma 1. The operators d; and dy satisfy the Leibniz rule:
di(a-b)=dia-b+(—1)"a-d;b
and
di (a-b) =dea-b+ (—1)"a- db
In particular, dy is an Ag-homomorphism, i.e.
di (a-b) =a-dib
for any ag € Ay and for any a,b € A.

Proof. We prove the second part of the Lemma only. For a € Ay =
A0 and b € A¥ we get:

= d(a-D) Zd a-b)+ Y di(a-b),

lo|=1 t|=1
On the other hand,
dla-b)=da-b+ (-1)*a-db

= Zda+2dta b+ (— Zdb+zdt

|t[=1 lt[=1

Therefore d;a-b ¢ At for each i = 1,...,r and one gets that di(a-b) =
a - dib. U

Example 6. Let us consider the case r = 2 and ny 5 = 2, i.e. k = (ky, ka),
where k; € {0,1,2}. Then
- @

pt+q=s
s=0,1,2,4 and

d= dl,O D dO,l ) d27—1 S¥) d—1,2>

where dy _1, d_; 9 are Ap-homomorphisms and d; o, do; are differentia-
tions (see diagram below).

671 is only on ith place.
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A2’0

AO’O A2,2

do,1

AO,l A172

d_1,2 da,—1
N %

A0’2

2.2. Tensor invariants for almost product structures. Using Lemma
1 one can construct tensor invariants of almost product structures.

First, we consider a real almost product structures on N. The vector
space A* (T*N) of exterior s-forms on T, N falls into direct sum

(T*N) ({)AF (T*N),
M

where k is a multi-index, k = (kq,..., k), k; € {0,1,...,dim P;} and

k(T*N) QQM

ae N (T;N)| X]a=0
VX € Pj(a), j=1,...,1; j#1i}.

This gives us a decomposition of the de Rham complex: the C*(N)-
modules of differential s-forms Q° (N) split in the direct sum

= @ka (1)
|k|=s

where

Ok = R0k (P
1=1
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In the case of complex almost product structures we have to consider
the complexification Q2 (N)® of the module Q° (N).
Then de Rham differential d splits into the following direct sum:

d=Pds,

lo|=1

where

o;€ ;¥ {2 €7Z||z] < dim P;}

and
d, : QO — QKo

From Lemma 1 it follows that if one of the component ¢; of a multi-
index t is negative, then operator d; is a tensor which acts from Q¥ to
Qk+t'

The tensor dg is a sum of the tensors of the type 6 ® X , where 6 is a
differential s-form and X is a (s — 1)-vector field on N.

Recall that the tensor § ® X acts on a differential (s — 1)-form « and
on an s-vector field Y as

(6@ X) () = (X]a) 6,
(eX)(Y)=(¥]0X

respectively. Therefore a tensor § @ X for § € Q*(P;) and X € D* ! (F;)
can be regarded as a map from D* (P;) to D*"!(P;). Here D*(P) is a
module of s-vector fields from the distribution P.

Example 7 (Classical AP- and AC-structures on R*). Let us consider a
classical AP-structure (or a classical AC-structure) J on R*. The tangent
space T,R* (or the complexification (T,R*)" for AC-structure) splits into
the direct sum of eigensubspaces P; (a) and P, (a) of the operator J,
Here dimg P; (a) = 2 (or dim¢ P; (a) = 2 for AC-structure), i = 1,2. The
module Q° (R*) (or its complexification for AC-structure) falls into the
direct sum of 79, where p + ¢ = s, and

def

e P @ QIR

(see Example 6). Moreover, we get the following decomposition of the
exterior differential d : Q° (R*) — Q¥F! (R%):

d=dyo®doy ®da1Bd .

The components dy 1 and d_; 2 in this sum are tensors.
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Note that for AC-structure the tensors d_;» and dy_; are complex
conjugated: d_j 9 = ds _1. In case d_1 2 = da,_1 = 0 we obtain the usual
Dolbeault complex.

Example 8 (Monge-Ampere structure on R%). Let (C,J) be a Monge-
Ampere structure on R®. We suppose that this structure is hyperbolic,
i.e. J? = 1. The corresponding AP-structure is P = (C4,1, Cy 1), where
Cio=C4 and Cy; = C_. We get (see diagram below) the decomposi-
tions of the modules of exterior differential forms:

0! (RS) — 100 g QOL0 g 001

0?2 (]R5) — 200 @ QLLO gy QLOL gy QOLL gy 002,
03 (]R5) — 210 g 201 g QLLL g QLO2 gy 0012,
04 (RS) — 2L g 202 @ QLL2.

05 (RS) — L2

and the decomposition of exterior differential:
0200 ..

d1,0,0

do,1,0

Q0,0,0

do,0,1
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We have the fOHOWiIlg tensors: d_171,1, d171,_1, dL_Ll, do,_l,g, d27_170,
d2,1,—2 and d—2,1,2.

Since the distributions C' o and Cj; are skew-orthogonal, we get d; 11 =
0. It is not hard to prove that the tensors da 1,2, d_212, d2o 1, and d_; o2
are zero also. We have four two-covariant and one-contravariant tensors:
d—1,1,1> d1,1,—1, do,—172, and dz,—Lo-

Any tensor ¢, of dy, 11,1, - Q% — QYT (s # K, j) can be regarded
as a map
G D (P;) x D(Py,) — D(Ps).
Extend an action of ¢, to the module D(N) x D(N) by the formula:

s def ¢
4 k (X> Y) =4 (PjX> PkY) )

where Py is the projector to the distribution P;.

For any almost product structure P we can define a tensor field Qp

on N:
def s
Qp = Z 4 k-
5,5k (s7#5,k)
It is not hard to see that
Qp(X.Y)=—- Y P,PX PY].
8,9,k (874,k)

2.3. Subdistributions. Let

PI déf @PH (2)
i€l
where I C {1,2,...,7}. In this Section we study the following problem:
when the distribution P; is completely integrable?

It is convenient to formulate answer to this question in terms of multi-
indices. Let Ann (P) be an annihilator of a distribution P:

Amn (P) = {a € Q' (N)|a(X) =0VX € D(P)}.

Let us introduce multi-indices of length r: 1 & (1,...,1), 1, o

0,...,0,1;,0,...,0)7, k o > ier Li, and k, where k + k = 1, and put

(a,b) € aby + - a,b, fora= (aj,...,a.), b= (by,...,b).

1 is in the ith place only.
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The distribution P; describes by the index k uniquely, therefore we
will denote P; by Py also. Then

Ann (Py) = @ Qi
(1:,k)=1

Theorem 1. The distribution Py is completely integrable if and only if
the tensors dy = 0 for all multi-indices t such that (t,E) = —1.

Proof. Without loss of generality we can suppose that I = {l+1,...,r}.
Then

k=(1,...,1,0...0).
( Y ) RN /)
l r—l
Then
Ann (FP) = (o, ..., Qpyy Apy415 - -+ Apipgs - - ’ap1+~~~+pz> )
where p; = dim P;, (o, ..., qp, ) is a free basis of Q. (ap, 41, - Qpripy)

is a free basis of Q2, etc.
Let a; € Q% C Ann (Py) and t = (¢y,...,t,), where t; = —1. If t, =0

for s € {1,...,5,...,l},then
lel/\"'/\C)ép1+...+pl /\dtOéj :O@dt =0.

Ift,; #0fors e {1, : ..,3, : ..,l}, then oy A+ -~ Ay 4..qp, Ndea; = 0. So,
g A\ ANy gp, Nday; = 0 & dy = 0 for all t such that (t,E) =—-1. O

3. MONGE-AMPERE EQUATIONS

3.1. A geometric point of view. A differential-geometric structures
that generated by Monge-Ampere equations was described by V. Lycha-
gin. In this section we recall his ideas and some his results [11], [12].
We restrict our consideration by Monge-Ampere equations with two in-
dependent variables only.

Let M be a 2-dimensional smooth manifold and let J'M be the man-
ifold of 1-jets of smooth functions on M. The manifold J'M is endowed
by the natural contact structure (Cartan’s distribution)

C:a€J'M— Cla) C T,(J'M)
given by the universal differential one-form U € Q! (J'M) (Cartan’s

form): C(a)  ker U,. Naturally, the form U is defined up to multipli-

cation by non-vanishing smooth function on J'M.
At each point a € J'M the 2-form

Q< dUJcw € A*(C*(a))
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is the standard symplectic structure on C(a). We get a so-called non-
holonomic symplectic structure

Q:J'M > a+——Q, € A*(C*(a))

on J'M.
With any differential 2-form w on J'M we can associate a differential
operator A, : C®(M) — Q?(M), which acts as

A, (v) = w1y ) (3)

Here v € C°° (M) is a smooth function and j; (v) (M) C J'M is the
graph of 1-jet ji (v), and w|;i()(ar) is the restriction of w to j (v) (M).
The equation
E, ¥ {A,(v) =0} C J2M
is called a Monge-Ampére equation.

But constructed map ”differential 2-forms” — ”differential operators”
is not a one-to-one map. In order to set one-to-one map we should restrict
a class of differential 2-forms and consider only effective differential 2-
forms.

Recall the notion of an effective form.

Differential forms on J'M vanishing on any integral manifold of the
Cartan distribution, and therefore producing zero differential operators,
form a graded ideal of the exterior algebra Q* (J'M). We denote this

ideal by
-
s>0
I* € Q (J'M). The ideal I* is generated by forms
UAa+dUAB, (4)

where o and 3 are some differential forms. Note also, that I° = 0 and
Is=Qf (J'M) for s > 3.

Elements of the quotient module Q* (J'M) /I* we call effective s-forms
(s <2):

Q2 (J'M) = (J'M) /T°. (5)

For each element of Q2 (J'M) one can choice a unique representative
w € 0% (J'M) such that X |w =0 and wAdU = 0. Here X, is the Reeb
vector field — a contact vector field with generating function 1.

Let h be a nonvanishing smooth function on J*M. It is clear that the
forms w and hw generate the same equation.

Let w and w be effective differential 2-forms. Two Monge-Ampere
equations F,, and Ej are (local) contact equivalent at a point a € J'M
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if there exists a contact diffeomorphism ¢ : J'M — J*M, ¢ (a) = a and
some function hy, € C* (J'M), h, (a) # 0, such that

0" (w), = hyW.

Here ¢* (w). is the effective part of ¢* (w).
Any effective differential form w generates the non-holonomic field of
endomorphisms

A, J'M > a+—— A, € End(C(a)). (6)

by the formula
Xa J Wq = Aw,aXaJ Qa

for any tangent vector X, € C'(a).
The operator A, is symmetric with respect to €2, i.e.,

Q(AX,Y) = Q(X, AY)

for any vector field X,Y € D(C).
A function Pf (w) € C* (J'M) is called a Pfaffian of the form w if

Pf(w)QANQ=wAw.

Note that
Pf (hw) = h? Pf (w)

for a function h € C> (JM).
For an effective 2-form w the square of A, is scalar and

A2 + Pf(w) =0. (7)

We say that a Monge-Ampere equation F, (a form w, an operator
A,) are hyperbolic, elliptic or parabolic at a point a € J'M if Pf (w)
is negative, positive or zero at this point respectively. Hyperbolic and
elliptic equations are called non-degenerate.

If Pf(w) (a) # 0, we can normalize the form w in some neighborhood
of the point a:

1
——w

Pt (w)]

If |Pf(w)| = 1, then the form w is called normed. The Pfaffian of a
normed form is equal to —1 for a hyperbolic form and +1 for an elliptic
one.

w

The operator A, corresponding to the normed form w is denoted by
A. Tt is clear that for hyperbolic and elliptic equations we have A% = 1
and A? = —1 respectively.
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So, for a non-degenerated operators we obtain a Monge-Ampere struc-
ture (C, A) on J'M which generates an almost product structure P =
(C41,C2) (see Example 4).

Note that non-degenerate Monge-Ampere equations, in contrast Monge-
Ampere operators, generate AP-structures (C',l,C_) up to the change
C, and C_. Indeed, effective 2-forms w; = w and wy, = —w generate the
same equation, but C1 = C% and C} = C2. Here C, are eigensubspaces
of the operators A,, (i =1,2).

On the other hand, any pair of arbitrary real distributions C; and
Co1 on J'M such that

(1) dim Cy o = dim Cp; = 2;

(2) at each point a € J'M C(a) = Cip(a) ® Co1(a);

(3) at each point a € J'M the subspaces Cig(a) and Cpq(a) are
skew-orthogonal with respect to the symplectic structure €2;

determines the operator A up to the signum. Therefore a hyper-
bolic Monge-Ampere equation can be regarded as such unordered pair

{C10,Co,1}-

Analogously, an elliptic Monge-Ampere equation can be regarded as
such unordered pair {C,Cp1} of complex conjugate distributions on
JYM that

(1) dlm(c Cl,O = dlm(c 0071 = 2;

(2) at each point a € J'M C(a)® = Cyo(a) ® Cyi(a);

(3) at each point a € J'M the subspaces Cig(a) and Cpq(a) are
skew-orthogonal with respect to the complexification QF of the
symplectic structure §2,.

3.2. Coordinate representations. We have the following represen-
tations of main objects in the canonical local coordinates (q,u,p) =
(q1,q2, u, p1, p2) on the manifold J'M:

e The Cartan form
U = du — pi1dqy — p2dqs;

e The Cartan distribution C'is generated by the vector fields
d_ o, 0 d_0 0 0 0
dp~ 0q T'ou dgy 0 0w Opi Opy

e The Reeb vector field X; = 9/0u;

e An effective 2-form

w = Edq Ndgs+ B (dg N dpy — dgs N dps) + (9)
+ Cdg, N\ dpy — Adgs N dpy + Ddpy A dps,



166 ALEXEI KUSHNER

where A, B,C, D, E are some smooth functions on J!'M:;

e The Monge-Ampere equation F,,
Avgy + 2Buyy, + Cvyy + D (Umﬂ}yy — viy) + E=0; (10)
e The Pfaffian

Pf (w) = AC — DE — B2,

3.3. Tensor invariants of non-degenerate Monge-Ampere equa-
tions. In Example 8 we have four contact tensor invariants of a Monge-
Ampére equation: d_171,1, d171,_1, d07_172, and d27_170.

In order to unify hyperbolic and elliptic types, we consider a complex
tangent bundle T¢(J*M). Let us describe there structures:

dig-1 = USAar @ Q1+ UC Ay ® Qo
d 111 =UNB@P +U A By ® Py,
dy10=a3 Ny ® Z,
do—12 =033 NP1 ® Z.

Here o; € QI(CL()), ﬂz - QI(COJ), Pj c D(CL()), Qj - D(Co,l),Z €
D) (i=1,...3j=1,2).
These tensors can be regarded as maps

(11)

Let us explain a geometrical meaning of the tensors. Due to Theorem 1
the distribution C’f}g is completely integrable if and only if d; ;1 = 0 and
the distribution C’é}f is completely integrable if and only if d_; 17 = 0.

Therefore, due to [15] we see that a non-degenerate Monge-Ampere
equation is locally contact equivalent to the equation v, +¢cv,, = 0 with
e=xlifandonlyifd;; 1 =d_ 111 =0.

Example 9 (Non-linear Wave Equation). Consider the following non-
linear wave equation:

Vgy = f (2, 9,0, 05,0, .
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Vector fields

d 0

Py = Ao + f Oy’
0

Py = 3—]91

constitute a basis for the distribution C o and

d 0

Q1= d—q2 + a—pl,
0

Q2 = O

for the distribution Cj ;.
The distribution [ is generated by the following vector field

0 0 0

Z: % +fp28—pl +fpla—p2.

The vector fields Py, Py, Z,Q1, Q2 form a basis in vector fields on J'M.
The dual basis is

ar = dqi,

g = dpy + prfpdar + (p2fp, — ) dgz — fp,du,
U = du — prdq: — padao,

p1 = dga,

Bo = dpa + (p1fpy — f)day + pafpdga — fp,du.

For this case we have the following representation of the four con-
structed tensor invariants:

d—1,171 = (.ffpzpzd(h A du — fpzpzdp2 A du — plfpzpqul A dp2
— P2papad@a N dpa + (fu — Dafpou + for foo = fFoips = Jaopa) dg2 A du
+ (plfu - plp2fp2u - p2ffp2p2 + plfp1fp2 - plffp1p2 - plfquz) d(Jl A dQ2)

o 9
apl’

dl,l,—l = (.ffplpldqQ A du — fp1p1dp1 A du — plfp1p1dql A dpl
— P2 Spipdge A dpr + (fu+ JorJoe = P1fprw — [ S pips — ftnpl) dqi N du
+(_p2fu - p2fp1fp2 +p1p2fp1u +p2ffp1p2 +p1ffp1p1 +p2fq1p1) d(h A dQQ)
0

& a
Opa
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dy,—1,0 = (dgu A dpy — fpdqy A du + (p2fp, — f) dar A dgo)
® (a—i H -t fpla%) ,
do,—12 = (dga Ndpy — fpdga N du — (pyfp, — f)dqi A dg)

0 0 0
0%y <% + fma—pl + fpla—pz) .
3.4. Contact linearization of Monge-Ampere equations. In this
section we use the constructed tensors to solve the problem of contact
linearization of non-degenerate Monge-Ampere equations. This problem
is the following.

Find a class of Monge-Ampére equations that are locally contact equiv-
alent to nonhomogeneous linear equations

Vg + EVyy =7 (T,Y) Uy + 5 (2,y) vy + ¢ (z,y) v+ d(2,7). (12)

We assume that all possible derivatives of the distributions C1 are
distributions also.

Note that for equation (12) the distributions Cf) are completely inte-
grable and dim C(f) < 4. This means that the tensors d_; ;; and d; 1,4
have the forms

dyg,-1 = U ha®Q, d_i11= USAB® P

for some o € Q1(C1y), B € QY(Co1), P € D(Chyp), Q € D(Coa).
Let us define two complex differential 2-forms &, & € QY%L

def
& = Pldy 1y (UC A ﬁ) )
def
§ = Qldo 1 (U(C A Oé) .
Since dy 12 and da 1 o are tensors, we see that the forms &; and & are
contact invariant of the Monge-Ampere equation. Using representations
(11) for dy 1 and dy 12, we get the following forms of & and &,:

§1 =Pl (azNay A B) = (a3 (P)ay —as (P)as) A B,
=Q) (BsANBuNa)=(03(Q)Bs— 5a(Q)B3) N,

Note that for elliptic equations the forms &; and & are complex conjugate:

& = 6.
Define differential 1-forms
def

= QJfl,

def

by = PJ52-
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The vector fields ) and P are defined up to the multiplication by non-
vanishing smooth functions and therefore the forms v; and vy are so.
Therefore the unordered pair {v, 15} is a relative contact invariant of a
Monge-Ampere equation.
Theorem 2 (Linearization of MAE). Assume that in some neighborhood
of a point a € J*M derivatives C’ik) (k = 1,2) of the distributions Cy
are distributions also and the distributions C(f) are completely integrable
and dim C’f) =4.

A Monge-Ampere equation E,, is locally equivalent to a Monge-Ampére
equation (12) if and only if v1 = v = 0 and the differential two-forms &;
and & are closed.

Proof. The proof of the necessity it trivial: it is not hard to check that
for equation (12) conditions 1-3 hold. Let us prove the sufficiency.

From the first condition it follows that the equation E, is locally equiv-
alent to a Monge-Ampere equation

Vg + EVyy = f(2,9,0,0,,0y) (13)
for some function f € C* (J'M) (see [15]). For this equation we have:
vi = hy (2VESf — i fpe — Vef) day — p2 (tfpe + VESpy) dao +
(tfps + VESp) du— 2¢/edpy — 2uedps) |
vy = hy (5191 (\/gfpl - prg) dg, +¢ (2Lf + Vepa fp, — Lp2fp2) dgs +
e (tfps — VESp) du+ 2y/edpy — 2udp,)

where hy = fpip0 + 20 pips — fpops a0d ho = €fpip — 20fpips — fpaps- We
see that 11 = vy, = 0 if and only if h; = hy = 0. This means that

{ fP1P2 =0,

€fp1p1 - fp2p2‘

Therefore the function f is linear with respect to p; and ps:
fla,u,p) =7 (g,u) p1 + s (g, u) p2 + g (g, u)

for some functions r, s, g € C* (J'M).
From this place the hyperbolic and elliptic cases we consider separately.
Hyperbolic case. We see that the equation E,, is contact equivalent to
the equation

Vgg — Vyy = 7 (2,9, 0) vy + 5 (2, y,0) vy + g (z,9,0).
The corresponding effective differential two-form is

w=dq; Ndps + dgz N\ dpy + (rp1 + sps + g)dqr A dqs.
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The contact transformation
(p:ql_)CI1—CI27q2_)Q1+CI2 D1 — D2 it
V2 V2
takes it to the form

w1 o 0" (w) =dq1 Ndpy — dga N dps + (Rp1 + Sp2 + G)dgy A dga, (14)

where

R (q1,92 U)Zi(s<ql_q2 C]1+un Tips 41 — 42 Q1+Q2u
S(qg ):L( <Q1_q2 Nt g )_T<QI_(]2 @+ ¢ u))
1,42, U 9 \/’ \/* \/5 , \/5 , ,

Q1—Q2 Q1+Q2 )

[\)

Q1 q2,Uu) =g

Then we get the followmg coordinate representation of the constructed
tensors:

0
d1717_1 = (RS + Gu + pgSu — qu) (dq1 A du — pgdql A d(]g) X a—p2,
d_17171 = (RS + Gu + leu — SqQ) (dQQ A du +p1dq1 A d(]g) X —ap s

1
do—10 = (dg1 Ndpy — Sdg1 AN du — (G +p1R) dgy N dga) &

0 0 0
+S—+R
(8 Op 5p2)

do,_l,g = (dq2 A dp2 — qu2 A du + (G + pQS) dq1 A dq2) &

We can write the invariant 2-forms &; and &;:

& = (RS + Gy +piR, — Sy,) dgi A dago,
52 = — (RS + Gu +p25u — qu) dq1 A d(]g.

Then
d&1 = Rydqi N dgy N dpy
+ (SR, + RSy + Guy + D1 Ruu — Sug,) dgu A dga A du,

d&y = —S,dqi A dga N dp;
— (SR, + RSy + Guy + p2Suu — Rugy) dgu A dga A du.
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We see that R, = S, = G, = 0 if and only if d§; = d&; = 0. In this case

G(q1,q,u) = c(q1, 2)u + 2(q1, =)

and we get:
w1 = 2(R(q)p1 + S (q) p2 + clq)u + 2(q)) dgs Adga +dgy Ndpy — dga N dps.

Elliptic case. In this case the equation E,, is contact equivalent to the
equation

Vg + Vyy = 7 (2,9,0) 0y + s (2, y,0) vy + g (x,y,0).

The invariant 2-form &; is

1/ ds dr
=7 (-
4 \ dg, dgs
L
+§ (7’2 + 32 + 4gu + 2(}717’u —Tq + P2Sy — SqQ))) dQ1 A dq2

and & = &,. Then

1 1
& = 1 (—ru + t84) dgr A\ dga A dpy + 1 (114 + Su) dgi A dga N dpy+

1
Z ((plsuu — P2Tuu — Tug + Suq1)+
12 (Tru + 88y + 2guu + P17wu + P2Suu — Sqou — Tmu)) d(h A dQ2 A du.

We see that r, = s, = gy = 0 if and only if d§; = 0. In this case

9(q1,q2,u) = c(q1, 2)u + 2(q1, ¢2)

and we get the following effective 2-form:

w=—(r(q)p1 +5(q)p2 + clq)u+ 2(q)) dgs Ndgs + dgy N\ dps — dga N dp;.
U
Example 10 (The Hunter-Saxton equation). Let us consider the Hunter-
Saxton equation
Vtg = VVgq + /ﬁui,

where k is a constant. This equation is hyperbolic and it has applications
in the theory of a director field of a liquid crystal [1] and in geometry
of Einstein-Weil spaces. For this equation the corresponding effective
differential 2-form is

w = 2udgs A dpy + dqiAdpy — dga A dpy — 2 kp} dgindge
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and the corresponding operator

1 2u 0 O

0 -1 0 O
A, =

0 —2xkp? 1 0

2kp 0 2u —1
in the free basis
d d 0 0
dq:’ daz’ Opy’ Opa
of the module D(C'). Let us choice the following free basis of the module
D(J'M):

P = 9 +P1ﬁ + ffpfi,
oq ou Opo
Py = 6ipl+uﬁipg’
Q1= aiqz+f€pf% - ua%Jr(pz—upl)a%
=

0 0
Z—%+(2H—1)pla—p2,

and the following dual free basis of the module Q' (J'M)

o = dqi + udgy,

g = dp; — ﬁp%d%a

p1 = dga,

By = dpy+ (1 — 2k) prdu+ (k—1) pPdqi+ (26 — 1) p1padgs — udpy
U = du — p1dq — p2dgs.

Here P, P, € D (CLO)? Q1,02 €D (0071), ZeD (l), 01,09 € Qo0 (JIM),
B, By € Q0L (JEM).We get the coordinate representation of the tensors:

0 0 0
d_111=— (pdgy Ndga +dga Ndu) @ | 5— +pi5— + kpi=— |,
oq1 ou Opo

dig—1=2(k—1) (/ipi’dql A dgy + kp3dgy A du

0
—dp1 A du — prdqy A dpy — pedga N dpr) & %’
2
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dy,—10 = (dQ1 A dpy — kpidg A dgs + udgs A dpl)

8 KA

d07_172 = (dQQ A\ dp2 —+ (1 — 2/'{) pldQQ A\ du
+ (1 — k) pidqy A dgy — udgy A dpy)

0 0
2k—1
®(8u (2x >p13p2)
and the differential 2-forms &;and &s:
§1 = —dqa N dp,
52 =2 (]_ — Ii) dQQ N dpl

Due to the theorem, the Hunter-Saxton equation is linearized. The cor-
responding linear equation is the Euler-Poisson equation [14]

L20-k) 20-k)
/i(t—i—x)t k(t+ax) " (k (t+x))?

3.5. The equivalence problem.

Vix =

3.5.1. Relative invariants. We consider a non-degenerate Monge-Ampere

equation F dof E,. Let P =(C10,l,Cy1) be the corresponding almost-

product structure. Let Z be a real vector field which is generates the

complex distribution ! and that is normed by the condition U (Z) = 1.
Define a function k& by the formula:

kY (Z dvy 1) (2, d110))

where <,> is a contraction.
def

Let £ % E5 be an another non-degenerate Monge-Ampere equation
with the AP-structure P= (Cl,o, [ 00,1,>- Ifp: J'M— JM, p*(U) =
AU is a contact transformation such that ¢* (w). = hw for some non-
vanishing function h, then (up to permutation of 1st and 3rd members)

Dy (ﬁ) =P and

1 ~
==z
@*() )\ )
* 1~
' (k)_pk’

Here Z is a vector field that generates the distributionlN, U <§ ) = 1. This
means that Z and k are relative invariants of a Monge-Ampere equation.
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3.5.2. Non-holonomic de Rham complex. Let us introduce submodules
Q° C Q° (J'M) of vanishing on Z differential s-forms:
@Y lae (J'M)| Z)a=0}.

Elements of the submodules Q° we call I-horizontal forms. The set of all
[-horizontal forms form the algebra Q* with respect to the operation of
exterior multiplication.

Define a projection IT : Q° (J*M) — Q° and an operator 9 : Q° (J'M) —
Q! by the following formulas:

()Y a—Un(Z]a),

0% Mod.
The kernel of the operator II is
kerIl = {UAalaeQ (J'M)}.

Lemma 2. Operators I1 and O are natural with respect to contact diffeo-
morphisms, i.e.
o oIl =Tlo¢* (15)
and
p*od=00p" (16)
Proof. For an s-form a € Q° (J'M) we have:
" (I () = ¢" (@) =" (U) A" (Z] )
= ¢ (@) U (¢ (2)] ¢" (o)
* 1 > *
— ¢ (@)= A (5210 (@)
=T (" (o).
Let us prove the second formula. For an arbitrary differential [-horizontal
form o we have:

¢ (00) = ¢ ollod(a) =Ilog" od(a) =
=Tlodoy" (a)=0(¢" ().

The restriction of 0 to the algebra Q* we denote by 0:
500 -,

def

d=20

Q-
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The sequence
o LAY o LAY o C L Ry o C LAY o S AT (17)

where Q° of C>(J'M), is a complex, i.e. §2 = 0. This complex we will
call the non-holonomic de Rham complex.
Note that

S(anp)=0d0anB+(—1)"2"a A

for any differential forms «, § € Q°.
A differential [-horizontal 2-form w is called [-effective if w A OU = 0.
Note that

0 (gU) = goU

for any function g € C* (J'M) and therefore this definition is correct.

Let w be an l-effective differential 2-form and let ¢ : J'M — J'M
be a contact diffeomorphism such that ¢* (w) = ©. Then the form @ is
l-effective also.

3.5.3. e-structures. For any differential [-horizontal 2-form « we con-
struct an [-effective part

o def o — 30U A OU,

where the function s, is defined by the formula
a AU = s, 0U N OU.

The effective 2-form w and the [-effective part w; are generating the
same Monge-Ampere equation.

Now we can formulate the condition of contact equivalence of Monge-
Ampere equations £, and Ej in terms of [-effective forms: ¢* (w;) = hiy.

From this place we suppose that w and w are [-effective and I-effective
differential 2-forms respectively and ¢*(U) = AU, ¢* (w) = hw.

Define a function F' and an operator A : D(C') — D(C) w by the
following formulas:

FOUNOU =w Aw, (18)
AX|OU = X |w,
where the vector field X € D(C).
Then
h* ~
P (F) =3 F
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Indeed,

PO NG = p* (FOU NOU) = ¢* (F) ¢* (0U) A o* (OU)
= " (F) 0" (U) A 9™ (U) = X2* (F) OU A OU.

On the other hand & A & = FOU A OU. Then, \2p* (F) = h2F.

The square of the operator A is scalar and A% + F = 0.

The differential 2-form OU is non-degenerate on the module of vector
fields from the Cartan distribution. This means that if X |0U = 0 for
X € D(C), then X = 0.

For a function H € C*°(J*M) the formula

Xy |0U = —0H (19)

uniquely defines a vector field Xy € D (C).
Note that

_ 1=
ot (Xn) = 3 Xpe ()
We need two technical lemmas.

Lemma 3. We have:
A= %go*_lvogo*.
Proof. Applying ¢ to the both parts of (18)s we have:
Ao (AX)]OU = h (X))@,

Moreover,
ot (X))@ = Ap (X)JOU.

Since OU is non-degenerate, we get: A\plo A = hA o ;L. Therefore

X:%gp*_lvogo*. U

Lemma 4. For any function h € C*°(J'M) we have:

1
Oh Nw = iAXhJ (OU AN OU) .
Proof. The form w is [-effective, i.e., w A OU = 0. Then

0= X, (wAIU) = (AX,] OU) AU — Oh A w.
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Now we can construct an e-structure for the equation E. Define a
vector field W which lies in the Cartan distribution. This vector fields is
uniquely determined by the following relations:

W (9U AU = 20w,

UW)=0.
Suppose that k # 0. Let us introduce the function
def F

= —.

° Tk
and the vector field
def 1
V=-AW
k

Since Lemma 3, and the facts that
_ Il /&= =3
T (W) = 5 (W + AX,)
0" (Fy) = h*Fy,

we obtain:
1
—1 -1 —1
P = — o, 0Aop,)op (W)=
)= )orsr! ()
h’~ h~ =
- XV - XFOXh
For the vector fields X5, we have:
_ h? ~ 2h ~ <
(2% 1 (XFO) = TX}?O + TF()Xh.

Define vector fields Z € D (I) and Y by the formulas

and
of \/ |k
yir VI Loy,
Fy
The vector fields Z and Y are invariant (up to multiplication by —1)
of E:

e (V) =D.
The vector field Y splits into the sum
Y=Vio+ o,
where yl,o eD (CI,O> and y071 eD (0071).
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Applying tensors d_1 11 and dy 1,1 to Z, Vo1, V10 we get two invariant
vector fields from the distributions Cy and Cj; respectively:

ef
X0 & d-111(Z,Y01)

def

XO,l = dl,l,—l (Za yl,O) )

For the case of general Monge-Ampere equation the vector fields Z,
X10, V1,0, X1, Vo1 form an e-structure on J M. Denote the constructed
e-structure by

ep = (Z,{X10, X021}, {V1,0,V01})-

The e-structure is real for a hyperbolic equation and complex for el-
liptic one. In the last case we can construct a real e-structure using and
operation of complex conjugate.

Theorem 3. Two non-degenerate Monge-Ampere equations E and E
are contact equivalent if their constructed e-structures ep and egp are
equivalent.

So, the problem of contact equivalence of hyperbolic Monge-Ampere
equations is a problem of equivalence of e-structures.

Example 11 (Non-linear wave equation). Construct an e-structure for
a non-linear wave equation

Uzy = f (x7y7vavxavy) .

For this equation

0 0 0
SRR TRl

and

I (w) = (p1fp, +p2fp, — 21) dgr Adgz + dgi A dpy
—dga N\ dps — fp,dgy A\ du+ fpdgs A du,
OU = (p2fp, — P1fp1) dy A dga + dgy A dpy
+dga N dps — fp,dgy N\ du — fp,dge A du.

Below the form IT(w) is denoted by w. We see that w A U = 0,
k = fpipi fpops and F' = —1. Suppose that the function & is non-vanishing.
Then

1

fp1p1 fPQPQ '

=
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In the free basis Py, Ps, 1, Q)2 the operator A has a diagonal form:

1 0 O 0
01 O 0
A= 00 -1 0
00 0 -1
Moreover
0 0
W = _— N
fm op1 fpl apz’

0 0

1
V =0—— s tIma— |
fplplfp2p2 <fp Op fp a192)

- d
XFO =k 2 (fplplfmmm + fpzpzfplplpz) d_q2

_ d
+k ? (fplpl fplmm + fp2p2fP1P1P1> d—ch

_ 0
—k 2(p2 (fplm fpzpzu + fpzpz fp1p1u) + fplpl fquzpz + prPQfQZPIPI)a—pQ

_ 0
—k 2(p1 (fplm fpzpzu + fpzpz fp1p1u) + fplpl fq1p2p2 + prprQIPIPI)a—pl'

We obtain the following e-structure:

_ d 0
yl,o =—k 1/2(fp1pzpzfp1p1 + fpzpzfplplpl) (d—ql + fa—m)

+ k_l/Q(_2fp2 Tpapa forpr + P1Ipopeutpips + f Fpapapa fouim
0

+ plfp2p2 fplpl“ + ffmm fp1p1p2 + fplpl ffhmm + fp2p2fqlplpl)a—plv
_ d 0
yO,l =—k 1/2(fp2p2p2fp1p1 + fp2p2fp1p1p2) (d—q2 + fa—pl)
k_l/Q (p2fp2p2ufp1p1 + fp1p1 (ffp1p2p2 + fq2p2p2)+

0
fp2p2(_2fpl fplpl + p2fp1p1u + ffplplpl + ffnmpl))a—mv

0 0 0
Z=k"V2 ([ — —
g (Gu * pr op1 * fpl 5p2) ’
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1
X = f—(p2fp2p2ufp1p1 + P2fpr (foapaps foipy + Jrape forpips)
p1p1
1
- f—(fpzpzpzfmm + fpzpzfplmpz)(_fu +p2fpzu - prfpl
P2p2

+p2fp2p2fp1 + ffplPQ + fqzm) + fplpl (ffplpzm + fquzpz)

0
+ fp2p2(_2fp1 fplpl + p2fp1p1u + ffplplm + fq2mpl))(z)}—p1

1
XO,l - 7 (_2fp2fpzpzfp1p1 + plfpzpzufplpl + ffpzpzpzfplpl

Spapo
+p1fp2p2fp1p1u + ffpzpz fplPIPQ + plfp2 (fplpzpz fplpl + fmpz fplplpl)
1
+ fp1p1fq1pzp2 - f—(fplpzpzfmm + fpzpzfplplpl(_fu + plfplu
p1ip1

0
+ [ fope T fpz(_fpl +p1fp1p1) + fqlpl) + fp2p2fquvuv1)a—p2 .
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