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ABSTRACT. The paper is a survey of the theory of Lagrangian systems
with non-holonomic constraints in jet bundles. The subject of the paper
are systems of second-order ordinary and partial differential equations
that arise as extremals of variational functionals in fibered manifolds.
A geometric setting for Euler-Lagrange and Hamilton equations, based
on the concept of Lepage class is presented. A constraint is modeled
in the underlying fibered manifold as a fibered submanifold endowed
with a distribution (the canonical distribution). A constrained system
is defined by means of a Lepage class on the constraint submanifold.
Constrained Euler-Lagrange equations and constrained Hamilton equa-
tions, and properties of the corresponding exterior differential systems,
such as regularity, canonical form, or existence of a constraint Legendre
transformation, are presented. The case of mechanics (ODEs) and field
theory (PDEs) are investigated separately, however, stress is put on a
unified exposition, so that a direct comparison of results and formulas
is at hand.

1. INTRODUCTION

Since the 30’s of the last century when the pioneer paper by Chetaev
was published [4], the study of non-holonomic constrained systems has
been of growing interest in mechanics, control theory and geometry.
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Namely during the past 15 years much effort has been devoted to develop-
ments of geometric methods and studies of geometric structures of non-
holonomic mechanics; among the many contributions to the subject, let
us mention here at least [3, 6, 9, 15, 17, 20, 26, 27, 28, 30, 31, 33, 34, 38|,
and references therein. Recently, several authors have started to study
a more general situation of partial differential equations (field theories)
with constraints given by systems of first-order partial differential equa-
tions [2, 22, 25, 37]. Since the geometric origin of these constraints is the
same as in mechanics, it is natural also in this generalized situation to
call such constraints “non-holonomic”.

The papers investigating non-holonomic systems differ in approaches,
methods, geometric setting, kind of constraints studied, and many other
aspects. Usually (and this is in no case specific for constrained systems),
tools, structures and methods used in mechanics (i.e. ordinary diffe-
rential equations) and field theory (partial differential equations) are es-
sentially different. The aim of this paper is to present foundations of
a general geometric theory of non-holonomic systems as a part of the
calculus of variations on fibered manifolds. It is based on the theory of
Lepage equivalents of Lagrangians (Krupka [10, 12]) and of dynamical
forms (Krupkova [14, 15, 16, 19]), and on study of exterior differential
systems associated with variational equations (Krupkova [14, 16, 19, 21]).
It is also important to note that a constraint is modeled in the underly-
ing fibered manifold as a fibered submanifold endowed with a distribution
(called canonical distribution) [15, 22]. This structure plays a key role in
studying the geometry of non-holonomic constrained systems, and rep-
resents a correct mathematical realization of the physical d’Alembert’s
principle (that is ambiguous in case of velocity dependent constraints in
mechanics, and completely unclear in field theory). The setting of [15]
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and [22] brings a unified approach to mechanics and field theory, both
unconstrained and with constraints, and can be directly transferred to
higher-order situation [18].

There are basically two different approaches to systems with con-
straints:

e constrained system is modeled as a modified unconstrained system,
defined on the same manifold as the unconstrained system (in mechanics
this concerns so called “constraint forces” and dynamics governed by
equations with Lagrange multipliers),

e constrained system is modeled as a system defined on the constraint
submanifold (dynamics are modeled by the so called “reduced equations”,
without Lagrange multipliers).

As shown in [15] and [22], both these approaches are equivalent. In
this paper, however, we prefer the latter one, since it is more geometrical,
and enables us to study constrained systems by the same tools as uncon-
strained systems. We focus on wvariational systems, i.e. such that their
dynamics are given by differential equations that arise as equations for
extremals of Lagrangians (Euler-Lagrange equations). First, we recall
basic facts on unconstrained Lagrangian systems and their associated
Hamiltonian systems in jet bundles. Then we turn to the concept of
non-holonomic constraint structure. Finally we study Lagrangian sys-
tems subjected to non-holonomic constraints, namely constrained Fuler—
Lagrange equations and constrained Hamilton equations, where we devote
our attention to such problems as regularity of constrained systems, or
existence of an appropriate “constraint Legendre transformation”. The
cases of mechanics (ordinary differential equations) and field theory (par-
tial differential equations) are investigated separately, however, stress is
put on a unified exposition, so that common features on one hand and
differences on the other hand are transparent and their geometric origin
becomes clear. We also tried to provide analogous results and formulas
in such a way that the reader could compare them directly.

This work is basically a review paper, however, it contains also new,
yet unpublished results (this concerns Sec. 4.5 and 4.6 on constrained
Hamilton-De Donder equations and constraint Legendre transformation
for general non-holonomic constraints in field theory).

2. CALCULUS IN JET BUNDLES

We start with a brief introduction of notations, basic structures and
the corresponding calculus to be used. For more details we refer to the
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books by Saunders [32] and Krupkové [16], and the papers by Krupka
(10, 12].

We consider a fibered manifold 7 : ¥ — X with dimX =n > 1,
dimY = m + n, and its jet prolongations m; : J'Y — X and my :
J?Y — X. All manifolds and mappings are smooth, and the summation
convention on repeated indices applies throughout.

A mapping v: U — Y, where U C X is an open set, is called a section
of mif m oy =idy. We denote by J'y and J?v the first and the second
jet prolongation of ~y, respectively. Note that J'v (resp. J?v) is a section
of m (resp. m). A section § of 7 is called holonomic if § = J'v for a
section vy of .

A vector field £ on Y is called w-vertical if Tw-& = 0, and 7-projectable
if T'm-&=¢&yom for a vector field § on X. Considering the projections
moJY — X, m o JY — X, T - JY —Y, T - JY — JY
and o : J2Y — Y the concepts of the corresponding verticality and
projectability are obtained quite similarly. For the module of vector fields
(resp. m-vertical vector fields) on J"Y, r = 1,2, we shall use the notation
X(JY) (resp. V(J'Y)).

Denote by Q4(J'Y) the module of g-forms on J'Y. A form n €
QU(JYY) is called m-horizontal (vesp. i g-horizontal) if ien = 0 for
every mi-vertical (resp. 7 g-vertical) vector field £ on J'Y; n € Q4(J'Y)
is called contact if J'y*n = 0 for every section v of w [10]. A contact
form n € QI(J'Y) is called 1-contact if for every m-vertical vector field
¢ the form i4¢n is m-horizontal; it is called k-contact, where 2 < k < g,
if for every m-vertical vector field £ the form icn is (k — 1)-contact [12].
We denote

e Q% (J'Y) the module of 7 -horizontal ¢-forms on J'Y,

e Q% (J'Y) the module of i-contact g-forms on J'Y,

e QL7 (J'Y') the submodule of Q9%(J'Y") consisting of 7, o-horizontal
forms.

It is important to mention that every form n € Q(J'Y") has a unique
decomposition into contact components as follows (Krupka [12]):

Ty 1 = hn 4 p1n + - - - + pg_1m + pen, (2.1)

where h and py, (k > 1) denotes the horizontalization and k-contactization
operators, respectively, assigning to 7 its horizontal (resp. k-contact,
1 < k < ¢q) component.

Therefore, we shall also use the following notations:

o QIR (JIY) = Q=RE(JIY) @ Qak-LE+1(JIY) ... Q%(J'Y), ie.
the module of ¢-forms on J'Y that are at least k-contact,



DIFFERENTIAL EQUATIONS WITH CONSTRAINTS 99

° Q%I/(Zk)((}ly> — Qg]/—k,k((jly) @Q(}]/—k—l,k+1((]1y> D - - .@Q%Q(le)7 ie.
1,0-horizontal ¢-forms on J'Y that are at least k-contact.

We denote by (z¢,y°), where 1 < i < n, 1 < o < m, local fibered
coordinates on Y, and by (z*,y%,y7) and (2*,4%,y7,93,), where 1 < j <
k < n, associated coordinates on J'Y and J?Y, respectively. We put

wo=dz" A ANda",  wj=igp.iwo. (2.2)

In case that dim X = 1, we write (¢,¢7), where 1 < o < m, to denote
local fibered coordinates on Y, and (t,q%,q¢%) (resp. (¢,4%,4%,¢°)) for
associated coordinates on J'Y (resp. J?Y).

In calculations we use either a canonical basis of one forms, i.e. (dz’,
dy, dy7) on J'Y and (dz’, dy”, dyf, dy3) on J*Y (alternatively, if dim X
=1, (dt,dq°,dq’) and (dt,dq”,d°,d{%)), or better a basis adapted to
the contact structure, i.e. (da’,w? dy7) on J'Y and (dz',w”,wf,dyf),
on J?Y, where

W’ = dy’ — ¢ da’, wi = dy] —y5; da’ (2.3)
are local canonical contact 1-forms. Alternatively, if dim X = 1, adapted
bases take the form (dt,w?,dq”) and (dt,w?,w?, dq?), where

Wl =dq° —¢°dt, W =dq¢° —§°dt. (2.4)

In an adapted basis to the contact structure every k-contact component
prn of a g-form n (where 1 < k < q) is expressed by means of a wedge
product containing ezactly k of the canonical contact 1-forms above.

If f is a function on J'Y, we have by (2.1) the exterior derivative df
canonically splitted into the horizontal and contact component,

Ty df = hdf + pdf, (2.5)
with
df

where d/dz?, 1 < j < n, denotes the j-th total derivative operator (also
called j-th formal derivative operator),

i_i_}_ g 0 + Ui
doi — 0w Yy T Yigyr

For convenience of notations we also use the ‘cut’ total derivative ope-

(2.7)

rators,

d 9 5, d 9
= Y= Y, 1<i<n 2.8
ded  OxI Y oye  dad Yij ye’ SJ=n (2.8)
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If dim X = 1, these formulas take the following form:

_df
hdf = = d. (2.9)
d o 0 0
%—a—f‘qa—qg‘i‘qa—qg, (2.10)
d 0,0 d .0

Eza‘i‘q aqua—q a—q,o_. (211)
Definition 2.1. 1-contact (n+ 1)-forms on J"Y', horizontal with respect
to the projection m, ¢, are called dynamical forms of order r [16].

Horizontal n-forms on J"Y are called Lagrangians of order r [10]. By
a local Lagrangian (of order r) we shall mean a Lagrangian defined on
an open subset of J"Y.

Definition 2.2. [10] Let A be a Lagrangian on J'Y. An n-form p is
called Lepage equivalent of X\ if hp = X\ and pidp is a dynamical form.

The form pydp is then called the Fuler—Lagrange form of A and denoted
by E)\.

As proved in [12], every Lagrangian has a Lepage equivalent. For a
Lagrangian of order r Lepage equivalents are of order 2r — 1, and the
Euler-Lagrange form is of order 2r. It should be stressed that while
Lepage equivalent of a Lagrangian need not be unique, the Euler—Lagrange
form always is unique.

3. MECHANICAL SYSTEMS WITH CONSTRAINTS

Throughout this section we consider a fibered manifold 7 : Y — X,
dim X = 1, and we assume dimY = m + 1, where m > 1. Main sources
for our exposition are the following: [1, 8, 11, 12, 35, 36] for the inverse
variational problem, [15, 16, 21| for a geometric approach to variational
ordinary differential equations, [7, 10, 12, 14, 16] for (unconstrained)
Lagrangian and Hamiltonian mechanics in jet bundles, [15, 28] for the
model of the non-holonomic constraint structure, and [3, 4, 6, 9, 15,
17, 20, 27, 28, 29, 30, 31, 33, 38] for non-holonomic Lagrangian and
Hamiltonian systems.

3.1. Dynamical forms. Let F be a dynamical form on J?Y. A section
~ of 7 is called a path of E' if

Eo J*y=0. (3.1)
In fibered coordinates E reads

E = E,w’ Adt, (3.2)
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where E, are functions of (¢,¢",¢",G"), and the equation for paths of
E takes the form of a system of m second-order ordinary differential
equations for the components (v") of v as follows:
d,yu d2,yu
Eo‘ <t7 v t s T 7,
L et
We stress that these equations need not be “solvable with respect to

)zO, 1<o<m. (3.3)

the second derivatives”, meaning that they need not be expressible in a
normal form,
d2,ya d’}/y
:F”<t, ”t,—). 3.4
- SO (34)
Equations for paths of dynamical forms can be represented by means of
exterior differential systems locally generated by 1-forms [14].

Proposition 3.1. Let E be a dynamical form on J*Y . A section vy of w
is a path of E if and only if

Jyrica =0 VEeV(JPY), (3.5)
where o is any 2-form such that pya = E.

Proof. By a direct computation we immediately obtain that (3.1) is equi-
valent with the condition J?v*iFE = 0 V¢ € V(J?Y). Now, since con-
traction by vertical vector fields is compatible with the decomposition of
forms to contact components (2.1), and prolongations of sections annihi-
late contact forms, we can see that adding to £ (which is 1-contact) any

2-contact form F' gives us
IV ie(E + F) = J*v*icE + J*y i F = J*y*icE Y6 € V(JPY). (3.6)
O

Definition 3.1. [15] Let E € Q% (J?Y) be a dynamical form. The equi-
valence class of 2-forms (on an open subset U C J?Y) defined by

a; ~ay iff pia; =pras = Ely (3.7)

is called Lepage class of E on U. The family of all local Lepage classes
of E will be referred to as Lepage class of E and will be denoted by [o] g,
or simply [a].

By the above proposition, the equation for paths of E (on U) coincides
with equations for holonomic integral sections of the distribution

A, = annih {ica | V€ € V(J?Y)} = span {¢ € X(J?Y) | ica =0}, (3.8)

where « is any representative of the Lepage class of £ (on U).
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Definition 3.2. [15] Let [ be a Lepage class of E. Every representative
a € [a] is called a Hamiltonian system associated with E. The distri-
bution A, is called a dynamical distribution of E. Equations for (all)
integral sections of A, are called Hamilton equations associated with E.

In what follows we shall be interested in dynamical forms that can be
represented by first-order Lepage classes. This means that the dynamics

are described by dynamical distributions defined on (open subsets of)
JY.

Proposition 3.2. Let E be a dynamical form on J*Y. The following
conditions are equivalent:

(1) Around each point in J'Y there exists a Lepage class of E.
(2) In every fibered chart, E takes the form (3.2), where the functions
E, are affine in the second derivatives, i.e.,

Ey = As(t.q",q") + Bop(t. ¢",¢")q"- (3.9)
Proof. We have
a = E+F=F,0° A\ dt+F,w°Aw’ + FQWw A" + FLLo" A w”
= (Eo—2F5,¢"—F2,4")dq” N dt + (Fq7—2F,,q")d¢” Adt  (3.10)
+F,,dq° ANdq” + FOldq® A dg” + F1ldgo A dg”.

Hence, « is projectable onto an open subset of J'Y iff F,, and F°! do
not depend on ¢*, F!! =0, and

%?;’ = F); (3.11)
consequently,
;;g;y =0 (3.12)
The first-order Lepage class is represented by 2-forms
a= A;w’ Ndt + By,w® ANdg” + Fyw® AW, (3.13)
where F,, are arbitrary functions of (¢, ¢, ¢”). O

Definition 3.3. A dynamical form on J?Y that has a Lepage class
around each point of J'Y is called J'Y -pertinent, or, a first-order me-
chanical system.

Finally, we recall the concept of a regular dynamical form.
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Definition 3.4. [14, 15] A first-order mechanical system (respectively, a
J'Y -pertinent dynamical form) F is called regular if around each point
of J'Y there exists a dynamical distribution A,, a € [a]g such that
rank A, = 1.

Proposition 3.3. [14, 15| The following conditions are equivalent:

(1) A first-order mechanical system E is regular.
(2) The following condition holds:

OE,

5 ) = det(B,,) # 0. (3.14)

(3) Equations for paths of E have an equivalent normal form (3.4)
where F'° = —B" A, .

det <

3.2. Variational ODE’s and related Hamiltonian systems. A dy-
namical form E € Q3%.(J?Y) is called (globally) variational if there exists
a Lagrangian A such that (possibly up to a projection), F = E\. FE is
called locally variational if it is variational in a neighborhood of every
point in J?Y [11, 12]. In fibered coordinates this means that the compo-
nents E, of E take the form of Fuler—Lagrange expressions of A = L dt,
ie.
oL d oL

E, = o doq (3.15)
if A\ is a first order Lagrangian.

It is known that a locally variational form need not be globally vari-
ational [35]: obstructions come from the topology of the manifold Y.
Every (globally) variational form on J?Y possesses a global second-
order Lagrangian. This Lagrangian is locally equivalent with first-order
Lagrangians (we say that it can be locally reduced to first-order La-
grangians).

A dynamical form E € Q% (J?Y) is locally variational if and only if its
components F,, 1 < o < m, satisfy the Helmholtz conditions [8]

OE, OB,

=0
oJiid 8%" ’
8EU+8E,, 2d8,, _ 0 (3.16)
aqv  0¢° dt 0ge ’
oE, OE, N doE, d* ok,
dq¥v  0q°  dt 0¢°  dt? 0¢°
Local (second-order) Lagrangians then can be constructed using the fol-
lowing formula [36]

= 0.

1
L= qa/ E,(t,uq”, ug”, ug”)du. (3.17)
0
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Notice that from the Helmholtz conditions one easily gets that every
second-order locally variational form is J'Y -pertinent, i.e., defines a first-
order mechanical system; it is called a first-order Lagrangian system.

Recall that every representative a of the Lepage class of E is called a
Hamiltonian system associated with E.

As shown in [10], every first-order Lagrangian A has a unique first-order
Lepage equivalent, the Cartan form, denoted by ©,. Consequently, local
first-order Lepage classes of E are represented by 2-forms

a=de,+F, (3.18)

where F' is an arbitrary 2-contact form on the domain of definition of
dO,. Hence, if X is (any) Lagrangian for £ on U C J'Y, the Lepage
class of E on U is given by [a]|y = [dO,]. To simplify notations, we
write with an obvious inaccuracy,

[a] = [dO,] = dO) mod QY (J'Y). (3.19)
Moreover, we have the following stronger result:

Theorem 3.1. (Krupkova [14, 15]). Every first-order Lepage class of E
has a unique closed representative, defined on J'Y .

The unique closed 2-form mentioned above is denoted by ag and called
the Lepage equivalent of E [14]. If X is a Lagrangian for E (possibly local,
of order r > 1) then (up to a projection) ag|y = dO,; here U denotes
the domain of definition of d©,.

In fibered coordinates, where E = E,w? A dt and A = L dt, we have

10F, OE, .
(69 ) :anaAdt+§ 6qu w"/\w”—l— a—q_ywa/\w”, (320)
oL
O\ =Ldt+ —w’ 3.21
A + aq.aw ) ( )
and, on the domain of definition of A,
oL d 0L
E=F),=pdO, = FE,d¢° Ndt wh E,=————. (322
L= Oy = Bydg” ndt where By = 22— S (322)

Since the functions E, are affine in the ¢’s, we write
Ea = Aa + Bau(jua (323)
where A, and B,, are functions of (¢, ¢, q7),

8°L oL L L
T % 24
94°0¢" (3:24)

Bau: - - ; .
8"  0tog  9qroge !
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Remark 3.1. In what follows we shall always assume that F is defined
on J?Y and is everywhere nontrivially of order 2. This means that (B,,)
in (3.23) is everywhere a non-zero matrix, or, equivalently, for every
Lagrangian A the Cartan 2-form d©, is everywhere nontrivially of order
one.

Definition 3.5. Paths of a locally variational form are called extremals.
Equations for paths of a locally variational form (respectively, equations
for holonomic integral sections of associated dynamical distributions) are
called Fuler—Lagrange equations. Equations for integral sections of the
dynamical distributions are called Hamilton equations, their integral sec-
tions are then called Hamilton extremals. The dynamical distribution

A

op 15 called the Fuler—Lagrange distribution.

Note that locally for every Lagrangian A of E, A,, = Age,.

A principal question in the theory of Lagrangian systems on fibered
manifolds is the relationship between Hamilton equations on one side
and Euler-Lagrange equations on the other side [13]. It is clear that
every extremal prolonged to J'Y is a Hamilton extremal. The converse,
however need not hold: a Hamilton extremal need not be a solution of
the Euler—Lagrange equations.

The problem of equivalence between the set of extremals and Hamilton
extremals is solved by the following theorem.

Theorem 3.2. (Krupkova [15]). If E is regular then the dynamical dis-
tributions A, where o belongs to the first-order Lepage class of E, co-
incide on the common domain of definition (and their rank equals to
1). Consequently, if E is reqular then for every a € [a]g the Hamilton
equations are equivalent with the Euler—Lagrange equations.

Notice that if E is regular then every dynamical distribution is locally
spanned by the following semispray:

0 0 0
= — . BUPA _— 2

where (B7?) is the inverse matrix to (B,,).

Definition 3.6. A Lagrangian \ is called regular if its Euler-Lagrange
form FE) is regular [14].

Proposition 3.3 and Theorem 3.1 easily imply that we have the follow-
ing equivalent characterizations of a regular Lagrangian:

(1) rank Age, = corank dO, = 1.
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(2) If X is a first-order Lagrangian,
O*L
det 0. 3.26
ot (5 ) 7 (3.20
In view of Theorem 3.1 and a theorem on a canonical form of the
Lepage equivalent of E ([14]) one obtains the following result:

Proposition 3.4. Let E be reqular. Then in a neighborhood of eve-
ry point in J'Y there is a local coordinate transformation (t,q°,q%) —
(t,q7,ps) such that every a belonging to the first-order Lepage class of E
takes the canonical form

a=—dH Ndt + dp, N dqg° + F, (3.27)

where F'is a 2-contact m o-horizontal 2-form.

This transformation is called Legendre transformation.
Functions H and p, above can be expressed in terms of a first-order
Lagrangian A for F; it holds

)

y = —! H=—-L+p,q°. 3.28
Pe = 5 + Pod (3.28)

In Legendre coordinates Hamilton equations take the “canonical form”

d(py 0 d 0OH d(qg° o 0OH
(- 00) _ _OH [¢700) _ OH (3.29)
dt 0q° dt op,
Summarizing, for a reqular Lagrangian system (represented by a re-

gular locally variational form E on J?Y), all related Hamiltonian sys-

tems are (locally) equivalent and Hamilton equations are equivalent with
Euler—Lagrange equations. Hamilton extremals coincide with prolonga-
tions of extremals, and are solutions of the canonical equations (3.29).

3.3. Nonholonomic constraints. Let us introduce the non-holonomic
constraint structure in J'Y, as defined in [15].

Definition 3.7. By a constraint submanifold or a non-holonomic con-
straint in J'Y we shall understand a submanifold Q C J'Y, fibered over
Y, precisely speaking, a surjective submersion m|g: Q — Y.

We denote by £ the codimension of () and assume that 1 < k < m—1.
A nonholonomic constraint @ in J'Y of codimension k can be locally
expressed by equations

fit,q7,¢°) =0, 1<a<k, (3.30)
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where
a a
rank < f ) =k, (3.31)
0q°
or, equivalently, by equations in a normal form,
" — gt ¢, ¢ ¢ =0, 1<a<k (3.32)

A section 7 of 7 defined on an open set W C X is called a holonomic
path in Q) if for every x € W

Jy(z) € Q. (3.33)
Given a constraint submanifold @ in J'Y there naturally arise the
following local distributions, defined on the domain U of definition of the
functions f%:
(1) Dy = annih {df*,1 < a < k}; rank Dy is constant on U due to
(3.31) and equal to 2m + 1 — k.
(2) Cy = annih {¢%, 1 < a < k}, where

¢ = fodt + gf W, 1<a<k, (3.34)
qU

(3) Cy = annih {¢%, df*,1 < a < k}.

Cy is called extended constraint distribution; it has a constant rank

equal to 2m + 1 — k. Cy is called constraint distribution related to the
constraint submanifold () on U, and its rank equals to 2m + 1 — 2k.
The following assertions hold ([15]):

Proposition 3.5. Q N U is an integral submanifold of Dy. For every
point x € Q, the forms df*(x), 1 < a < k, annihilate the tangent space
T.Q to the manifold Q at x, i.e. along @, D = annih{df*, 1 <a <k} =
TQ.

Corollary 3.1. Let Q be a non-holonomic constraint of codimension k
in JYY, and let f* = 0 and f* = 0, where 1 < a < k, be two sets of
equations of Q on an open set U C J'Y. Then there are functions V5 on
U such that at each point of U, (7§) is a regular matriz, and df* = 'y;dfj.
In particular, at each point x € QNU,
ofe _ _,of

Proposition 3.6. Cy is a subdistribution of both Cy and Dy. At the
points of Q NU, the distributions Cy and Cy N'D coincide, and define a
distribution of corank k on Q NU.
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Theorem 3.3. Let (Q be a non-holonomic constraint in J'Y , let v : Q —
JYY be the canonical embedding of the submanifold Q into J'Y . Put

P =19¢" 1<a<k (3.36)

Then
C = annih {¢p*, 1 <a <k} (3.37)
s a distribution of corank k on Q).

Note that in fibered coordinates

—a __ afa -0 _ —m—k+a aga -1
¢ = <8q"’ o L)w = — 2 (3.38)

where we have denoted
w7 = 'w? =dq° — (¢° o )dt, (3.39)

ie.,
ol =dgt —¢ldt, 1<1<m-—k,

(3.40)
(Dm—k’—l-a — dqm—k+a _ gadt’ ]_ S a S k

Definition 3.8. [15] The distribution C (3.37) on @ is called canonical
distribution. 1-forms belonging to the annihilator C° of C, are called
canonical constraint 1-forms. The ideal in the exterior algebra of diffe-
rential forms on @ generated by C° is called canonical constraint ideal,
and denoted by Z(C?); its homogeneous component of degree p is denoted
by ZP(C°). Elements of the ideal Z(C°) are called canonical constraint
forms.

One can show by a direct computation that the canonical distribution
can be equivalently locally spanned by the following system of vector
fields:

B 0 =~y Og°. Bl
5 =0t o0~ o) g

9. _ 0 Zag“ 9 (3.41)

—_— 1<s<m-—k
aq's aqm—k—i—a’ - 7 = )

a=1
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For the sake of simplicity we shall also use the following notations:

de 0 40 0 0 40 O 40 a0

g}t - %t q ¢! 9 aqma—km qaaql - gt q ¢’ q aq'l’

“e _ ‘l_ a_ v _ _c -l c

dt Ot +a g *g Ogm—Fkta Ot +a g (3-42)
d. ,0 d

In general, the canonical distribution is not completely integrable.
There are two interesting particular cases of non-holonomic constraints
as follows:

Definition 3.9. [15] A non-holonomic constraint () is called

(1) simple if the canonical distribution C is projectable onto a distri-
bution on Y,

(2) semiholonomic if the canonical distribution C is completely inte-
grable.

It can be proved [15] that every semiholonomic constraint is simple.
Consequently it can be equivalently modeled as either

e a fibered submanifold ) C J'Y with the canonical distribution C
completely integrable (i.e., the canonical constraint ideal Z(C°) closed),
or

e a completely integrable, nowhere vertical distribution on the total
space Y.

Another result shows [15] that a non-holonomic constraint is simple if
and only if it is locally defined by equations affine in velocities. Conse-
quently, a simple non-holonomic constraint can be equivalently modeled
as either

e a fibered submanifold Q C J'Y with the canonical distribution C
projectable onto a distribution on Y, or

e a nowhere vertical distribution on Y, which need not be completely
integrable.

3.4. Constrained Lagrangian systems. Let us consider a Lagrangian
system on J'Y. Recall that it is defined by a locally variational form E
on J?Y, as the first-order Lepage class [a] of E (see (3.19))

[a] = [dO)] = dO) mod QV*(J'Y). (3.43)

If © : Q — J'Y is a non-holonomic constraint and Z(C") the corre-
sponding canonical constraint ideal, we have another equivalence, de-
noted by &, on 2-forms on @) (with the same domain of definition):

man iff om—m=F+, (3.44)
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where F is a (local) 2-contact 2-form on @, and ¢ is a constraint 2-
form. We denote by [[n]] the class of n. If [a] is a Lepage class on J'Y
associated with a locally variational form E € Q?(J%Y) then for any of
its two elements defined on the same subset of J'Y,

o~ oy = oy =, (3.45)

Definition 3.10. [15, 20] Let [a] = [d©,] be a Lagrangian system on
J'Y. By the associated constrained Lagrangian system we mean the
class [[t*a]] = [[t*d©,]]. Each form *dO, + ¢, where ¢ € Z*(C°), is
called constrained Cartan 2-form of .

Note that every element of [[1*d©,]] is of the form
a=1"dOy+ F + o, (3.46)

where F' € Q%*(Q) and ¢ € T%(C°).
In fibered coordinates, where @ is given by (3.32) and the Euler—
Lagrange form of A is represented by (3.23), (3.24), we have [15, 20|

a =A@ Ndt + B,@' A diE + Fiy ' AD° + o, (3.47)

where 0! = 1*w!, ¢ € T2(C°), F, are arbitrary, and

i By’ 09\ d'g’

A= Al+Am—k+z’ —gl+ Bl,m—k+i+Bm—k+j,m—k+ii'l . b

_ a%gi dg’ . dg' 9g’ (348)
Bjs= (Bls+Bl,m—k+z'a—CjS+Bs,m—k+ia—CI-l+Bm—k+i7m—k+ja—q'la—q'g) °b

and summations run over I,s = 1,2,...,m — k and 4,7 = 1,2,... k.
Since (By,) is a symmetric matrix, the above formula gives us that the
matrix (Bys) is symmetric.

Definition 3.11. [15] The constraint dynamical distribution related with
a 2-form &, denoted by Ay, is defined to be the subdistribution of the
canonical distribution C, annihilated by the 1-forms ¢c&, where £ runs
over all m-vertical vector fields on @) belonging to C. This means that

As = annih {¢%, 1 <a <k, ica, V€ € V(J'Y)NC}. (3.49)
In particular, the constraint dynamical distribution related with a con-

strained Cartan 2-form is called constraint Fuler—Lagrange distribution.

Definition 3.12. [15, 20] Let [[t*d©,]] be a constrained Lagrangian sys-
tem. Then for any representative & of the class [[t*dO,]], equations for
holonomic integral sections of the constraint dynamical distribution Ag,
i.e., the equations

J'y%ica =0 for every m-vertical vector field £ € C, (3.50)



DIFFERENTIAL EQUATIONS WITH CONSTRAINTS 111

where v : W — Y, J'y(W) C Q, are called constrained Euler—Lagrange
equations. Solutions of constrained Euler-Lagrange equations are called
constrained extremals.

We note that (locally) constrained Euler-Lagrange equations do not
depend upon the choice of a representative & of the class [[t*d©,]]. This
means that with help of a (local, possibly higher-order) Lagrangian A for
E we can write the constrained Euler-Lagrange equations in the form

J'y%ie(1*d©y) = 0 for every m-vertical vector field £ € C,  (3.51)

where v : W — Y, J'4(W) C Q.
For A = L dt denote

_ _ oL
L:LOL, LQZWOL, ]_SCLSI{?, (352)
and i
- ~— 0L
O, = Ldt — w°. 3.53
A + ; I w (3.53)

We get the following relation between the forms 1*©, and ©,«:

Proposition 3.7. [20]
5O\ = O\ + I/a o (354)

For convenience we shall use the notation
R , 0. d, 0
s =0¢ " atog 1~ a¢  dtog
for the so called C-modified Euler—Lagrange operator and cut C-modified
FEuler—Lagrange operator, respectively.
In fibered coordinates constrained Euler—Lagrange equations take the
form a mixed system of m — k second-order and k first-order ODE’s for
sections v of 7 as follows:

(3.55)

Theorem 3.4. [15, 20] Let [dO,] be a Lagrangian system on J'Y, Q C
JYY a non-holonomic constraint. A section v : W — Y of 7 is a con-
strained extremal if and only if it satisfies J1y(W) C Q, i.e.

feoJy=0, 1<a<k, (3.56)

and the constrained Euler—Lagrange equations (3.51) . The latter take
one of the following equivalent coordinate forms:

(1) By means of L,
(A + Bi§®) o J*y =0, 1<1<m—k, (3.57)
where Ay, By, are given by (3.24), (3.48).
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(2) By means of L and L,
(u(L) = Lo pu(g*)) o JPy =0, 1<I<m-—k. (3.58)

Consequently, the functions A;, By are equivalently expressed as follows:

_ - = a D, 82E L azga
A= (L) = Lapi(9"),  Bu=—gaa + Lagasa:

Definition 3.13. The operator
556(E7 I/a) = NS([_/) — L, ps(9”), 1<s<m-—k (3.60)

(3.59)

is called the constraint Euler—Lagrange operator.

The definition of a regular constrained system is quite similar to the
unconstrained case.

Definition 3.14. [15] A constrained Lagrangian system [[¢*d©,]] is called
reqular if around each point of () there exists a constraint dynamical dis-
tribution A4 such that rank A; = 1.

Regular constrained systems are characterized as follows (see [15, 38]):

Theorem 3.5. Let [[t*dO,]] be a constrained Lagrangian system. The
following conditions are equivalent:

(1) [[¢*d®.,]] is regular.

(2) The (m — k) x (m — k)-matriz (By) is reqular, i.e.,

det(By) # 0. (3.61)
(3) Ewery first-order Lagrangian A = L dt satisfies the regqularity con-
dition
2 2 a 2 a
det a L. + a—L ai + 67[1 ai
aqlaqs aqm—k’—i-a aqs aql aqm—k-i-a aql aqs

0*L aga agb (362)

aq'm—k—i-aaq'm—k—i-b a—ql a—qs o L) 7'é 0.

(4) Every first-order Lagrangian A = L dt satisfies the reqularity con-
dition

0?L oL 0%g*
det — 0 3.63
’ (aq'laq's (aq‘m-k+a ) L) aq‘laq's) 7 369
where L = Lo 1.
(5) Ewvery constraint dynamical distribution is locally spanned by the

following constraint semispray:

<—2+T§‘li+iai—23lmi (3.64)
Ot — q ¢’ g Ogm—k+a Saqz’ )

a=1 l,s=1

m—Fk
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where (B') is the inverse matriz to (By,).
(6) The constrained Euler—Lagrange equations have an equivalent form

qm_k+a - ga(t7 qU7 ql7 A 7qm_k>7 ]‘ S a S k?

o 3.65
¢ = —BY¥A,, 1<i<m-—k. (3.65)

We stress that, as one can see from any of the above equivalent regu-
larity conditions, a constrained system arising from a regular Lagrangian
system need not be regular.

Corollary 3.2. If Q C J'Y is a simple non-holonomic constraint then
the regularity condition reads

O0?L
where L = Lo ¢.

3.5. Constrained Hamilton equations. Constrained Hamiltonian sys-
tems were studied in detail in [3, 9, 38].

Let [a] = [d©,] be a Lagrangian system on J'Y, ¢ : Q — J'Y a non-
holonomic constraint, [[t*a]] = [[¢*dO,]] the corresponding constrained
system. For every & = 1"« € [[1*d©,]] we have the constraint dynamical
distribution A; defined on the domain of definition of &, say U C Q.

Directly from the definition of constraint dynamical distribution we
can see that if a; and a, differ by a constraint form, their constraint
dynamical distributions As, and Ag, coincide.

Definition 3.15. [38] Let [dO,] be a Lagrangian system on J'Y. For
every a € [d©,] the equivalence class

ar = t*a mod T*(C°) (3.67)

is called constrained Hamiltonian system related with a and the con-
straint Q.

Equations for integral sections of the corresponding constraint dyna-
mical distribution Ag, i.e.

5F@* =0, 1<a<k dia=0 VYeV(Q)NC, (3.68)

where & € az and § is a section of m|g : Q — X, are called constrained
Hamilton equations.

Note that for every & € [[t*dO,]] on U, holonomic integral sections of
Ag coincide with prolongations of constrained extremals in U.
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Theorem 3.6. [38] Let [[t*dO,]] be a regular constrained Lagrangian
system. Then for any two its Hamiltonian systems qyz, oz on an open
subset U their constrained dynamical distributions coincide, i.e. A, =

Aa,.

Corollary 3.3. If the regularity condition (3.61) is satisfied then con-
strained Euler—Lagrange equations are equivalent with (any) constrained
Hamilton equations.

For regular constrained systems we can introduce a constraint Legendre
transformation.

Theorem 3.7. [38] Let ¢ : Q — J'Y be a non-holonomic constraint,
[[t*d®©,]] a constrained Lagrangian system. Let x € Q be a point. Suppose
that in a neighborhood of x,

aBls o aBlr

= 1< <m — k. 3.69
G G 1<lrs<m (3.69)

Then there exists a neighborhood U C @ of x, and, on U, functions Py,
1 <1 <m-—k, and a 1-form n, such that the class [[t*d©,]] has a

representative of the form

& =nANdt+dP,Adg. (3.70)

If, moreover, the constrained system [[1*d©,]] is reqular, then (t,q°,¢") —
(t,q°, P) is a coordinate transformation on U.

Proof. In a neighborhood of x, let us consider the elements of the equiva-
lence class [[t*dO,]] in the form (3.47). By assumption, from the Poincaré
Lemma we get a neighborhood U C @ of x and functions P, 1 <[ <
m — k, on U such that

B, = —a],D . (3.71)
0q¢*
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Hence, in the class [[t*d©,]] there is a local representative of the form

. P,
a=A &' Adt+ o dit A&

dq
_ oA~ —1 P, l -1 P, l —1
=A@ Ndt +dP, N@" — T —dt Nw o A" AW
aPl m—k+a —
_aqm—k—i-adq " /\w
0P,
Al+a— d¢' Ndt +dP, A dg' — ¢t dP, A dt (3.72)
aPl s apl —m—k+a a — 1
aq( —i—th)/\w—w(w +gdt)/\w

L OB OB 0P
(Al ot 3 s4 T mg

0P,
aqm—k—i-a

This means that we also have a representative

- 0P aPl s 0P,
(Al ot a s T Wg

+dP, A dg
- 0P oP,  O0P,\ . 0P, I (3.73)
A + - S+ ——qg% ) d dt
( 1t ot + (3qs dq! ) ¢+ aqm—k—i-ag ) q A
0P,

0P,
S +s 7 m—k+a
~ggnrrad % TONdE— 3 T4

We can write it in the form &' =n A dt + dP, A dq¢' with

) dg' N dt — ¢'dP, A dt

0P,
+dP, A dg +a— o' AND* — oMk A Gl
q°

) dg' A dt — ¢*dP, A dt

dd' A dt 4 dP; A dq'.

1 = Tlodt + udq" + Tm—r+adq™ " + fidd’, (3.74)

where 7y is an arbitrary function on U, and

L (aP, aps) )
T = l )
Ot aqs 8ql aqm—k—i-a
i oP, . P (3.75)

m o= - BY q, Nm—k+a = —WQ .

Finally, the regularity condition for the transformation (¢, ¢%, ¢') — (¢, ¢°,
P,) coincides with (3.61). O

Remark 3.2. Condition (3.69) rewritten in terms of a first-order La-
grangian reads

O (o W e (0 o WO o
aq'r aq'm—k—i-a 8ql8qs_ aqs aq'm—k—l—a 8ql8qr ’
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The integrability condition for the By’s ((3.69), (3.76)) ensures that
one can express functions P, explicitly. To this purpose we consider a
mapping x : [0,1] x W — W defined by (u,t,q°,¢") — (t,q°, ug'), where
W C (@ is an appropriate open set. Then Poincaré Lemma gives us a
solution [38]

P = _g's f()1 (Bls © X) du
oL ,5/1 oL 0%g° o d (3.77)
o aq'l q 0 aq'm—k-i-a L aqlaq's xau.

Definition 3.16. [38] We call the above functions P, 1 <1 < k, con-
straint momenta, and the corresponding coordinate transformation con-

straint Legendre transformation. The 1-form n in (3.70) is called a con-
straint energy 1-form.

The 1-form 7 is determined up to a constraint 1-form, and need not be
closed. In constraint Legendre coordinates we can write

nr = nodt +mdg' +n' dP, mod I'(C°). (3.78)

Corollary 3.4. If the Lagrangian system [[t*dO,]] is reqular, then the
constraint Fuler—Lagrange equations are equivalent with constraint Hamil-
ton equations. In constraint Legendre coordinates Hamilton equations
take the following canonical form

d d d

—(P,od) = —(¢'0d) =—n', —(¢"™ " 0d) =g¢° 3.79

ooy =m, —(goed)=-n, -l od) =g,  (3.79)
where 1 <1 <m—k, 1<a<k. Constraint Hamilton equations depend
upon the choice of a representative o € [dO,], rather than on a particular

Lagrangian \.

For simple non-holonomic constraints, which, as we have seen in Sec.
3.3, can be modeled by a distribution on Y, and are given by (3.30) (resp.
(3.32)) where the functions f* (resp. g“) are affine in the velocities) the
situation essentially simplifies:

Theorem 3.8. Assume that () is a simple non-holonomic constraint.
Then (3.69) is fulfilled identically and the constraint momenta are defined
by
oL
Pl:a—q_l, 1<i<m—k. (3.80)

Regularity condition takes the form

0L
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Moreover, if the constraint Q) is semiholonomic then the family of energy
1-forms (3.78) contains a closed 1-form equal to —dH, where

H=—L+ Pd. (3.82)

3.6. Holonomic Lagrangian systems. The case of Lagrangian sys-
tems subjected to holonomic constraints can be considered as a special
case of the nonholonomic theory (see [15]).

Definition 3.17. Let 7 : Y — X be a fibered manifold, dim X = 1,
dimY = m+ 1, m > 1. By a holonomic constraint in ¥ we mean a
fibered submanifold 7y : Qo — X of .

If X =RandY = R x M where M is a manifold of dimension m,
we also speak about a rheonomic constraint. If a rheonomic constraint
is of the form Qo = R x N where N is a submanifold of M, it is called

skleronomic.

We denote by ¢y : Qg — Y the canonical inclusion of )y into Y, and
assume codim )y = k, where 1 < k < m. The constraint )y is locally
defined by a system of algebraic equations

u(t,q°) =0, 1<a<k, (3.83)

where the functions u® satisfy the rank condition

rank (a“a) = k. (3.84)

0q°

Hence, around every point € @y there is a fibered chart (U, x) on Y,
adapted to the submanifold Qq, i.e. x = (¢t,¢%,...,¢™ % ul, ... uF).

The fibered submanifold @, can be prolonged to J'Qy C J'Y, codim
J'Qy = 2k, locally defined by the equations

du®
=0 =0, 1<a<k. 3.85
CER T T =t (3.85)
JQy is a submanifold of the manifold Q C J'Y, defined by the equations
d a
faz;i:o, 1<a<k (3.86)

We can see that Q) is a semiholonomic constraint in J'Y, codim Q = k.

The only admissible holonomic paths in () are sections  of the fibered
manifold @y — X, i.e. such that J'v € J'Q,. This means that for a
Lagrangian system [dO,] on J'Y, the corresponding constrained system
[[t*d©,]] can be restricted to J' Q.
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Proposition 3.8. Let Qo C Y be a holonomic constraint, () the semi-
holonomic constraint related with QQy. Let C be the canonical distribution
on Q. Then for every x € J1Qq

C(z) = T, J Q. (3.87)

Equivalently, the annihilator C° of the canonical distribution on J'Qq is

trivial, C°(x) = {0}.

Corollary 3.5. Let Qy be a holonomic constraint in 'Y, Q C J'Y the
associated semiholonomic constraint. Then the canonical distribution C
on @ is completely integrable and projects onto a (completely integrable)
distribution on'Y . Along J'Qq the canonical distribution coincides with
the tangent bundle to J'Qq and projects onto the tangent bundle TQy —

Qo-

Proposition 3.9. Let 1o : Qo — Y be a holonomic constraint, [dO,] a
Lagrangian system on J'Y. Then for every a € [d©,]

(Jhp o) = JN a. (3.88)
Moreover, for every first-order Lagrangian A

JUgON =0 (3.89)
This means that the corresponding constrained system on J'Qq satisfies

[J165dO5]] = [J'45 dO] = T3 [d0] = [dO 1,z 5]

= 40,1, 5 mod QU2(J'Qy). (3.90)
For simplicity of notations we write
A=JNsN, L=LoJy (3.91)

for the restricted Lagrangian.

By the above propositions, contrary to the non-holonomic case, holo-
nomic constraints represent no constraints in the tangent bundle to the
constraint submanifold. Consequently, holonomic constrained systems
are treated in the same way as unconstrained systems on fibered mani-
folds. Simply, instead of a Lagrangian A and a constraint )y in Y one
can consider the restricted Lagrangian A on J'Qy.

Let us summarize some of the main properties of holonomic systems:

Corollary 3.6. The holonomic constraint Fuler—Lagrange form satisfies

ES = Ej, (3.92)
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and constraint Euler—Lagrange equations become simply equations for sec-
tions v of the fibered manifold my : Qo — X as follows:

J'iedOs =0 VE € V(J'Qy), (3.93)
or, in adapted fibered coordinates,
OL d oL
— == = 1<li<m-—k. 94
ad  diod 0, <l<m (3.94)

Hamilton equations are then equations for sections of the prolonged ma-

nifold (mo)1 : J'Qo — X,
§iedOy =0 VE € V(J'Qy). (3.95)

The reqularity condition reads

det(ﬂ) £0

04t 0g*
The class (3.90) has the canonical form
—dH Adt + dP, A dg' mod QV*(J'Qy), (3.96)
where the Hamiltonian and momenta take the form
— = .1 af/
H=-L+ Pq, Pl:m, 1<li<m—k. (3.97)
q
The holonomic Hamilton equations then take the canonical form
d OH d OH
—(Piod)=—=+, —(¢'00)=—-=. .
(Pos) =50, Lded) =5 (3.98)

3.7. Example: A sleigh on an inclined plane. Let us consider an
example of a nonholonomic motion. The situation is presented on the
following picture:

There is an object on the inclined plane and a cutting knife. The
center of mass of the object lies on the straight line along the knife edge
at a distance a from the point (z,y) of contact of the knife and the plane
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and  measures the angle between the straight line along the knife edge
and x axis, see [29].
This mechanical system is modeled on the fibered manifold 7 : R x

St x R? - R, (t,3,r,y) are coordinates on R x S x R2.
We introduce “generalized coordinates”

¢ =8 ¢=uz¢ =y, (3.99)

RS (_57 E).

The EagQrange function L of the system consists of three parts, the first
one represents the energy of rotation, the second one characterizes the
kinetic energy of translation of the mechanical system and the third one
is the potential energy of the system.

Because the center of mass C' does not coincide with the point of
contact, the energy of rotation has to be modified. At first we write
down the formulas for angular velocities associated with Euler angles
which represent rotational motion of this system,

w, = 0,
w, = 0, (3.100)
w, = f3,
for 3=03,0 =0, =0. Then
1 .
T = §J52 + mug (W x R'), (3.101)

where o’ is the angular velocity vector, R’ = (2,%/,2’) is the position
vector between point of contact and the center of mass and vy, is the
velocity vector of a translation. The following identities hold
WX R = (wy,wy,wl) X (2, Y, 2)
= (w2’ —wly, w2 + Wi wiy' — w, ') (3.102)
(_5?/7 ﬁxlv 0) = (—BCL Sinﬁ? ﬁa COS 67 0)
The second term of (3.101) now can be expressed as follows
mug (W' x R) = m(&, 9, 2) (W x R) = maf(ycos f — @sin 3). (3.103)

The kinetic energy of translation and the potential energy take the form

1
T" = 5m(g;~2 +9?), V =-—mgzsina, (3.104)
where angle « represents an inclination of the plane.
Finally the Lagrange function L of this mechanical system is expressed

by

1 1 . .
L= §m(5’v2 +9%) + §J52 + maf(ycos B — &sin ) — mgxsina, (3.105)
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g is the gravitational acceleration. For the variations of dx and dy we
obtain

dy = tan Bdz. (3.106)
This is equivalent to
Yy = & tan . (3.107)
Then constraint function f; is expressed by
fi=y—g=y—atanp. (3.108)
With respect to (3.24) we have
Al = 07
Ay = —mgsina+ maf? cos 3, (3.109)
As = maf?sin g,
and
—J masinf —macos(
B,, = masin 3 —-m 0 |. (3.110)
—ma cos (3 0 —-m

The matrix B,, is regular, det(B,,) # 0. The Euler-Lagrange equations
are then

—ma? '
. Jgsin a—JaB3? cos f—ma?g sin a cos? B+ma® (% cos
F=— . (3.111)
J — ma? )
asin B(magsin acos 3 + J 32 — ma?3?)

J —ma?

amg sin a sin 3

Y

Let us return to the constrained case. Now a = 1, k = 1. The rank
condition (3.31) is satisfied. Indeed,

oft
rank 96 = rank ( 0, —tang, 1 ) =1. (3.112)

So, constraint (3.108) generates a constraint submanifold @ C J'Y by

Q:{(t7/87x7y7/8'?jj7?));‘:x‘tanﬁ}' (3'113)

The constraint distribution on () is annihilated by one 1-form @! = 1*¢?,
where

¢* = dy — tan Bdx. (3.114)

The constraint distribution in not completely integrable, i.e. there does
not exist any 1-form g such that

de' = A @h (3.115)
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Indeed,

dg' = d(dy — tan Bdxr) = ————dB A dx. (3.116)
cos? (3
The constraint is affine in the velocities, i.e. the constraint is simple
and it can be equivalently represented by a (non-integrable) distribution
on Y, generated by ¢'.

From (3.48) we get

1
2

A, = _mabi
cosB- (3.117)
i m(gsin a cos’® § — af3* cos® f + [ sin ()
2 = - )

cos3 3

B= ( - 0 ) : (3.118)

0 —m —mtan?p3

and

The determinant of B is non-zero, so the constrained system is regular.
Constrained Euler—Lagrange equations (3.65) consist of two equations
of the second order

B _ maﬁ:t
~ Jcosp’ ' ' (3.119)
¥ = —gsinacos®f+ aB*cosf — B tan 3,

and of one equation of the first order
Yy = xtan 3. (3.120)
The “constraint Lagrangian” L = L o ¢ is expressed by

1 mi? 1.
- 5% + §Jﬁ2 — mgrsina, (3.121)

and we can check by a direct computation that the same equations are
obtained from the functions L and

L1 = md tan 8 + maf cos 3 (3.122)

using Euler-Lagrange equations in the form (3.58).
The constraint Legendre transformation is given by

(t, 8,2y, 8,%) — (¢, 58,2,y, Ps, Py), (3.123)
where constraint momenta (3.77) take the form
Py = Jp,
p . _mi (3.124)

cos? 3
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The class of constraint energy 1-forms is then expressed in constraint
Legendre coordinates by

Nz = fodt )
aPsP, cos 3 , maP3  PgP,sin 3
_fdﬁﬁ— (—mg sin o« + J2 COSﬂ JCOSﬁ dx (3125)
P P, cos?
~—2dP; - LacosBip, mod 7(C).

Hence, constrained Hamilton equations consist of four first-order equa-
tions which, in simplified notation, can be written as follows:
aP3P, cos 3
o
man N Pg P, sin
J?cos 3 J cos 8

jo

P, = —mgsin a +

P, (3.126)
6 = 77
. P,cos?yp
="
m

and of the equation of the constraint ¢ = z tan 3.

4. FIELDS WITH DIFFERENTIAL CONSTRAINTS

In the sequel we consider a fibered manifold 7 : ¥ — X where
dim X = n, and its jet prolongations. As above, m denotes the fiber
dimension (i.e. dimY =m + n), and we assume m > 1.

First, we summarize main concepts from the theory of unconstrained
Lagrangian and Hamiltonian systems, then we turn to the constraint
structure in J'Y', and finally we are interested in Lagrangian and Hamil-
tonian constrained field equations. Main sources for this section are
[7, 10, 12, 13, 19, 21] for the unconstrained theory, [22] for the non-
holonomic constraint structure, and [2, 22, 37, 38], for the nonholonomic
constrained systems. In this section we also present new results concern-
ing constrained Hamilton—-De Donder systems. We study constrained
Hamilton—De Donder equations, regularity, and existence of constraint
Legendre transformation.

4.1. Dynamical forms and locally variational forms. Let F be a
dynamical form on J2Y. In fibered coordinates,

E= ana N wo, (41)

where E, are functions of (x*, y”, yY, y5;), and wy denotes the local volu-
me element (2.2). The coordinate form of the equation for paths of E
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(3.1) is a system of m second-order partial differential equations for the
components (7”) of sections «y of 7 as follows:

) ) 8’7V aQ,YV

Ea<x’, "(2'), =—, ———

(@) 0x'’ 0xt0x7

Again, equations for paths of dynamical forms can be represented by

means of exterior differential systems; now, however, locally generated

):0, 1<o<m. (4.2)

by n-forms.

Proposition 4.1. [19] Let E be a dynamical form on J*Y . A section ~y
of ™ is a path of E if and only if

T yica =0 V&€ V(JPY), (4.3)
where a is any (n + 1)-form such that pya = E.

Proof of this statement is the same as that of Proposition 3.1.

In the “PDE situation” we can proceed in full analogy with the case of
mechanics, and consider Lepage classes and corresponding Hamiltonian
systems:

Definition 4.1. [22] Let E € Q% (J?Y) be a dynamical form. The
equivalence class of (n + 1)-forms (on an open subset U C J?Y') defined
by

a; ~ay iff pia; =pras = Ely (4.4)
is called Lepage class of E on U. The family of all local Lepage classes
of E is referred to as Lepage class of E and is denoted by [a] g, or simply

[a].

By the above proposition, the equation for paths of E (on U) coincides
with equations for holonomic integral sections of the exterior differential
system H,,, generated by the following system of n-forms

i VE € V(JPY), (4.5)
where « is any representative of the Lepage class of £ (on U).

Definition 4.2. [19, 22] Let [a] be a Lepage class of E. Every repre-
sentative « € [a] is called a Hamiltonian system associated with E. The
exterior differential system H,, is called a Hamiltonian EDS related to E.
Equations for (all) integral sections of H,, are called Hamilton equations
associated with E.

Let us turn to locally variational dynamical forms. By definition this
means that around each point E = E), for a local Lagrangian A\ (recall
that a Lagrangian of order r is defined to be a horizontal n-form on J"Y).
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In fibered coordinates, the components E, of E take the form of Euler—
Lagrange expressions of A = Lwgy. Necessary and sufficient conditions
for a (second-order) dynamical form to be locally variational read [1, 11]

OE, O0E, 0
Ayt Oy ’
0E, OFE, d OF,
2= = 0, (4.6)
Oyy — dy7  dw) Jyj;
0B, 0B, d 0B, d doE, _ |
oy Oy da' Qyf  dx'dxi Oy -
and the corresponding Tonti Lagrangian for F is
1
L= y"/ Ea(xi,uy”,uyf,uyfj)du. (4.7)
0

Notice that, contrary to the case of ordinary differential equations,
variationality conditions (4.6) do not imply that the locally variational
form E should be affine in the second derivatives. Moreover, second-order
locally variational forms need not come from Lagrangians of the first
order. This means that Tonti Lagrangian need not be reducible to a first-
order Lagrangian. (From the formula for Euler-Lagrange expressions we
can see immediately that a necessary condition for reducibility is that
E, should be affine in the second derivatives y;’).

Let us summarize basic definitions:

Definition 4.3. The Lepage class o] of a locally variational form E is
called Lagrangian system. Every element o € [o] is called a Hamiltonian
system associated with E. Paths of a locally variational form £ are called
extremals. Equations for paths of a locally variational form (respectively,
equations for holonomic integral sections of associated Hamiltonian EDS)
are called Fuler—Lagrange equations. Equations for integral sections of
the Hamiltonian EDS are called Hamilton equations, their integral sec-
tions are then called Hamilton extremals.

4.2. Euler-Lagrange and Hamilton—De Donder equations in first-
order field theory. In what follows we shall be concerned merely with
locally variational forms that arise from local first-order Lagrangians.
Such dynamical forms, among others, have the following properties:

e Around each point in J?Y it holds E = F\, where )\ is a Lagrangian
defined on an open subset of J'Y. In fibered coordinates where A\ = Luwy,

oL d 0L
Ey = E,o Awy, B, == 292 4
A w” A Wo aya di ay]g ( 8)
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This means that the Euler—Lagrange equations in fibered coordinates take
the familiar form

<6L d 0L

Oy dxl dyf

)onfy:O, 1<o<m. (4.9)

e In every fibered chart, components F, of E are affine in the second
derivatives, i.e.

E,=A, +BYyl. = A, + B{J ", (4.10)

where A, and BY, are functions of (z*, y*, y/) that in terms of a first-order
Lagrangian for E take the form

v Oyroyy
oL d oL oL 9L &L (4.11)
Aa = - = yj'

By deidy? By DIy DyrdyS

Note that the BY need not be symmetric in the upper indices. BS
denotes the symmetric part in the i, j.

e Every first-order Lagrangian for £ has a first-order Lepage equivalent
that is not unique. Lepage equivalents of A\ take the form

p=06\+dv+p, (4.12)

where oL
O)=Lwy+ —w’ Awj, (4.13)

oy?

j
it is an arbitrary at least 2-contact n-form, and v is an arbitrary contact

(n — 1)-form. ©, is called the Poincaré—Cartan form associated with .
It is the unique at most 1-contact n-form such that h©, = X\ and p1d©, is
71 0-horizontal. This means that the Euler-Lagrange form E) of A is also
unique, since by (4.12) it does not depend upon the choice of a Lepage
equivalent p of \:

E\ = pidp = p1dO,. (4.14)

Note that contrary to mechanics, one generally has d©,, # dO,, for
equivalent Lagrangians A;, As.

e F can be locally represented by a first-order Lepage class that is
called Lagrangian system associated with the locally variational form F.
With a similar inaccuracy as in Sec. 3, in order to simplify notations, we
write

[a] = [dO©,] = dO) mod Q" -ED(Jly). (4.15)

Consequently, extremals and Hamilton extremals are described by Hamil-
tonian exterior differential systems defined on (open subsets of) J'Y.
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Remark 4.1. In the sequel we shall again assume that F, defined on
J?Y | is everywhere nontrivially of order 2. This means that (BY) in
(4.10) is everywhere a non-zero matrix, or, equivalently, for every first-
order Lagrangian A the Poincaré—Cartan (n+ 1)-form d©, is everywhere
nontrivially of order one.

As we can see, the Euler-Lagrange and Hamilton equations in first-
order field theory now have the following EDS formulation:

Proposition 4.2. Let [a] be a Lagrangian system on J'Y, E the corres-
ponding locally variational form.

A section y of w is an extremal of E' (on an open set W C X in dom )
if and only if

J'yica =0 VEeV(J'Y), (4.16)

where a is any (n+1)-form belonging to the class [a] (defined on 7wy H(W)).

A section § of w1 is a Hamilton extremal of E, related with the Hamil-
tonian system « € [a] (defined in 77! (dom §)) if and only if

§ica =0 VEeV(J'Y). (4.17)

The concept of regularity of a Lagrangian system is, similarly as in
mechanics, related with the properties of the associated Hamiltonian
exterior differential systems. The situation in field theory is, however,
much more rich and interesting than that in mechanics: the reason is the
non-uniqueness of the Poincaré—Cartan form O, of a Lagrangian A\. For
more details we refer to [19, 23, 24]. In this paper we shall study the
most simple case related just to the properties of the Hamiltonian differ-
ential systems Hgo, related with the forms dO, (Hamilton-De Donder
equations [5, 7]).

To this end, let us recall the following definition [25].

Definition 4.4. Let [a] (on J'Y) be a Lagrangian system related with
a locally variational form E. An element « of the class [a] is called
Hamilton—De Donder system related with E if

a:d@)\—l—F, (418)
where \ is a Lagrangian for £ and F € le’(zm(t] 1Y"). The correspon-
ding Hamilton equations, i.e.

§*ig(dOy+ F) =0 VE e V(J'Y) (4.19)

are called Hamilton—De Donder equations.

It is easy to see that Hamilton—De Donder systems can be locally
expressed in the so-called canonical form as follows:
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Proposition 4.3. Let a« = dOy + F' be a Hamilton-De Donder system
on an open set U C J'Y ; we may assume that U is endowed with fibered
coordinates (z°, y°, y}’) Then there exist functions H andp’, 1 < o < m,
1 <i <n, such that

a=—dH Awy+dp’. ANdy’ Aw; + F. (4.20)
H and p.. are defined by
, oL .
t— H=-L J Y 4.21
Pe = 57 + pLyy, (4.21)

where Lwy is a first-order Lagrangian whose Poincaré—Cartan (n + 1)-
form coincides with d©.

Definition 4.5. Functions H and pf,, 1 <o <m,1<1i<n, defined by
formula (4.20) are called a Hamiltonian and momenta of the Hamilton—
De Donder system a.

Note that the family of a Hamiltonian and momenta (4.21) of a Hamil-
ton—De Donder system is non-unique and depends upon the choice of
a Lagrangian for the form d©,. On the other hand, in the following
subclass of the equivalence class (4.15),

la]y = [dO,]y = dO, mod Q;+1’(22)(U)7 (4.22)

all elements posses the same families of momenta&Hamiltonian. This is
due to the fact that if ay, as € [a]|y are such that a3 = dO,, + F; and
ay = dO,, + Fy where dO,, # dO,, and Fy, F, € QX™E2(U), then oy
and oy are not equivalent in the sense of (4.22), and vice versa (see [25],
Proposition 3.1 and its proof).

Let us turn to the concept of regularity of a Hamilton—-De Donder
system ([19]).

Definition 4.6. A Hamilton—De Donder system « is called reqular if ‘H,,
contains all the canonical contact n-forms

WwiAw;, 1<oc<m, 1<i<n. (4.23)

A Lagrangian system [a] is called De Donder regular if around each point
in J1Y there exists a related regular Hamilton-De Donder system.

Proposition 4.4. Let « be a reqular Hamilton—De Donder system. Then
every integral section of H, is holonomic. Consequently, Hamilton—De
Donder equations of o are equivalent with the Euler—Lagrange equations

of [a].
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Proof. If a Hamilton—De Donder system « is regular then for every inte-
gral section 0 of H,,

0% (w7 Awr) = (2422 — (7 09) Juwo = 0,

(4.24)
1<o<m, 1<i<n,

meaning that § = J'v for a section ~ of 7. O

Theorem 4.1. Let o« = dO\+ F be a Hamilton—De Donder system. The
following conditions are equivalent:

(1) The Hamilton—De Donder system « is reqular.
(2) A system of generators of H, has maximal rank (i.e. equal to

m+mn).
(3) Every Lagrangian X\ for d©) satisfies the regularity condition
0L )
det # 0. 4.25
<(9y? oy (4.25)

Proof. Computing explicitly generators of H, we obtain the following
system of m + mn differential n-forms:

0*L 0*L
oy oy; Oy oys

A wo+ <2ng + )w”/\ w;+ B4 dy? N witiis,

(4.26)
BZ WY A w,

where 1 <o <m,1<i<n, A, and BY are given by (4.11), and y, are
at least 2-contact (precisely, ji, is the at least 2-contact part of ig/9,0 F).
This means that the matrix of generators of H, is the following matrix

with m + mn rows (and 1+ mn + mn? + -+ columns):
. 9L O*L g
A, 2F), + - B4, ...
8y"8y; Oy»dy? ) (4.27)
0 B4 0 0

First, we prove the equivalence of (1) and (2).

If « is regular then all the generators BY w” A w; are independent,
meaning that the matrix (BY)) is regular. Consequently, all rows of
(B%)) (labelled by (o, 1)) are linearly independent, for every fixed i. Then,
however, the matrix (B%)) with m rows labelled by o, and mn columns
labelled by (v, 7), has the maximal rank, m, and the rank of the matrix
(4.27) is equal to m + mn, as desired.

Conversely, if the rank of the matrix (4.27) is maximal then its square
submatrix (B%) (with rows labelled by (c,4)) is regular. This means
that all the forms w? A w; are independent. Hence « is regular.
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The equivalence of (3) and (2) is now clear: by the above, H, has
maximal rank iff the matrix (B%)) is regular, However, in terms of the

Lagrangian A\ for «,

’ 9L
B, = - . 4.28

This completes the proof. O

Theorem 4.2. [fdO,\+ F is a reqular Hamilton—De Donder system then
every form « € [dO,]y is regular. Consequently,

(1) For every a € [dO,]y, all Hamilton extremals are holonomic.

(2) For every a € [dO, ]y, the Hamilton equations are equivalent with
the Euler—Lagrange equations of .

(3) For every a € [dO,]y, every Hamilton extremal of « is a prolon-
gation of an extremal of X.

(4) Hamilton equations of all elements in the class [dO,]y are equi-
valent.

Proof. Looking at the generators (4.26) we can see immediately that

regularity does not depend upon the choice of functions F? , i.e., upon
the choice of a € [dO,]y.
The rest of the proof is elementary. O

Corollary 4.1. Let « = dO) + F be a regular Hamilton—-De Donder
system. Then momentap’, 1 <o <m, 1< j <n, of a are independent,
and (z',y°, pL) are local coordinates on J'Y , called Legendre coordinates.
The Hamiltonian differential system H, has generators that in Legendre
coordinates take the form (since w” A w; € Hy, Vv, 1),

OH , OH
T o+ dp Awi + 11y, iy — dy Aw;, 4.29
vt nwy e, o= hwy (429)
where o = ip/ayoF € Q?f(zz)(JlY). Hamilton equations of « in Legendre
coordinates then read

opl.  OH oy’ OH

ol oy 00 ol (4:30)

where the appearing functions are considered along sections § of my.

4.3. Non-holonomic constraints in field theory. The aim of the sec-
tion is to present the concept of the non-holonomic constraint structure
[22].

Non-holonomic constraints in the case dim X > 1 are defined in the
same way as for one independent variable:
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Definition 4.7. By a constraint submanifold or a non-holonomic con-
straint in J'Y we shall understand a submanifold QQ C J'Y, fibered over
Y, precisely speaking, a surjective submersion | : Q@ — Y.

Put codim@ = k and assume 1 < k < mn — 1. Locally ) can be
expressed by a system of first-order partial differential equations

oy, ) =0, 1<a<k, (4.31)

such that

a a

rank ( 8f") =k, where a labels rows and o, j columns.  (4.32)
Y;

Definition 4.8. Let ) be a non-holonomic constraint in J'Y, codim Q =

kK, 1<k <mn-—1 1If

rank (gia) =k, where «, j label rows and o columns, (4.33)
Y;

for some k, 1 < k < m — 1, we say that Q) is a reqular non-holonomic

constraint of corank (k, k).

It can be shown that the above definition is correct (coordinate inde-
pendent) [22].

Given a regular non-holonomic constraint () in J'Y there naturally
arise the following local distributions, defined on the domain U of defi-
nition of the functions f“:

(1) Dy = annih {df*, 1 < o < k}; rank Dy is constant on U due to
(4.32) and equal to m +n +mn — k.

(2) Cy = annih {¢*}, where
Lofe

O = o’ + —=——w’, 1<a<k 1<j<n. (4.34)
n 9y

The forms (4.34) are not linearly independent, however, due to rank
condition (4.33), there exist functions coiy 1 < a <k 1 < a <k,
1 <j <mn,on U, such that the (k x m)-matrix

1, 0f

M = (M), where M= —ct ——, (4.35)
n * oy?
has maximal rank equal to k. Thus,
¢a — Ca-qbaj — c“»fadxj 4 lca‘afawcr — c“»fadxj 4 M°
4 “ n “ oy? “ 777 (4.36)

1<a<k,
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are linearly independent at each point in U. Hence, the distribution Cy
has constant corank equal to k, i.e. rankCy = m +n +mn — k.
(3) Cy = annih {¢*, df*, 1 <a<k,1 <a <k}

The following results have been obtained in [22]:

Proposition 4.5. Q NU is an integral submanifold of Dy. Hence, for
every x € @Q, the forms df*(x), 1 < a < k, annihilate the tangent space
T.Q to the manifold Q at x, i.e., along @, D = annih {df* 1 < a <
k}=T0Q.

Corollary 4.2. Let Q be a constraint of codimension k in J'Y, and let
fe* =0 and f'“ =0, where 1 < a < k, be two sets of equations of @
on an open set U C Vi C JY. Then there are functions vg on U such
that at each point of U, (73‘) is a reqular matriz, and df'* = Vg‘dfﬁ. In
particular, at each point x € Q NU,
af _ of
- 75 o’
oy oy

(4.37)

Proposition 4.6. Cy is a subdistribution of both Cy and Dy. At the
points of Q NU, the distributions Cy and Cy N'D coincide, and define a
distribution of corank k on Q NU.

The local distributions on () mentioned above unite into a (global)
distribution on Q:

Theorem 4.3. Let Q be a reqular non-holonomic constraint in J'Y of
corank (k. k), let v : Q — J'Y be the canonical embedding of the sub-
manifold Q into J'Y . If ¢*, 1 < a < k, are independent 1-forms (4.36),
put
W' =1"¢" = (Mo 'w?, 1<a<k. (4.38)
Then
C = annih {p*, 1 <a < k} (4.39)

is a distribution of corank k on Q.
The proof of the theorem can be found in [22].

Definition 4.9. The distribution C (4.39) on @ is called canonical distri-
bution. 1-forms belonging to the annihilator, C°, of C, are called canonical
constraint 1-forms. The ideal in the exterior algebra of differential forms
on @ generated by C is called canonical constraint ideal, and denoted
by Z(C°); its homogeneous component of degree p is denoted by Z?(C?).
Elements of the ideal Z(C°) are called canonical constraint forms.
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Theorem 4.4. The canonical distribution C on Q is locally spanned by
the following vector fields:

O, 3} 0 _
— I <i<
o = ot T gz (Ffo L)ﬁym—"”ra’ 1<i<n,
0, P F ) (4.40)
= @ T — 1<s< —k )
By = Oy + aZI(GS o) g’ <s<m-—k,
0

927
where (2%, y°,27,f*), 1 <i<n, 1 <o <m,1<J< nm-— &k,
1 < a < k, denote fibered coordinates adapted to the submanifold v :
Q — JY, the functions G® represent (at each point) a fundamental
system of solutions of the system of independent homogeneous algebraic
equations for m unknowns 2%, 1 < o < m,

M=z =0, 1<a<k, (4.41)
and, for everyi=1,2,...,n, the F are solutions of the equations
M3 F? = Mjy] — fh,, 1<a<k, (4.42)

(where y§ are considered as functions of 27, fP) corresponding to the
choice of all the parameters equal to zero.

A section 7 of 7 defined on an open set W C X is called a holonomic
path in Q) if for every x € W

Jy(z) € Q. (4.43)

Remark 4.2. We shall use the following notations and objects, adapted
to the constraint structure, introduced in [22].
(i) Conventions concerning notation of indices:

1<i4,5,0 <n, 1<a,8,v7 <k, 1< J<nm-—x&,

4.44
1<ov,p<m, 1<a,bc<k, 1<pr,s<m-—Ek. ( )

(ii) Taking into account that the matrix (4.35) in (4.36) has maximal
rank, k, one can express k of the contact 1-forms w? by means of the
constraint forms ¢%, 1 < a < m, and the remaining w"’s. Without loss of
generality we may suppose that this concerns the forms w™ %+ where
1 <a < k. In an adapted basis (2?97, 27, f*), and in the notations of
the above theorem it holds

Wk = (¢ — MY — b o)

. 4.45
= Ho" + G W+ (F} + Gy — i ") da, (449)
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where (pf) is an appropriate regular matrix. Here and in what follows, y¢
are considered as functions of the coordinates (z¢,y°, 27, f¢). Similarly,
the rank condition (4.32) guarantees that one can express the forms dz®

by means of (df?,dx?, dy°,dz”). Thus, we have on J'Y the following
bases of 1-forms, adapted to the constraint structure:

(da', dy®, ¢*,dz’, df*), or (da',w* ¢° dz’,df*); (4.46)
Consequently, with obvious notations we may write
@mTRe = prmokte — g0 4 GO f (4.47)

where @® = *w?®, and ¢ = 1*(ufd®) = (uf o 1)¢”. We can see that, on
Q, instead of a canonical basis (dx’, dy°,dz”), or a basis (dz’, &%, dz”)
adapted to the induced contact structure, it is worth to work with bases
adapted to the constraint structure, where the canonical constraint 1-
forms appear:

(da:i, dy®, ¢%, dz‘]), (dxi, @°, %, dz‘]). (4.48)

(iii) Keeping the above notations we can express the functions G¢ and
F appearing in (4.40) as follows:

Ge=pgMy,  Ff =y — Glys — el o (4.49)
We also put
yi oL=gj. (4.50)
With this notation,
o= (M) or, o= gnite _ Gege, (4.51)
ie.
gj e = F + Gl g (4.52)

(iv) The vector fields 9./0z" and 9./0y* on @ defined by (4.40) are

called constraint partial derivative operators. We put

AN
det Ozt 7 Oy
. 0. 0 ,0 _d 0 (4.53)

= 4 42 — ¢ 4o :
doi 9z Y dy* 9 T dwt a0

and call the above operators the i-th cut constraint total derivative ope-

rator and i-th constraint total derivative operator, respectively.
(v) The exterior derivative of a function f on @ is expressed as follows:
d.f Ocf _ of  _ 8 f

] a
dai dr (9ys w" gym—kta ¥ T, 5.7 4 (4.54)

df =
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(vi) Next, denote

a *aﬁg$ agm—k-HL aF‘.l aé? s ai a aZJ
Cij = G az*]’ a ]62J T 8sz T 920 I Cis = C‘]ja—yf' (4.55)

(vii) For dg® we have

_dlgs  dglhtr\ .
dp" = <Ga <9j _ Ze; dz’ A da?

*dxt dz?
09 dGe Ogl e :
+<G§agj+ C;J.’“— gér o A da?
Y Ia - Y . (4.56)
+C§;dz" N da? — ﬁaf A& — o 2dz A ©°

B agj ag]m—k-l-a , .
@ — D Jg_ _“7s b =S
+ (Gs Gyt gym—kth ¢’ Ndx 5ym—k+b‘p AW

There are several interesting particular cases of reqular non-holonomic
constraints in field theory. We wish to mention here very briefly the
following ones (precise definitions and further properties can be found in
[22]:

e Constraints whose canonical distribution is projectable onto a dis-
tribution on Y, i.e. constraints that can be modeled by a distribution or
codistribution on Y .

e Constraints whose canonical distribution is completely integrable;
these constraints are called semiholonomic, and can be equivalently mod-
eled by a completely integrable, nowhere vertical distribution on Y.

e Lagrangian constraints: these are characterized by the property that
the codistributions 67(0] can be generated by a system of (independent)
Lepage 1-forms; for Lagrangian constraints it holds

Cj, =0, CiL=0 (4.57)

for all values of indices. In this context it is interesting to note that for
dim X = 1 (mechanics) all non-holonomic constraints are Lagrangian.

e m-adapted constraints: can be locally represented by equations “in
normal form”,

Yt =gty ), 1<j<n, 1<a<k. (4.58)

These constraints are Lagrangian.

Lagrangian and Hamiltonian systems subjected to m-adapted constraints
are studied in detail in [25].

e Holonomic constraints, defined as fibered submanifolds of 7, can
again be easily treated in terms of the theory of regular non-holonomic
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constraints as a (very) particular case. The situation is completely anal-
ogous to that in mechanics (for details see [22]).

4.4. Constrained Lagrangian systems. The aim of the section is to
introduce the concept of the constrained Lagrangian systems. For more
details and the proofs of the assertions we refer to [22].

Let us consider a Lagrangian system on J'Y. Recall from Sec. 4.2
that it is defined to be a first-order Lepage class. We write it in the form

[a] = [dO,] = dO) mod Q" THED(Jy). (4.59)

If t : Q — J'Y is a regular non-holonomic constraint and Z(C°) the
corresponding canonical constraint ideal, we have another equivalence,
denoted by ~, on (n+1)-forms on @) (with the same domain of definition):

man iff m—n=F+¢, (4.60)

where F is a (local) at least 2-contact (n + 1)-form on @, and ¢ is a
constraint (n + 1)-form. We denote by [[n]] the class of . If [a] is a
Lepage class on J'Y then for any of its two elements defined on the same
subset of J1Y,

o)~ ag = oy & as. (4.61)

Definition 4.10. Let [a] = [dO,] be a Lagrangian system on J'Y and
t: Q — JY a regular non-holonomic constraint. By the associated
constrained Lagrangian system we mean the class [[t*a]] = [[¢*d©,]]. Each
form (*dO, + ¢, where ¢ € I"H(CY), is called constrained Poincaré-
Cartan (n + 1)-form of \.

Note that every element of [[1*d©,]] is of the form
a=1:d0,+F + o, (4.62)
where F' € Q"*1E2(Q) and ¢ € I"H1(CY).
Definition 4.11. Consider the following system of forms on doma C Q:
ica VEeV(Q)NnC, pel’ (4.63)

The exterior differential system generated by (4.63) is called constraint
Hamiltonian EDS related with @, and is denoted by Hs.

Definition 4.12. Let [[1*d©,]] be a constrained Lagrangian system.
Then for any representative @& of the class [[t*d©,]], equations for holo-
nomic integral sections of the constraint Hamiltonian exterior differential
system Hg, i.e., the equations

J'y*ica =0 for every m-vertical vector field £ € C, (4.64)
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where v : W — Y, J'y(W) C Q, are called constrained Euler—Lagrange
equations. Solutions of constrained Euler-Lagrange equations are called
constrained extremals.

We note that (on an open subset of @)) constrained Euler-Lagrange
equations do not depend upon the choice of a representative & of the
class [[t*dO,]]. This means that with help of a local Lagrangian A for F
we can write the constrained Euler-Lagrange equations in the form

J'* i (1*dO,) = 0 for every m-vertical vector field £ € C,  (4.65)
where v: W — Y, J'y(W) C Q.
For A = Lwy denote
_ iy L
L="Lou I 0

= — O
a m—k+a
dy;

L, (4.66)

considered as functions of adapted fibered coordinates (z%, 37, 27) on Q,
and put
oL 0z’

_ oL _
O, =L — O ANw; =1L —_—
A Wo F oyt WY wo+ 0z’ dy;

J

0° A wj. (4.67)

In keeping with notations in Remark 4.2 we can easily find the following
relation:

Proposition 4.7.
Oy = Oy + LICY &% Awj + L ¢ A wj. (4.68)

a8

For convenience of notations let us introduce the C-modified Fuler—
Lagrange operator and cut C-modified Euler—Lagrange operator, respec-
tively:

0. dc(a) .95 0

Hs= oys  dat oy? oy y;
0. de (62‘7 0 ) B 0.95 027 0
C0ys dat \ OyP 027 oys Oyt 027’
, 0. d [0\ g (4.69)
Hs= oy dxt \ Oyf dys yj

0. d, (027 0\ 04502 D
C0ys dat \ OyP 027 dy* Oy 0z

Theorem 4.5. Let X\ be a Lagrangian in J'Y, Q C J'Y a regular non-
holonomic constraint. Denote by ~v local sections of the fibered manifold
7 :Y — X such that J'v(W) C Q. In adapted fibered coordinates, the
constrained Fuler—Lagrange equations take one of the following equivalent
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forms:
(1) By means of L,

(A, +B,52]) o J?y =0, (4.70)
where A, B, are given by
N
A=A+ Ay iaGe+ (Bl + B, L GO =L,
9" dx (4.71)
sJ - (Bﬂ + Bm k—i—auGZ)aZJ
where (cf. (4.11))
_ _ 0?L
A, =€ (L)or, BY =— ( )OL 4.72
(1) o (1.72)
(2) By means of L and L,
m—k+a aidcig 2
ps(L) — L MS( ) =Cis— =)o v=0, (4.73)
dz?
meaning that the functions As, B, are equivalently expressed as follows:
L}
m—k+a ai Yca
ASZ/“’L;(L) L]lus( +)_ js di?
;0 0L 0z 0 Aaci a3 L OLI
92T (62K 0yf) aa 9.0 (G20 =€) =Gy (4.74)

0 (0L 9K\ ., 9 (097" 9K oLj
— ny _ciTa,
0z7 \ 02K 0y? “0z7 azK oys 75027

Definition 4.13. The operator defined by (4.73), i.e

. L
XL I3) = ju(L) — L pu(gp ) — o deL

4.
WS )

is called the constraint Euler—Lagrange operator.

Remark 4.3. Lagrangian and semiholonomic constraints. Recall
that if the constraint @) in J'Y is Lagrangian, then

Cii=0, C5,=0 (4.76)

for all values of indices. Consequently, formulas become much simpler.
In particular,

FOy = @L*)\—G—EZL @“/\wj, (477)
and the constraint Euler-Lagrange operator reads

E (L, Ly) = ps(L) = L pos (g7, (4.78)
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If, moreover, @ is a semiholonomic constraint, i.e., if dp® € Z(C°) for all
a, we get
*dOy = dO,-) + a constraint form. (4.79)

This means that dO,\ ~ (*dO,, and even that dO©,:) is a constrained
Poincaré—Cartan (n + 1)-form of X\. Then, of course, the constrained
Euler-Lagrange equations (4.65) have the equivalent form

le*igd@L*,\ =0 for every m-vertical vector field £ € C. (4.80)

Since in this case k = kn, we have on @ local coordinates (z,y7, y3), and
all formulas take a much simpler form (cf. e.g. [22, 25]).

4.5. Constrained Hamilton—-De Donder equations. Let [o] = [dO,]
be a Lagrangian system on J'Y, +: Q — J'Y a regular non-holonomic
constraint of corank (k, k), [[t*a]] = [[t*d©,]] the corresponding con-
strained system on Q. For every a = "« € [[t*dO,]] we have the con-
straint Hamiltonian exterior differential system H defined on the domain
of definition of @, say U C @, and generated by the system of n-forms
and 1-forms (4.63).

Directly from the definition of constraint Hamiltonian EDS we can see
that if @; and ay differ by a constraint form, then Hs, = Ha,.

Definition 4.14. Let [d©,] be a Lagrangian system on J'Y. For every
a € [dO,] the equivalence class

ar = t*a mod " (C?) (4.81)

is called constrained Hamiltonian system related with a and the con-
straint Q).
Equations for integral sections of Hg, i.e.

Viga=0 VEeV(Q)NC, §Mp*=0,1<a<k, (4.82)

where & € az and ¢ is a section of m|¢g : Q — X, are called constrained
Hamilton equations.
Integral sections of Hy are called constrained Hamilton extremals of

HL*CZ@)\H

Similarly as in the unconstrained case, in what follows, we will be
interested in constrained Hamiltonian systems that can be completely
characterized by constrained Poincaré—Cartan (n + 1)-forms:

Definition 4.15. Let [a] be a Lagrangian system on J'Y, ¢ : Q —
J'Y a regular non-holonomic constraint of corank (k, k). A constrained
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Hamiltonian system az defined on U C @) is called constrained Hamilton—
De Donder system of [a] if there exists a Lagrangian A for [a] such that
for every a € ar,

a=0dOy+F, where FeQrEH(). (4.83)
The corresponding constrained Hamilton equations, i.e.
§ig(L'dON+ F)=0 VEeVv(@Q)NC, §p*=0, 1<a<k, (484)
are called constrained Hamilton—De Donder equations.

Definition 4.16. A constrained Hamilton—De Donder system az is called
reqular if Hs contains all the canonical contact n-forms

Cw’ Aw;,, 1<o<m, 1<i<n. (4.85)

A constrained Lagrangian system is called De Donder reqular if around
each point in () there exists an associated regular constrained Hamilton—
De Donder system.

Proposition 4.8. Let [a] be a Lagrangian system on J'Y, 1: Q — J'Y
a regular non-holonomic constraint of corank (k,k), ar an associated
regular constrained Hamilton—De Donder system. Then (for all & € ar)
every integral section of Hs is holonomic. Consequently, constrained
Hamilton—De Donder equations of az are equivalent with the constrained
Fuler—Lagrange equations.

Proof. Let 0 be an integral section of Hs. If @ is regular then, by defini-
tion,

(@ Aw)) =0, 1<o<m, 1<i<n. (4.86)
This implies, however, that for all o, §*©0? = 0, meaning that ¢ is a
holonomic section in Q. O

Theorem 4.6. Let az = 1*dOy+F mod I (CY), where F € QE2(Q),
be a constrained Hamilton—De Donder system. The following conditions
are equivalent:
(1) For every & € az, a is reqular.
(2) For every a € az, a system of generators of Hg has mazximal rank
(equal to (n+1)(m — k) + k).
(3) Ewvery first-order Lagrangian X\ for dO, satisfies the constraint
reqularity condition

rank (B; ;) = n(m — k), (4.87)
where B ; are given in terms of A\ = Lwy by (4.71) or (4.74).
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Proof. We can write
a= Ao ANwy + BL,0° Ndz?! Awi + F + o, (4.88)

where A, and B'; are given in terms of a first-order Lagrangian A\ for
dO, by (4.71) or (4.74), F is the sum of I and the 2-contact part of
1*d®y, and ¢ € I"T(C). Denote

F=F.0"'No* ANw; +v, where F, =—F! (4.89)

sl*

Computing generators of Hg, we obtain a mixed system of k (linearly
independent) 1-forms
m—k
pr=amt NG, 1<a<k, (4.90)
s=1
and m — k +mn — k n-forms (that, in general, need not be independent)

as follows:
.As(.d() + 2f§l@l N w; + szdz‘] N w; + g, (4 91)
1<s<m-—k, 1< J<mn—k, where pi, = ig/gysv.
Suppose that a7 is regular. Then Hj is generated by the forms ¢® and

Agwo + Bl dz” Aw; + s, @° Awy, (4.92)

which means that the matrix B; = (B;) with mn — k rows labelled by
J and n(m — k) columns labelled by i, s, has rank n(m — k). Now, the
rank of the system of generators of Hs is > n(m — k). Let us compute
the rank of the matrix By = (B%;) with m — k rows labelled by s and
n(nm—k) columns labelled by 7, J. By the above we can see that for every
fixed ¢, the matrix By has m — k linearly independent columns (labelled
by s). Consequently, By has for every fixed ¢ the submatrix (B2;) with
m — k independent rows labelled by s (equal to transposed submatrix
of By with the corresponding values of indices), hence rank By = m — k.
Summarizing, we have obtained that the forms (4.91) (resp. (4.92)) are
independent, meaning that the rank of the system of generators of Hs
(for all @ € az) is maximal and equal to n(m — k) + m — k + k =
(n+1)(m — k) + k, as desired.

Next, suppose that the rank of H; is maximal. Then the forms (4.91)
are independent, meaning that the constrained regularity condition (4.87)
holds.

Finally, if (4.87) holds, then the forms B ,0® A w; in (4.91) are inde-
pendent, i.e. the forms W Aw;, 1 <7< n, 1 <s<m—k, belong to Hj.
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By definition of Hy also all the n-forms ¢* Aw; € Hgs. Hence, for all a, 1,
we have W™ T A w; = ¢* Aw; + Ggaﬁ Aw; € Hs, and we are done. [

Corollary 4.3. Let
ar = 1*dOy + F mod Z"(C°), where F € Q§+1’(22)(Q),

be a reqular constrained Hamilton—De Donder system. Then Hamilton
extremals of az (i.e. integral sections of (4.90) and (4.92)) do not depend
upon the choice of F. This means that Hamilton-De Donder equations
of all elements in the class

dO, mod  QETHED(Q) + 770 (4.93)
are equivalent.

From the proof of Theorem 4.6 we can conclude that if a7 is regular
then the matrix B; has nm—x rows and n(m—*k) columns where nm—r >
n(m — k). This means that k < nk, and we get the following result:

Corollary 4.4. Let [a] be a Lagrangian system on J'Y, 1:Q — J'Y a
reqular non-holonomic constraint of corank (k, k). A necessary condition
for the constrained Lagrangian system [[t*a]] be De Donder regular is

k< nk. (4.94)
4.6. Constraint Legendre transformation.

Theorem 4.7. Let 1 : Q — J'Y be a reqular non-holonomic constraint
of corank (k,k), [[@]] a constrained Lagrangian system. Let x € Q be a
point. Suppose that in a neighborhood of x,

aalj;] = aas;f, 1<i<n, 1<s<m—k, 1 <JK<mn—k. (4.95)
Then there exists a neighborhood U C Q of x, and, on U, functions P!,
1<i<n,1<s<m-—k, and a n-form n, such that the class [[@]] is

represented by the (n + 1)-form

a=nAwy+dP'Ady* Aw. (4.96)

Proof. As we have seen in Sec. 4.4, around each point in @), the con-
strained Lagrangian system [[@]] has a representative

A% A wo + Blw® Adz! A w, (4.97)

where A, and B!, are defined by (4.71) or (4.74). Assume that the
given Lagrangian system [@] has a Lagrangian A = Lw, defined around
x such that for the corresponding functions B, integrability conditions
(4.95) are satisfied. Applying the Poincaré Lemma we get a neighborhood
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U C Q of z and functions P!, 1 <i<n,1<s<m—k, on U that are
given by .
OP!
02
Hence, in the class [[@]] on U we can find the following representatives,
equivalent with ¢*d©,, where X is the above mentioned Lagrangian:

B, = (4.98)

P
A% Awy + —2dz7 AN @° A w;

aZJ ! Dt
~ Asw0® Awo + dP! A D% A w; — C;jsdxj/\djs/\wi
. T
d.P! , ,
— (A + 2 f)dyswo—gfdP;Awde;Adysw (4.99)
X
d/Pi laCPli
R s <= g dy® N
<A T (9y8) v
OP! ,
—gS—2dz? ANwy+ dPP A dy® A w;.
ZaZJ S

In this way we have obtained a representative

d. P! 0. P!
a = (As+ — —g; 5 Sr)dys/\wo
pi dr y (4.100)
—gi=—dz" Nwy+ dPIA dyf A w;.
0z’
Let us denote
a=mnAwy+dP!ANdy® Aw, (4.101)
with
n = ida’ + fydy® + 7,dz", (4.102)

where 7);, 1 < j < n, are arbitrary functions on U, and
APy 0D

s = As+ =" —g/——, 1<rs<m-—4k,
apdgf Ay (4.103)
ny = —gi—>, 1<s<m-—k 1<J<mn—=k.
0z’
This completes the proof. [ 0J

Corollary 4.5. The class
az =1nAwy+dP:Ady* ANw; mod I"M(C%) (4.104)

constructed in the above Theorem is a constrained Hamilton—De Donder
system, corresponding to the Lagrangian A = Lwy.

Proof. 1t is sufficient to check the computations to see that that @ —:*d©,
is (up to a constraint form) a 2-contact form, horizontal with respect to
the projection onto Y. 0
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Note that 7 in (4.104) is determined up to a constraint form. In this
way, for a constrained Hamilton—De Donder system we have to consider
the class

nr =n mod Z"(C). (4.105)
It should be stressed that in the class ny there need not exist a closed
representative.

Remark 4.4. Integrability condition (4.95) can be rewritten in terms of
a Lagrangian A\ = Lwy giving rise to the functions B’ using (4.71) or
(4.74). For example, with help of (4.74) it takes the form

oL o (0g" "9\ OCE LI
02K 027 =1 oys | 92K 927
oLl o [0gr ozl oce oLi

T 027 02K 9z1  oys | 027 9K

(4.106)

Let us find an explicit formula for the functions P!.

Proposition 4.9. Let z € U, and consider a mapping x : [0,1] x W —
W, defined by

(u, 2%, y%, 27) — (2,47, uz’), (4.107)
where W C U C Q is an appropriate neighborhood of x. Then for
arbitrary functions ¥l (z7,y") (resp. Yi(xd y’) ), 1<s<m—k,1<i<
n, the functions

1
Pi== [ (Blyox) dut viy)
0
T K 1 a7i am—k-l—a K
_ 0L 0z +ZJ/ (CmaLa_L] 0 < g 92 ))Oxdu (4.108)
0

02K Oy 20z7 07\ 02K Oyf
+i(a?,y"),
are solutions of (4.98).

Proof. Integrability condition (4.95) guarantees that in a neighborhood
of any point of U one can find solutions of (4.98) using Poincaré Lemma.
Put

1
Pl = —ZJ/ (Bijox)du+i(a?,y"). (4.109)
0
Then with help of (4.95)

OP; v )
32‘]:_/0 (BsJOX)dU_ZK/O <Wfox)udu
1

_ / d(u(B., 0 X)) = ~Bi,.

0

(4.110)
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as desired.
Using formula (4.74) and (4.109) we get

, Y7o (0L 0K 0L}
i ] ai a
Fo== /0 (azJ (azK ayf) G 0z’
9 [OgrTRre 9K s

oL 9z% Y .OLi . 9 (0g] " 9K
T 02K oy? +Z/0 (st 0z7 —La 0z7\ 0K  Oys o xdu
il (2 ),

since
/ld 28’21{0 — 28’21{0 UZl_a_LaZK_hi( i )
0 02K dys X))~ 02K oys X o 02K Oyt oY

_/li gaszo d_J/l o (0L 9K ovd
Jo du \ 92K oy? X)pe=s o \0z7 \ 9zK Oy; A

This completes the proof. [ 0J

(4.111)

Keeping the above notations we can introduce the following concepts:

Definition 4.17. The local representative @ (4.96) of the constrained
Lagrangian system is called a representative in canonical form. Functions
P! are called constraint momenta, and (any) 1-form 7 in (4.104) is called
energy 1-form associated with the corresponding Hamilton—De Donder
system az.

By the next theorem, constraint Legendre transformation, associated
with a regular constrained Hamilton—De Donder system is defined. It is
a local coordinate transformation on the constraint submanifold Q.

Theorem 4.8. Let [[a]] be a De Donder reqular constrained Lagrangian
system on @, let az be a corresponding reqular Hamilton—De Donder
system on a coordinate neighborhood U C @, Psi, 1<i<n,1<s<
m — k, its associated constraint momenta. Then the set of functions
(%, y%, PY) can be completed to coordinates on U. In particular, the set

of nm— k indices labelled by J has a subset labelled by B, n(m—k)+1 <
B < nm — k, such that

(2,y°, 27) — («",y", PL, 2") (4.112)
is a coordinate transformation on U.

Proof. By assumption, the matrix (B.;) = (0P!/dz”) has maximal rank
(equal to n(m — k)). This means that it has a regular submatrix with
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n(m — k) linearly independent rows: we can label them by A, where
1 < A < n(m — k). The remaining rows will be labelled by B, i.e.
n(m—k)+1 < B < nm— k. Now, the map (x%,y7, 27) — (2%, y°, Pi, 2P)
is regular, i.e. is a coordinate transformation on U. [J U

Finally, let us find the expression of constrained Hamilton—De Donder
equations in constraint Legendre coordinates. First, we have up to a
constraint form,

1 = n;da’ +nydy® +n; dP} +npdz", (4.113)
hence,
% s s d/cPsZ j a PsZ —r aPs B
nzmdwrnsdy +m (dxj dz’+ oy " +- Sdz )+773dz
d.P. ,0.P! . 0. P
sc” s c~ s r J s7C" s
(77] +n; d n; 6 - g]) dz? + (nﬂrm Dy )dy (4.114)
—i-ma Y (77 92 5 )dz )

Comparing with (4.102), (4.103) we obtain

L 0P AP 0P
77 /’77“ /’71 a ro 7” dxl gz ayr )
i 8P’ S@P;
B (9]3Z n (9P;
B = 777, 2B B = gz :
The second relation gives us
OP! . .
(nf+g5)=— =0, ie n=—g(aty", P, 2P, (4.116)

0zA4

a—j) is regular. The first and third relation above
z

since the matrix (
then read

LO.P! d. P’

.= N + 9; Ar + — )

= Oy dz?

Next, we can see that the vertical subbundle of the canonical distri-

bution is in Legendre coordinates generated by the vector fields d,./0y?,

d/OP!, and 9/0zP. Computing contractions of a representative @ of

(4.104) by these vector fields, we get the constrained Hamilton-De Don-

der equations 6*igax = 0, 0*¢* = 0 in the following “canonical form”:

ns = 0. (4.117)
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Theorem 4.9. Constrained Hamilton-De Donder equations (4.84) in
constraint Legendre coordinates take the form

O(P;0d) INy*od)
Oz =15 00, ort —1); ©0, (4.118)
1<s<m—k, 1<1<n,

Oyt 0 0)
ox?

Remark 4.5. In view of Theorem 4.8 we can see that for a regular
constrained Lagrangian system one has on () local adapted coordinates
(xi,ya,yj,zB), where 1 < i <n, 1 <o <m 1 <s <k nim-—
k) +1 < B < nm — k, and corresponding adapted bases of 1-forms
(da', dy®, @*, dy?, dzP), respectively, (dz', ©%, @°, dy$, dz"). In these coor-
dinates many formulas simplify, since z4 = y; (hence 028/ dy; = 0).

m—k+a o 5

—g L 1<a<k 1<i<n. (4.119)

The results on constrained Hamilton—De Donder systems can be easily
reformulated for special cases of constraints. Let us recall the properties
of semiholonomic constraints, that are quite similar to the unconstrained
case [25].

Theorem 4.10. Let Q be a semiholonomic constraint in J'Y (i.e. k =
kn and dZ(C°) C Z(C°)), ar a constrained Hamilton—de Donder system.
Then the integrability condition (4.95) is satisfied identically and the re-
gularity condition reads

O*L
det | —— 0. 4.120
Constrained momenta are given by the formula
: L
Pl = oL (4.121)
dy;

the class of energy 1-forms ng contains a closed form dH, where
H=—L+ Ply, (4.122)

and constraint Legendre transformation is a local diffeomorphism
(', y%y5) — («',y7, P) (4.123)

on the submanifold Q C J'Y .
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