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ABSTRACT. For the monoidal category of modules with action by a
group we find braidings and quantizations. We use them to find quanti-
zations of braided symmetric algebras and modules, braided derivations,
braided connections, curvatures and differential operators.

1. INTRODUCTION

We consider quantizations ¢, braidings or symmetries ¢ and quantiza-
tions of braidings o, of the monoidal category of G-modules where G is
a finite abelian group.

In [8] we showed that the Fourier transform establishes an isomorphism
between the categories of Gf-graded modules and G-modules where G is
the dual of G. We have found explicit descriptions of all quantizations
and braidings in the monoidal category of modules graded by G and they
depend only on the grading.

Using this we find explicit descriptions of all quantizations and braiding
also for the monoidal category of modules with action by G.

We consider o-symmetric G-algebras A, G-modules and find quanti-
zations of these.

We investigate braided derivations of o-symmetric G-algebras and G-
modules. The o-bracket of two braided derivations is a braided deriva-
tion. We show that there is a braided Lie structure on the braided
derivations.
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A quantization the braided derivations provides an isomorphism of the
modules of braided derivations and quantized braided derivations. We
also show that the quantizations of braided derivations has the braided
Lie structure with respect to the quantizations of the braiding which can
be realized within the original braided Lie structure by dequantization.

We define braided connections in G-modules and braided curvatures.
We prove that the braided curvature is A-linear, skew o-symmetric and
is an A-module homomorphism.

We find quantizations of braided connections and braided curvatures.
The quantization of the braided curvature is A-linear, skew o ,-symmetric
and an A-module homomorphism with respect to the quantized braiding.

We consider braided differential operators of o-symmetric G-algebras
and G-modules. There is a braided Lie structure on the braided differ-
ential operators. The quantizations of braided differential operators has
the quantized braided Lie structure, which can be realized within the
original braided Lie structure by dequantization.

Finally we increase the number of quantizations of braided symbols of
differential operators by exploiting the Z-grading of the symbols.

This paper is the third in a trilogy.

As mentioned, we have found explicit descriptions of all quantizations
and braidings in the monoidal category of modules graded by a finite com-
mutative monoid, [8]. We have proved the same for this category, but the
picture is somewhat more visible in this case. That is, we have a com-
plete and explicit description for braided derivations of graded algebras
and graded modules, braided connections, braided curvature, braided dif-
ferential operators and quantizations of these structures. This is found
in the second paper Quantizations of braided derivations. 2. Graded
modules, [10].

All results and properties that does not concern the correspondence
between the monoidal categories of G—graded modules and G-modules
are proved in general for any monoidal category in the first paper, Quan-
tizations of braided derivations. 1. Monoidal categories, [9]. Because of
this we shall not repeat any of these proofs. We do however repeat the
relevant results and show the complete and explicit description we get in
the monoidal category of G-modules.

There are many interesting applications of these results. One of the
more interesting applications is quantizations of braided Lie algebras.
In the paper [11], which is to be published, we show quantizations of
semisimple Lie algebras by quantizations of derivations, for example an
alternative quantization of sl (C).
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Note that in all three papers we assume that the associativity con-
straint is trivial.

2. MODULES WITH GROUP ACTION

Let G be a finite abelian group and let G = Hom (G, T") be the dual
of G. We shall consider the monoidal categories of G-graded modules
and G-modules. The modules are over C.

Let C [G] be the group algebra of G, with the basis of Dirac d-functions,
{04} ,cqr and C (G) be the function algebra of G, with the basis {6, }

XEG”

Then the Fourier transform F' is a bialgebra isomorphism
F:@[G]—>C(G>,

given by
F(dg) () =x(97"),
and the inverse is,

_ 1
F 1(9x)=@2><(g)5g,
geG
geGand yeG.

We consider the two monoidal categories of G-modules and G—graded
modules.
We know that a C[G]-module is also a G-module, that C (G) -module

is a @—graded module, and the other way around for both cases. Then
F~1 constructs an isomorphism of categories of between the monoidal
categories of G-graded modules and G-modules as follows.

Let X be a G-module. Then there is a G-grading on X by the projec-
tion )

T () = F7H(x) (z) = @Zx(g)g(x),
geG

re X, x€ G. LetY = eré Y, be a G—graded C-module. There is a
G-module structure on Y given by

gy = Z F(0g) (X) yy = Z X (97") v

Yy=> ca¥x €Y, 9€G.
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We use this result to find quantizations and braidings for G-modules,
which can be found in [8], and in other ways compare G-modules with
G-graded modules.

2.1. Quantizations of G-modules. Any quantization of the monoidal
category of G-modules is a realized by a 2-cocycle ¢ € Z% (G, U (R)),

4(g.h) = (FeF)™ Q) <g,h>=@ S d60s@xh), (1)

¢, xEG

g, h € G, where ¢ is a quantization of the monoidal category of G—graded
modules. When we factor out the trivial quantizations we are left with
H? (M,U (R)). The quantization as an operator X ® Y — X ® Y of
G-modules X and Y ¢ is of the form

q:@ S (6,%) 6 (9) x (1) 6, @ 6.

g,heG
o,xeG

We use the notation

q= Z Qgndg ® Op.

g,heG

Note that d4, g € G, applied to an element is the action by g.

2.2. Braidings of G-modules. Any braiding in the monoidal category
of G-modules is a 2-cochain 0 : G x G — U (C),

o(9.h)=(F&F)"(5)(g.h)

o @za—w,xwgmm) e

¢, x€CG

g,h € G, where 6 is a braiding of the monoidal category of G-graded
modules. As an operator X ® Y — Y ® X of G-modules X and Y o is
of the form

c=ro ﬁ S 66,0 6 () x () 6, © b1

g,heG
¢,xeG
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Given a quantization ¢ then the quantization of the braiding o is

0g=To ﬁ > 64(6,x) ¢ (9) x (), @6 |

g,heG
¢, xEG
where 6, = ¢"'odoq is the quantization of the braiding ¢ of the monoidal
category of G-graded modules.
We use the notation

0 = Z Sg,hég ® 6h7

g,heG

and given a quantization ¢, denote the quantization of o by

gg=70 Y SL6,®0
g,heqG
Using these formulas obtained for quantizations and braidings in the
monoidal category of G-modules we get an explicit description of o-
symmetric G-algebras, G-modules, G-co- and bimodules and internal
homomorphisms. We shall not describe quantizations of o-symmetric
G-co- and bimodules, these are described for any monoidal category in

[9].

2.3. Quantizations of braided G-algebras. First the description of
quantization of o-symmetric G-algebras.
A G-algebra A is called o-symmetric or o-commutative if

ab= ) Suuh(b)g(a), (3)

a,be A
A quantization of A is the same object A, = A with the new multipli-
cation

a *g4 b= Z Qghg (a) h (b) ’ (4)

g,heG
a,be A
If A is o-symmetric then A, is o%-symmetric,
axgb= Y S, h(b)x,g/(a), (5)
g,heG

a,be A
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2.4. Quantizations of braided G-modules. We also get an explicit
description of o-symmetric G-modules over o-symmetric G-algebras.
Let E be a o-symmetric G-module over a o-symmetric G-algebra A.
E is o-symmetric if
ar =Y S,uh(2)g(a). (6)
9,heG

a€A ekl
A quantizations of E is the same object £ = E, with the new action
by A, = A,

argr =Y Qgugla)h(z). (7)

g,heG

If £’ is o-commutative, then E, is o,-commutative,
axgw =y S1.h(x)*g(a), (8)
g,heG
ac€AxeFl.

2.5. Operators of G-modules. Let E be a G-module and W : £ — E
be an operator of E. There is a induced G-action on W, defined by

g(W)=goWog™,
geaq.
W is called a (G,0) = G-(intertwining) operator if
Wog=goW,

and we say W € Hom% (E, F).
W is called a (G, «)-operator if

Wog=al(g)(goW),

a € G, that is, W is a twisted a-homomorphism, denoted by W €
Hom¢ (E, E).

2.6. Quantizations of operators of G-modules. Let E be a G-module
and let W : E — E be a G-operator of E.
Given a quantization ¢ define the quantization of W, W, = @, (W) by

QW) (x) = > Quug (W) (h(x)),
g,heG

x € E,.
Q, (W) is an operator of the quantized G-module E,.
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The quantization of all operators of E is equipped with the quantized
composition of operators,

Wi, Z = Z Sgnh (W) og(Z). (9)

g,heG

The inverse quantization

Q_l (W> = Wm

q

is called the dequantization of W. The dequantization of W is an oper-
ator of the original or classical module E.

3. BRAIDED DERIVATIONS OF (G-ALGEBRAS

We shall describe braided derivations of G-algebras, but first we will
show how braided derivations of non-homogeneous elements of graded
algebras look like and what the notion of degree is for braided derivations
of G-algebras.

3.1. Braided derivations of non-homogeneous elements of graded
algebras. To find derivations of G-algebras a description of non-homo-
geneous derivations of non-homogeneous elements of graded algebras
(over a commutative ring R) is needed.

For a G-graded module E and an operator W = eré W, of E we
have,

W) = Y Welzy),
#,xEG

W), = >, Wylzy),

peG
P+P=x

T=3 caty €E. )
Similarly, for a -symmetric GG-graded algebra A = eré Ay, and a
o-derivation of A,

d= Z éx tA—- A
x€eG
where each éx is a derivation of degree x € G, we have

Oa) = Y Ds(ay),

¢, xEG

(0@) = X dutay).

ERVIE
P+Pp=x
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a€ A a=3 oy

Proposition 1. Let a,b € A, a = Y say, b= ) sby. Then the

6-derivation O satisfies the following &-Leibniz rule

A~

d(ab) = d(@)b+pos(d@a) ()
= 0(a)b+ D 6(x 0)asdy (by).

X,V
Proof.
d(ab) = Oy ((ab)¢>>
X, 9€G
= Z aAX Z awb%
x,pECG ,2€C
P+2=¢
= Z an (aybs)
X,w,%Eé
= Y (B (@) bt o () andy (b))
X,¥,2€G
= d@b+o(dea) )
|

3.2. Degrees of braided derivations. Also, it is nice to know the
equivalent to degrees for o-derivations of G-algebras.
Let A be a G-graded -symmetric algebra over C with respect to a
braiding & in the monoidal category of G—graded modules.
Let O be a 6-derivations of degree |3| of A, Ay — A 5, that is,
satisfies
dob,=0om, =T 1d) od= 0. 410 00,

fora e A, x,|0] € G, 6, and ¢ are in the basis of C (@), and

X+

A 0 A
9X 6)><+|é|

A 0 A

commutes.
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Proposition 2. Let d be a derivation of a G-gmded algebra A of degree
|5| € G. Then the operator & = F~1 (3) of A as a G-algebra satisfies

00g=10/(9)g00,
that is, O is an (G, |é|)-0pemt0fr’.

Proof. By the commutativity of the diagram

we have that
doF~ 1, = F! <9x+|5\> 00,
1 1 -
@Zx(g)aopg = @Z@cﬂfﬂ)(g)pgoa
geG

geG
1 ~
= @Zx(g) 101 (9) py 0 0,
geG
that is, if and only if
dog=10(g)go0.
|

3.3. Braided derivations of G-algebras. Consider a braiding ¢ in the
monoidal category of G-modules,

o= (F®F)"(5),

where ¢ is a braiding in the monoidal category of G—graded modules. Let
A be a o-symmetric G-algebra.

By the two preceding sections, 3.1 and 3.2, we give the following defi-
nitions.

Definition 3. A o-derivation O of A is an operator A — A that satisfies
the o-Leibniz rule

0 (ab) =0 (a)b+ Y Synh(a)(go)(b)
g,heG
a,be A
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Definition 4. A o-derivation 0 of A is said to be of degree |0] € G if it
is an (G, |0|)-operator A — A, that is

dog=109](g9)go0. (10)

We call 0 homogeneous if it has a degree.
A o-derivation 9, of degree x; € G satisfies the simplified o-Leibniz
rule

9 (ab) =a<a>b+@ S 6 (xor6) 6 () () (D0 9) (1)

g,heG
$eG

a,be A

The set of o-derivations of degree x is denoted by Der? (A) and the
set of all o-derivations by Der? (A).

A left A-module structure on Der? (A) is defined by

(ad) (b) = a (0 (b)),

for a,b € A, 0 € Der? (A).
A o-commutator (or o-bracket) of elements 01,0, € Der? (A) is de-
fined by

(01, 05)7 = 01Dy — > Syuh (32) g (D)

g,heG
The o-bracket satisfies the A-module conditions,
[ady, 3)7 = a[01,3)7 = Y Syn (hds (ga)) goh, (11)
g,heG
(01, ads]” Z Sgnh (@) [g01, 02]” + 01 (a) s, (12)

g,heG

Va € A, 01,0, € Der® (A)

Theorem 5. Der? (A) is a o-Lie G-algebra with respect to the o-bracket,
that is, the following properties are satisfied,

[Der? (A), Der? (A)]” C Der? (A), (i)
[Derg (A), Derg (A)]” C Derg,. (A), (i)
o, x € G, skew o-symmetricity,
[01,02)7 = = > Syu [hd2, 901", (ii)
g,heG

and the o-Jacobi identity for o-derivations,

(01, [0, 05]°) = 101, 0] ,06)7 + Y Sy [, [901,05)°)7, (i)

g,heG
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for braided derivations 0y, Oy and O3.

Proof. Except from (i) all those above are proved for any monoidal cat-
egory in [9]. Now

[Derg (A), Der{ (A)]” C Derg,. (A)
if and only if

[01,00)" 0g = (¢4 x) (9) g0 [01,02]7,

which is is easy to prove,

(01,007 0g=10dhog— D Sywh'(B2)oh(d)og

h,h'eG
= x(9)d(9)godiod—d(g)x(9)ge Y Shwh'(32)oh(d))
h,h'eG
=(0+x)(9) g0 01,0, 01 € Derg (A),0, € Der? (A).

3.4. Quantizations of o-derivations of G-algebras. Consider deriva-
tions of a G-algebra A.

Given a quantization g define the quantization of a o-derivation of A,
0, by

Q4 (0) () = 9, () < >~ Qung (9) (h(a)),
9,heG

a € A.

(), (0) is an operator of the quantized G-algebra A,. Let us denote by
Der?a (A,) the quantization of all o-derivations of A equipped with the
quantization of composition,

01 xq Op = Z Qgng (01) 0 h(d2),

g,heG
01,09 € Der®e (A,). We define the o, — g-bracket by

[01,00)7" = 01 %4 O — > SE,1(0n) % 9 (D) -

g,heG

The operator @,
Qu + (Der (4),[]7) = (Der™ (4,).[17"). (13)
0 € Der?(A)— Q,(0) € Der?e (4,),

is an isomorphism of vector spaces between the o-derivations of A and
the o,-derivations of A,.
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Der?a (A,) is a 0,-symmetric A,-module,

a0y, 0a)]" = a[0r, D] — Y ST, (hds (ga)) 9Oy (14)
g,heG
(01, a05]]" = Z Saph (a) [g01, 07" + 1 (a) Oy, (15)
g,heG

Ya € A, 01,0, € Der?s (Aq)

Theorem 6. Der? (A,) is a o,-Lie G-algebra with respect to the o, —q-
bracket and the quantized combination, that is the following properties
are satisfied,

[Der?e (Ag), Der? (A,)];" € Der? (4,), (i)
[Der;q (Ay) , Der(e (A, )} 1 C Der;iX(A ), ()
o, x € G, skew o,-symmetricity,
[01,00)7" = = Y S, [hds, O] 7" (id)
g,heG

and the og4-Jacobi identity for o,-derivations,

O (o0 = [ auly ] "+ 30 S [0 fodn. i) G

g,heG

fOT 01, 82, 03 € Dercq (Aq)

The o,-Lie algebra structure of Der?e (A,) can be realized within the
classical one by dequantization,

Q" (9) = 0.,
0 € Der?(A,), where we have the following linearity,
(01 + 8,), = (D), + (8a)., (16)
01,0, € Derfv‘{,‘ (A,), A;-module structure,
(a0 dh), =ax,(0),, (17)
the commutator satisfies,
([01,02]7"). = [(Bh) (B2) ] (18)

for 01,0, € Der?i(A,), a € A,, and the o,-Jacobi identity is satisfied
and can be found using (18).
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4. BRAIDED DERIVATIONS OF (G-MODULES

Let A be a o-symmetric G-algebra and E be a g-symmetric G-module
over A.

Definition 7. Let 04 € Der? (A). A o-derivation O of E over 04 is an
operator E — E that satisfies the o-Leibniz-rule over A,

0 (az) =0a(a)z+ Y Syuh(a)(god) (z)

g,heG
ac€ A ek

Such a pair (0,04) is called a o-derivation of E over A.

The morphism 7 : (9,04) — 04 we call the projection from the o-
derivations of E over A to the o-derivations of A.

A o-derivation @ of E over 8 is said to be of degree 9] € G if it is an
(G, |0|)-operator.

The set of o-derivations of degree x is denoted by Der&U’A) (E) and the
set of all o-derivations by Der@4) (E).

An A-module structure on Der®4) (E) is defined by

(a0) (x) = a (9 (z)),
fora € A, x € E, 0 € Der™4 (E).
The o-bracket satisfies the A-module conditions (11) and (12) for o-
derivations of E over A, Der@4) (E).

Theorem 8. Der™4 (E) is a o-Lie G-algebra with respect to the o-

bracket, that is the following properties are satisfied for o-derivations of
E over A;

[Der(”’A) (E), Der®4) (E)r C Der® (E) | (i)
o,A o 7 o,A o
[Der; )(E), Der(® (E)] C Derls V) (E), (i)
o.x € G, skew o-symmetricity, [,]” = —[,]” o o, and the o-Jacobi iden-

tity, see (ii) and (i) in theorem 5.

4.1. Quantization of braided derivations of G-modules. Consider
derivations of a o-symmetric G-algebra A and a o-symmetric A-module
E.

Let (9,04) € Der@4) (E). Given a quantizer q define the quantization
of 0 by

def
0y (x) = Qg (0) (1) = D Qurg (9) (h(x)), (19)
g,heG

x € E. If x € A, this is the quantization of the derivation of A, d4.
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(), (0) is an operator of the quantized module E,,.
Denote by Der(@«44) (E,) the quantization of all o-derivations of E
over A equipped with the quantization of composition.
The operator @y,
Qs+ (Der™ (B),[]7) = (Der's ) (B, [177),  (20)

q

9 € Der®Y(E) v Q,(9) € Derl®») (E,),

is an isomorphism of modules between the o-derivations of E over A and
the o,-derivations of E, over A,.

Der@e44) (E,) is a 0,-Lie G-algebra with respect to the o, —g-bracket,
that is the following properties are satisfied,

[Der?e (Aq) , Der® (Ag)]7* € Der? (4,), (i)
[Derg (Aq), Derf (Ag)]7" € Dergi, (Ay), (i)
b, x € G, skew 0 -symmetricity, [,]Zq = — [,]Zq o 0,, and the o,-Jacobi

identity, see (ii) and (iii) in theorem 6.

The o,-Lie algebra of the structure of (Der(“qqu) (E,), |, ]Z‘I) can be

realized within the classical one by dequantization,
Qq_ ! (a) = 8c>

0 € Der(a49) (E,), where we have the linearity (16), the A,-module
structure (17), the commutator satisfies (18) and the braided Jacobi
identity is satisfied and can be written in terms of the o, — g-bracket
using (18).

5. (G, 0)-CONNECTIONS

Let A be an o-symmetric algebra and E a o-commutative A-module.
Definition 9. The map
V : Der? (A) — Der® (E),
is a o-connection in E if
moV = Id.

Furthermore, V is called a (G, o)-connection in Der @A) (E) if the fol-
lowing diagram commutes
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Der®(E) ER Der®(E)
\% \% . (21)

Der?(A) —2 Der®(A)
Define G-action on V by
g(V)=goVog (22)
Then a (G, o)-connection in F is G-invariant,
g(V)=V,
and V preserves the degree on the o-derivations,
V : Der? (A) — Der? (E).
Assume that V is a (G, 0)-connection.
We say that the o-connection V is flat if
VO, VD] =V ([01,3]7), (23)
for all 01,0, € Der? (A).
Define the o-curvature of V,
Ky (01,0) = [VO1,V0o]” =V ([01,0]7), (24)
written in full,
Ky (01,05) = V(0)V(02) —V (0102)
+ D Sy (V (R (2) 9(81) =R (V (2)) g (V (1))
g,heG
The properties of Ky are the following. Ky satisfies linearity,
Ky (01,0) ( Z Sgnh (a) (9Kv (01,0,)) (), (25)
g,heG
is skew o-symmetric,
KV 81,82 Z SghKV <81>>
g,heG

and satisfies the A-module homomorphism conditions with respect to o,

Kv (a@l, 82) = aKv (81, 02) (26)
Kv (81, 0,82) = Z Sghh KV g@l, 82) (27)
g,heG

for a € A, x € E and braided derivations 0,0y € Der? (A).
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5.1. Quantizations of (G,o)-connections and curvatures. Let V
be a G-invariant (G, o)-connection.

Given a quantization g, define the quantization of the (G, o)-connection
v,

V, : Der® (A,) — DerAe?d (E,) |
by
vq:quongl‘

The connection V, is a o,-connection in E, which is easy to see as m; =

Qqomo Q. Furthermore is the o -connection V, a (G, 04)-connection,
that is,

Der?o4(B,) - Dervoda(E,)
v, v, (28)

Der®(A,) —L— Derc(A,)
commutes, and is G-invariant.

The quantization of the o-curvature, the o, — g-curvature K%q, is de-
fined

K& (81,0,) = [V,d1, Vo]0 — ¥, ([81, ag]gq) ,

81, 82 € Der?a (Aq)
The 0, — g-curvature satisfies linearity,

4,00 (ax) = Y Shh(a) (KE, (00,0)) (1), (29)

g,heG
is skew o,-symmetric,
(01,0y) == > SHKL (h(D2),g(01)), (30)
g,heG

and satisfies the A,-module homomorphism conditions with respect to

O'q,
K% (ady,0y) = aK& (01,00), (31)
K% (01,a0y) = > Sh(a) K& (901,00), (32)
g,heG

for a € A, x € E, and braided derivations 0, 0y € Der? (A,).
We have the following picture for dequantizations of braided deriva-
tions.
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Theorem 10. The o, — q-curvature K¢ of the o-connection V of E
defined by

KL((Bh),+(22),) = [V (B1),, V (@).)7 = 9 ([0, (@).]7") . (33)

and the o4-curvature of the o4-connection V, defined by,

Ky, (01,05) = [V401, V05" — Vg ([01,0]77), (34)
are related as follows
(Kv, (01,0)), = K& ((0h),,(02).) (35)

01, 82 € Dercq (Aq)
6. BRAIDED DIFFERENTIAL OPERATORS

We shall see how the picture is for braided differential operators. Let
G be a finite abelian group.

6.1. Braided differential operators in G-algebras. Let A be a o-
symmetric G-algebra.

Define a o-differential operator f of order at most k as the linear map

f:A— A,
such that
[a07[alv"‘[akvf]o'”]o]o :07 (36)

Yag,...,a; € A.

A o-differential operator f of order at most & is of degree |f| € G if it
is an (G, | f])-operator A — A, that is

fog=1fl(g)gef, (37)
geqG.

Denote by Dif f7 (A, A) the o-differential operators of order at most
k and degree x € G and by Dif f7 (A, A) the set of all of order at most
k.

Let’s consider Dif f7 (A, A) = UDif fZ (A, A).

From [16] we have the two following results. The o-commutator of two
o-differential operators fi € Diff7 (A, A) and fo € Diff7 (A, A) is a
o-differential operator of order at most i + 7 — 1,

[f1, fa” € Dif f7 ;-1 (A, A).
and Dif f7 (A, A) is a o-Lie G-algebra. Clearly,

[f1, 127 € Dif fei v 10 (A A)
for homogeneous fi € Dif f7|,, (A A) and f, € Dif f7 1, (A, A).
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We consider A — A-module structure on Dif f7 (A, A), [9].

Proposition 11. There is an A — A-module structure on Dif f7 (A, A)
defined by

v (a® f)(b) = af(b),

V' (f®a)(b) = flab),
a,be A, f € Diff? (A, A) and

af, fa € Dif fi (A, A),
for f e Dif ff (A, A).

Consider the symbol of the differential operators which is the leading
part with respect to derivatives,

Smbly (A, A) = Dif fi (A, A) /Dif fi_1 (A, A),
then we have the Z-graded object
Smbl” (A, A) =) Smblf (A, A).
keZ

The class of [f1, fo]” € Dif 7, 1 (A, A),

[f17f2]0 € Smbly (A> A)a

it+j—1
depends on the class of the two o-differential operators f; € Dif f7 (A, A)
and fo € Dif f7 (A, A), and there is a 0-Poisson structure on the braided
symbol algebra, see [16].

6.2. Braided differential operators in G-modules. Let A be a o-
symmetric G-algebra and let F be a o-symmetric A-module.
Define a o-differential operator f of E of order at most k as the linear
map
f:E—FE,
such that
[z, ag, - . . [ax_1, f]”---]7]" =0, (38)
Yag,...,ar_1 € A, x € E.
A o-differential operator f of E of order at most k is of degree |f| € G
if it is an (G, | f|)-operator A — A, that is

fog=1fl(g)geof, (39)

g €aq.
Denote by Dif f7 (E, E) the o-differential operators of order at most

k and degree xy € G, the o-differential operators in order at most k of F by
Diff,go’A) (E, E) and we consider Dif f4 (E,E) = UDiff,gU’A) (E,F).



QUANTIZATIONS OF BRAIDED DERIVATIONS 179

From [16] we have the two following results. The o-commutator of two
o-differential operators f; € Dif f7 (E,E) and f, € Diff{ (E, E) is a
o-differential operator of order at most 7 + 7,

[fla f2]0 € Dif 1'0:4-]' (E> E) :
and Dif f7 (E, F) is a o-Lie G-algebra. Furthermore,

[f1, fo]” € Dif il F1 el (E,E),

for homogeneous fa € Dif f7|4, (E,E) and f, € Dif f7, (B, E).
Proposition 12. There is an A — A-module structure on Dif f7 (E, E)
defined by

Vaw f)(x) = af(z),

vVi(fea)(z) = [lax),
and

af, fa € Dif f (E, E),
forae A and f € Dif ff (E,E).

Consider the symbol of the differential operators which is the leading
part with respect to derivatives,
Smbli (E, E) = Dif f{ (E,E) /Dif f{_, (E, E),
then we have the Z-graded object
Smbl° (E,E) =Y Smblf (E,E).
keZ
The class of [f1, fo]” € Dif f7; (E, E),

[fl, fg]g S Smbl;’ﬂ- (E, E) ,

depends on the class of the two o-differential operators f; € Dif f7 (E, E)
and f, € Dif f7 (E, E), and there is a o-Poisson structure on the braided
symbol algebra, see [16].

6.3. Quantizations of braided differential operators in G-algebras.
We can define quantization of o-differential operators in G-algebras. Let
A be a o-commutative G-algebra.

Definition 13. Given a quantization q and f € Dif f7 (A, A) define the
quantization of f by

Qo (F)(a) = f, (@) E " Qg (£) (h(a)),

g,heG
fora e A.
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The operator @, (f) is an operator of the quantized G-algebra A,.
Let us denote by Dif f? (A,, A,) the quantization of all o-differential
operators of A equipped with the quantization of composition.

From [15] we have the following result. Given a braiding o, let o, be
the quantization of . The operator

Qu + (DIff"(A,A),[)7) = (Diff7 (A A LIg") . (40)
[ € Diff7(AA) — Q,(f) € Dif 7 (Ay, A,),

is an isomorphism of modules. The symbol of (), is an isomorphism of
modules

Smbl (Q,) (Smbl"(A,A),[,]")e(Smbl”q(Aq,Aq),[,]”q), (41)

q

f e Smbl7 (A, A) — SmblL(Q,) (f) € Smbl®s (A, A,) .

By proposition 11 is Dif f% (A,, A,) a o,symmetric module and a
o,-Lie G-algebra with respect to the o, — ¢-bracket and the quantized
composition.

Furthermore, there is a o,-Poisson structure on the quantized braided
symbol algebra.

The o,-Lie algebra structure of Dif f?¢ (A,, A,) can be realized within
the classical one by dequantization, where we have the conditions for
linearity (16), the A;,-module structure (17) and the commutator (18),
with Der replaced by Diff.

6.4. Quantizations of braided differential operators in G-modules.
Let A be a o-symmetric G-algebra and let E be a o-symmetric A-module.

Definition 14. Given a quantization ¢ and f € Dif f4) (E, E) define
the quantization of f by

Qu(f) (@) =f, @) Z 3" Qua (f) (h(x)),
g,heG

where x € E.

The operator ), (f) is an operator of the quantized G-module E.
Denote by Dif f\®s49) (E, E,) the quantization of all o-differential op-
erators of E equipped with the quantization of composition.

Given a braiding o, let o, be the quantization of 0. The operator

Qu: (Dif ) (B,E), [ ) = (Diffo (B, B)) L)), (42)
f € DiffON (B, E) — Qy (f) € Dif fC4) (E,, E),
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is an isomorphism of modules. The symbol of (), is an isomorphism of
modules

SmbL(Qq) + (Smbl ™ (B, B) [[I') — ((Smbi‘e9 (E,, ), [177)

q

(43)
f € Smbl'”N (B, E) — Smbl (Q,) (f) € Smbl°) (E, E,).

Dif floadd) (B, E,) is a o,symmetric module and a o,-Lie G-algebra
with respect to the o, — g-bracket and the quantized composition.

Furthermore, there is a o,-Poisson structure on the quantized braided
symbol algebra, Smbl(+44) (E, E,).

The o,-Lie algebra structure of Dif f»44) (E, E,) can be realized
within the classical one by dequantization, where we have the conditions
for linearity (16), the A,-module structure (17) and the commutator (18),
with Der replaced by Dif f.

6.5. Braided symbol and G& S'-modules. Any G-graded differential
operator has a fibration by Z. However, the symbol of the braided dif-
ferential operators of é—graded algebras A and modules E, Smbl? (A, A)
and Smbl(>4 (E, E), is a graded by G@®Z. Hence there is an action of the
dual of G®Z, G® S* on the symbol of the braided differential operators
of G-algebras A and G-modules E, Smbl? (A, A) and Smbl>? (E, E).

In [11] and [10] we consider quantizations and braidings with respect to
Go Z-grading. Here, instead of considering quantizations and braidings
with respect to the G-action, we consider such with respect to G @ S'-
action.

Let G = G @ Z, denote its elements by Y = (x, xz) and G=Ga s
and denote elements by g = (g, gs).

Any symmetry in the monoidal category of G = G @ S'-modules is of
the form

-~ 1 N O e
7=70|iar 2 e G0 e@x (W) G|, (4
gheG
x.0€CG
where
7 (G‘@Z) X (G@Z) — U (C)
is a symmetry of the monoidal category of G = Go Z-graded modules
defined by

7 (X)) =0 06xX) T (xzx2) 7 (xxz) v (s xz) » (45)
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X, X' € G, for which

5|(é@{o})x(é@{o}) =0:GxG—-U(R),

is a symmetry of G-graded modules,
lqoenx(oyen) =7 L X L — U(R),
is a symmetry of Z-graded modules and

5|(¢@{0})X({0}€BZ) = GX7Z— U(R),

is a bihomomorphism.
Denote by

o= gg’ﬁéﬁ ® 571.
g,hed
Any quantization in the monoidal category of G = G & S'-modules is
of the form

o

- 1 = — (7
T=1ae > q(¢.%) (g)x<h) 05 ® 0, (46)

g,hed
X,0€G
where ¢ is quantization in the monoidal category of G = G o Z-graded
modules,
(j (5(7 X,) =dq (X> X,) 4 (Xv X/Z) %_1 (X,a XZ) ) (47)
where ¥, Y’ € G,

Q‘(é@{o})x({o}gw) =»x:Gx7Z—U(R)

is a bihomomorphism and
q|(é€9{0})x(é@{0}) =q:GxG—=U(R),

is quantization of @—graded modules.
Denote by

0= ) Quds ® 0
G.heC
Considering Smbl (A, A) and Smbl®4 (E, E) as G-modules they are
equipped with a symmetry ¢ of G given by ¢ where 5‘({0}€BZ)>< (0ez) =T
and 5|(é@{0})x({0}€92) = ~ trivial, that is 6 = 7.

Remark 15. If we quantize Smbl® (A, A) and Smbl"4) (E, E) by the
quantizer q given by v = 5|(é@{0})x({0}@2) then the resulting algebra s
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Smbl® (A, A) and Smbl'® (E, E), which are G-Poisson algebras with
respect to the braiding o given by the braiding
a(X) =0 06x) 7 (xxz) 7 (X xz)

in the category of G-graded modules.

We show the quantized braided Poisson structure for the quantization
of Smbl® (A, A) and Smbl@ (E, E) for a general braiding & in theorems
16 and 17.

Note that for any braiding o, which is given by some

0,0 ({0yez)x ({0yez) = T
always will be trivial since the structure arises from (quantizations of)

Smbl® (A, A) and Smbl>Y (E, E).

Assume we have a braided symbols Smbl® (A, A) and Smbl"4 (E, E)
with respect to a symmetry o, given by a symmetry & in the category of
G-graded modules, 5‘({0}®Z)><({0}®Z) =7=1. -

A quantization of f € SmblZ (A, A) or f € Smbl\"" (E, E) is

def =~ e
Qi () (@) = 7)™ Y Quaf (ha).
g,hed
where z is in either E5 or Ajz.
The operator () is an isomorphism of modules

Smbl Q) (Smbi® (4, 4),[17) = (Smbl"T (A7, A9) [177)
foe Smbl® (A, A) —s Smbl(Q7) (f) € Smbl®i (Az, A7) .
and
Smbl (Qg) : (Smbl ™ (B,E),[17) = (Smbi(7s-49) (g, Bp) 7).
f € Smbl@Y (B, E) —s Smbl (Q7) (f) € SmblP242) (B, E7).
We obtain the following properties for the quantization of Smbi® (A, A).

Theorem 16. Smbl°7 (Az, Az) is a G4-Poisson algebra with respect to
the o5 — q-bracket, that is, the following properties are satisfied

[Smbl (A, Ag), Smbl%T (Az, A7) 7" C Smbl™7 (A7, A7), (i)

[smbzfﬁ (Az, Ag), SmblT" (Ag, A,;)]f‘7 C Smbl’T._ | (As, A), (1)

i+j—1
g J
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skew oz-symmetricity,

Bl == 3 85 [han] (i)
GheG !

the o5-Jacobi identity,

[f17 [f?a f3]g§:| Zg = |:[f17 fQ]ga ) f3] :7 + Z gfgvﬁ |:7lf27 [§f17 f3]gt71| Zg ) (111)
G,heG
and B B N B
o o fs)7 = [, BT h+ Y SahfaGh f5)77 (iv)
G.heC
for fi € SmbI" (Az, Ag), fo € Smbl]" (Ag, Ag), fs € Smbly™ (Ag, Ag).

Except for (i’) we obtain the same properties for the quantization of
Smbl@Y (E, E).

Theorem 17. Smbl(7747) (Ey, E7) is a G = G @ Z-graded F3-Poisson
algebra with respect to the o5 — q-bracket, that is, the properties (i), (ii),
(111) and (iv) of theorem 16 are satisfied when replacing Az by Eg and
Smbls by SmblFe47) | and

(53.47) 7

Smbl! (7343

(Eg, E3) , Smbl; ) (Eg, E)

q

- Smbz,.(fj ) (Eg, Eg) . (V)
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