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ABSTRACT. Intra-regular ordered semigroups play an important role
in studying the structure, especially the decomposition of ordered semi-
groups. In this paper we prove that the fuzzy ideals of an ordered semi-
group S are weakly prime if and only if they are idempotent and they
form a chain, and that they are prime if and only if S is intra-regular and
the fuzzy ideals of S form a chain. Moreover we show that a fuzzy ideal
of an ordered semigroup is prime if and only if it is both semiprime and
weakly prime and that in commutative ordered semigroups the prime
and weakly prime fuzzy ideals coincide. Our results extend the corre-
sponding results on semigroups (without order) given by G. Szdsz in [11]
in case of ordered semigroups using fuzzy sets.

1. INTRODUCTION AND PREREQUISITES

Our aim is to promote research and the development of fuzzy technology
by studying the fuzzy ordered semigroups. Intra-regular semigroups play
an essential role in studying the structure, in particular the decompo-
sition of semigroups (see [2,10]). Intra-regular ordered semigroups play
an important role in studying the decomposition of ordered semigroups.
As we have seen in [4], an ordered semigroup S is intra-regular if and
only if it is a semilattice of simple semigroups, equivalently, if S is a
union of simple subsemigroups of S. Moreover, an ordered semigroup
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S is intra-regular and the ideals of S form a chain if and only if S is a
chain of simple semigroups [4]. Semigroups in which the ideals are prime
or weakly prime have been considered by G. Szdsz in [11]. G. Szdsz has
shown that the ideals of semigroup S are weakly prime if and only if they
are idempotent and they form a chain, and that they are prime if and
only if S is intra-regular and the ideals of S form a chain. He also proved
that an ideal of a semigroup S is prime if and only if it is both semiprime
and weakly prime and that in commutative semigroups the prime and
weakly prime ideals coincide. The present paper extends the correspond-
ing results on semigroups (without order) given by G. Szasz in [11] in case
of ordered semigroups using fuzzy sets. It can be a bridge passing from
semigroups or ordered semigroups to fuzzy ordered semigroups. We first
prove that a fuzzy ideal of an ordered semigroup is prime if and only if
it is both semiprime and weakly prime and that in commutative ordered
semigroups the prime and weakly prime fuzzy ideals coincide. Then we
prove that the fuzzy ideals of an ordered semigroup S are weakly prime
if and only if they are idempotent and they form a chain, and that the
fuzzy ideals of an ordered semigroup S are prime if and only if S is intra-
regular and the fuzzy ideals of S form a chain.

The important concept of the fuzzy set was first introduced by L.A.
Zadeh in [12]. Since then, many papers on fuzzy sets appeared showing
the importance of the concept and its applications to logic, set theory,
group theory, groupoids, real analysis, measure theory, topology, etc.
Many notions of mathematics are extended to such sets, and various
properties of these notions in the context of fuzzy sets are established.

Following the terminology given by Zadeh, if S is an ordered semi-
group, a fuzzy subset of S (or a fuzzy set in ) is an arbitrary mapping
f of S into the real closed interval [0,1] [5]. For a € S, denote by A, the
subset of S x S defined by:

Aa={(y.2) |a < yz}.

For two fuzzy subsets f and g of S, the multiplication of f and g is the
fuzzy subset of S defined by:

{ sup {min f(y),g(2)} if Ay #0
fog: S— [0,1] | a— (y,2)EAq
0 if Ay =0

and in the set of all fuzzy subsets of S define the order relation as follows:

f Cgifandonly if f(z) < g(x) for all z € S.
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Denote by 1 the fuzzy subset of S defined by
1:5—100,1 ]|z — 1(z) = 1.

If F(S) is the set of all fuzzy subsets of S, it is clear that the fuzzy
subset 1 of S is the greatest element of the ordered set (F'(S),C). As
we have seen in [6], if S is an ordered semigroup, then the set F(5)

7 7

with the multiplication ” o ” and the order ”

C 7 above is an ordered
semigroup as well. Moreover, as we have seen in [7], F'(S) is a lattice
ordered semigroup (l-semigroup) [1,3] with the operations of supremum
and infimum on F'(S) defined as follows:

fUg:S—1[0,1] ]z —max{f(z),9(z)},

fng:5—[0,1] |z — min{f(z),g(x)}.
That is, (F(S),N, V) is a lattice, and if f, g, h are fuzzy subsets of S, then

(fUg)oh=(foh)U(goh),

ho(fUg)=(hof)U(fog).
Clearly, (fNg)oh C (foh)N(goh)and ho(fNg) C (hof)N(fog).

For a fuzzy subset f of S, denote by f the fuzzy ideal of S generated
by f (i.e. the least —with respect to the inclusion relation— fuzzy ideal of
S containing f). One can easily prove the following:

f=fulof)u(fol)U(lofol).

The following Kuratowski’s closure axioms are satisfied:

(1) rcy )

(2)If f C g, then fCg

B) =17

An ordered semigroup (.5, ., <) is called intra-regular if for each a € S
there exist z,y € S such that a < wa’y [4]. This concept extents the
concept of intra-regular semigroups (without order) [2] in case of ordered
semigroups.

Definition 1.1. [5,9] Let (S,.,<) be an ordered semigroup. A fuzzy
subset f of S is called a fuzzy right ideal of S if (1) f(zy) > f(zx) for
every x,y € S and (2) z < y implies f(z) > f(y). Equivalent Definition:
(1) folC fand (2) z <y implies f(x) > f(y).

It is called a fuzzy left ideal of S if (1) f(xy) > f(y) for every x,y € S
and (2) = <y implies f(z) > f(y). Equivalent Definition: (1) 1o f C f
and (2) x <y implies f(z) > f(y). A fuzzy subset of S which is both a
fuzzy right and a fuzzy left ideal of S is called a fuzzy ideal of S.
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2. MAIN RESULTS

Let S be an ordered semigroup. A fuzzy subset h of S is called weakly
prime if for any pair f, g of fuzzy ideals of S such that fog C h, we
have f C h or ¢ C h. It is called prime if for all fuzzy subsets f, g of
S such that fog C h, we have f C h or ¢ C h. A fuzzy subset h of S
is called semiprime if for all fuzzy subsets f of S such that 2 C h, we
have f C h.

Proposition 2.1. Let S be an ordered semigroup and h a weakly prime
fuzzy ideal of S. Let f, g be fuzzy subsets of S such that folog C h.
Then we have f C h or g C h.

Proof. As we can easily see, the fuzzy sets 1o fol, 1ogo 1l are fuzzy
ideals of S and

(lofol)o(logol)Clo(folog)olCloholCh.

Since h is weakly prime, we have 1o fol C hor logol C h. If
lofolCh, we get

(f)* = (fulof)u(fol)U(lofol))?o(fU(lof)U(fol)U(lofol))
C(@eof)u(lofol)e(fUlof)U(fol)u(lefol))
ClofolCh.

Then, since h is weakly prime and f a fuzzy ideal of S, we have f C f C h.
I[flogol C h, in a similar way we obtain g C h. U

Proposition 2.2. Let S be an ordered semigroup and h a fuzzy ideal of
S satisfying the condition:
For all fuzzy subsets f, g of S such that folog C h, we have f C h
or g C h.
Then
(1) For each fuzzy right ideal f and each fuzzy subset g of S,
fogCh implies f Ch orgCh.
(2) For each fuzzy subset f and each fuzzy left ideal g of S,
foqg Ch implies f Ch orgCh.

Proof (1) Let f be a fuzzy right ideal and ¢ a fuzzy subset of S such
that fog C h. Since (fol)og C fog C h, by hypothesis, we have
fChorgCh.

The proof of (2) is similar. O

By Propositions 2.1 and 2.2, we have the following:
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Corollary 2.3. Let S be an ordered semigroup and h a fuzzy ideal of S.
Then h is weakly prime if and only if for all fuzzy subsets f, g of S such
that folog C h, we have f C h or g C h.

Proposition 2.4. Let S be an ordered semigroup and h a fuzzy ideal of
S. Then h is prime if and only if it is both semiprime and weakly prime.

Proof. =—. It is clear.
<. Let f, g be fuzzy subsets of S such that fog C h. Then

(golof)?=(golof)o(golof)Clo(fog)ol Clohol

Since h is a fuzzy ideal of S, we have 1oho1 C h, thus (go 1o f)? C h.
Since golof is a fuzzy subset of S and h is semiprime, we have golof C h.
Since h is weakly prime, by Proposition 2.1, we get f C h or ¢ C h. Thus
h is prime. O

Proposition 2.5. Let S be a commutative ordered semigroup and h a
fuzzy ideal of S. Then h is prime if and only if it is weakly prime.

Proof. =—. It is clear.

<. Let f, g be fuzzy subsets of S such that fog C h. Since S is
commutative, we have fog = fog C h = h. Since h is weakly prime,
weget fCfChorgCygCh. O

Lemma 2.6. Let S be an ordered semigroup. The fuzzy ideals of S are
idempotent if and only if for all fuzzy ideals f, g of S we have fNg = fog.

Proof. =—. Let f, g be fuzzy ideals of S. Since f N g is a fuzzy ideal
of S, by hypothesis, we have fNg = (fNg)o(fNg) C fog. On the
other hand, fogC fol C fand fogClogCg,thus fogC fnNgy.
Therefore fNg= fog.

<. It is clear. U

Theorem 2.7. Let S be an ordered semigroup. The fuzzy ideals of S are
weakly prime if and only if they are idempotent and they form a chain.

Proof. =—>. Let f, g be fuzzy ideals of S. Then f Ng = f o g. Indeed:
Since fog and fNg are fuzzy ideals of S and (fNg)o(fNg) C fog, by
hypothesis, we have fNg C fog. Since fogC foland fogClog,
we get fogC (fol)N(log) C fNg. Hence fNg = fog. By Lemma
2.6, the fuzzy ideals of S are idempotent.

Let now f, g be fuzzy ideals of S. Since f o g is a fuzzy ideal of 5,
by hypothesis, we have f C fogor g C fog. If f C fog, then
fCfogClogCyg IfgC fog,thengC fogC folC /.

<. Let f,g,h be fuzzy ideals of S such that f og C h. Since the fuzzy
ideals of S are idempotent, by Lemma 2.6, we have f Ng = f og. By
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hypothesis, f Cgor g C f. If f C g, then f=fNg=fogCh. If
gC f,theng=fNg=fogCh. Sohis weakly prime. U
Lemma 2.8. [8] An ordered semigroup S is intra-reqular if and only if

for each fuzzy subset f of S, we have f C 1o f?o1.

Lemma 2.9. An ordered semigroup S is intra-reqular if and only if for
each fuzzy subset f of S, we have f C f2.

Proof. =—. Let f be a fuzzy subset of S. Since S is intra-regular, by
Lemma 2.8, we have f C 10 f?201. Then we have

fc f=fulof)u(fol)u(lofol)
C (loffol)U(1*offol)U(lofPol?)U (1?0 f?01?)
= lof?olC f2
<. For each fuzzy subset f of S, by hypothesis, we have
fCP=ulof)u(ffol)u(lofiol).

Then we have

fFe(fPulle fHU(fFUlU(lo ffol))
o (ffU(lofU(ffUul)U(lo fiol))
C(loffol)u(lof?).
Then f201 C (1o f201?)U(lo f?01) = 1o f201. Hence f C
(lof?)U(lof?ol),and f2C (1o f3)U(lof?o0lof)Clof?0l. So
lof2C120f201C 1o f?01l. Finally, f C 10 f?01 and, by Lemma
2.8, S is intra-regular. O

Lemma 2.10. An ordered semigroup S is intra-reqular if and only if for
each fuzzy subset f of S, we have f = f2.

Proof. =. Let f be a fuzzy subset of S. Since S is intra-regular, by
Lemma 2.9, we have f C f2. Then f C f2 = f2. On the other hand,

fP=FUlof)u(ffol)u(lofol)C(lof)U(lofol)C f,
so f=f2
. If f = f2, then f C f2 and, by Lemma 2.9, S is intra-regular.
O

Lemma 2.11. Let S be an intra-regular ordered semigroup. Then, for
each fuzzy subset f of S, we have f =10 fol.
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Proof. Let f be a fuzzy subset of S. Clearly, f* C 1o fol C f. Since
S is intra-regular and f, f? are fuzzy subsets of S, by Lemma 2.10, we
have

f=fP=ficTofolCf=].

Then we have

~l

=lofol
=(ofol)U(lo(lofol))U((lofol)ol)U(lo(lofol)ol)
=1lofol.

O
Lemma 2.12. If S is an intra-reqular ordered semigroup, then 1 = 12.

Proof. By Lemma 2.11, wehave 1 C1=10101C 101 C1,s01 =12

Lemma 2.13. Let S be an intra-reqular ordered semigroup. Then for all
fuzzy subsets f, g of S, we have fog=go f.

Proof. By Lemma 2.10 and Lemma 2.11, we get

fog=(fog)?=10(fog)o(foglolClogofol=gof.
By symmetry, go f C fog, thus fog=go f. U
Lemma 2.14. Let gbe an i@r@gular ordered semigroup and f, g fuzzy
subsets of S. Then fog= fog.
Proof. By Lemmas 2.11, 2.12 and 2.13, we have

fog = lofolologol=1lofo(log)ol=fo(log)

= (log)of=1lologofol=1o(gof)ol

— JoT=Tes O
Lemma 2.15. Let S be an ordered semigroup. If the fuzzy ideals of S
are semiprime, then S is intra-regular.

Proof. Let f be a fuzzy subset of S. Since f2 C f2 and f2 is a semiprime

fuzzy ideal of S, we have f C f2. Then, by Lemma 2.9, S is intra-regular.
O

Lemma 2.16. Let S be an intra-regular ordered semigroup and f, g fuzzy
subsets of S. Then fNg= fog.
Proof. By Lemma 2.11, we have

fog=1lofogol Clofol=f and fog=lofogol Clogol=7
i.e. fogisalower bound of f and §. Let now h be a fuzzy subset of S
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such that A C f and h C §. Then, by Lemmas 2.10, 2.11, 2.12 and 2.14,
we obtain

h C E:P:1oh2olglofo§ol

= lo(lofol)o(logol)ol

= lofolologol=fog=fog.
Therefore fog= fNGg. U

Theorem 2.17. Let S be an ordered semigroup. The fuzzy ideals of S
are prime if and only if S is intra-reqular and the fuzzy ideals of S form
a chain.

Proof. =—. Suppose the fuzzy ideals of S are prime. Since they are
semiprime, by Lemma 2.15, S is intra-regular. Since they are weakly
prime, by Theorem 2.7, they form a chain.

<. Let h be a fuzzy ideal of S and f, g fuzzy subsets of S such that
fog C h. Since S is intra-regular, by Lemma 2.16, we have fNg = fog.
By hypothesis, f Cgorg C f. If fC 7, then

So h is prime. O

Remark 2.18. A fuzzy ideal h of an ordered semigroup S is called
mazimal if h # 1 and there is no fuzzy ideal f of S such that f # 1 and
f D h. If S is an ordered semigroup such that 12 = 1, then the maximal
fuzzy ideals of S are weakly prime. Indeed: Let h be a maximal fuzzy
ideal of S and f, g fuzzy ideals of S such that fog C h. Suppose f € h
and g Z h. Then hU f and hUg are fuzzy ideals of S such that hUf D h
and hUg D g. Since h is maximal, we have hU f =1 and hU g = 1.
Then we have

1=1* = (hUf)o(hUg)=h*U(foh)U(hog)U(fog)
C (hol)U(loh)Uh=hC1,

so we have h = 1 which is impossible.

By Lemma 2.12, in intra-regular ordered semigroups, we have 1 = 12. So
in intra-regular ordered semigroups the maximal fuzzy ideals are weakly
prime.



FUZZY IDEALS IN ORDERED SEMIGROUPS 39

REFERENCES

[1] G. Birkhoff, Lattice Theory, American Mathematical Society Colloquim Publi-
cations, Vol. XXV, Providence, Rhode Island 1961, xiii+283 pp.; 1967, vi+418
pp-

[2] A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, Vol.
I, Mathematical Surveys, No. 7, American Mathematical Society, Providence,
Rhode Island 1961, xv+224 pp.

[3] L. Fuchs, Partially Ordered Algebraic Systems, Pergamon Press, Oxford-London-
New York-Paris; Addison-Wesley Publishing Co., Inc., Reading, Mass.-Palo Alto,
Calif.-London 1963, ix+229 pp.

[4] N. Kehayopulu, On intra-regular ordered semigroups, Semigroup Forum 46, No.
3 (1993), 271-278.

[5] N. Kehayopulu, M. Tsingelis, Fuzzy sets in ordered groupoids, Semigroup Forum
65, No. 1 (2002), 128-132.

[6] N. Kehayopulu, M. Tsingelis, The embedding of an ordered groupoid into a poe-
groupoid in terms of fuzzy sets, Inform. Sci. 152 (2003), 231-236.

[7] N. Kehayopulu, M. Tsingelis, On fuzzy ordered groupoids-semigroups, J. Fuzzy
Math. 15, No. 2 (2007), 689-697.

[8] N. Kehayopulu, M. Tsingelis, Characterization of some types of ordered semi-
groups in terms of fuzzy subsets, Lobachevskii J. Math., to appear.

[9] N. Kehayopulu, M. Tsingelis, Fuzzy ideals in ordered semigroups, Izv. Vyssh.
Uchebn. Zaved. Mat., submitted.

[10] M. Petrich, Introduction to semigroups, Merrill Research and Lecture Series,
Charles E. Merrill Publishing Co., Columbus, Ohio, 1973, viii+198 pp.

[11] G. Szész, Eine Characteristic der Primidealhalbgrouppen, Publ. Math. Debrecen
17 (1970), 209-213.

[12] L.A. Zadeh, Fuzzy sets, Inform. Control 8 (1965), 338-353.

UNIVERSITY OF ATHENS, DEPARTMENT OF MATHEMATICS, 157 84 PANEPIS-
TIMIOPOLIS, GREECE

E-mail address: nkehayop@math.uoa.gr

Received June 6, 2007



