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Abstract. In the paper, the following concept are defined:
(i) a minimal left (right, two-sided) ideal with respect to a subset B of a semigroup S,
(i) a kernel with respect to a subset B of a semigroup S,

and their basic properties are investigated.
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In many papers concerning the algebraic theory of semigroups, properties of the
following types of ideals in semigroups are investigated:

1) the minimal left (right, two-sided) ideals (see for example [3], [5], [6], [7], [8],
[9], [11]);

2) the 0-minimal left (right, both-sided) ideals (see for example [4]);

3) the minimal quasi-ideals (see for example [12]);

4) the simple left (right, two-sided) ideals (see for example [8], [10]).

In this paper, the following concepts are defined:

a) a minimal left (right, two-sided) ideal with respect to a subset B of a semi-
group S;

b) a kernel with respect to a subset B of a semigroup S.

An example of two semigroups, each satisfying exactly one of the following two
properties, is given:

a) S1 does not contain any minimal left (right, two-sided) ideal (it does not have
a kernel), and it contains infinitely many mutually different subsets such that with
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respect to each of them S; contains minimal left (right, two-sided) ideals and the
kernel.

b) S5 contains at least one minimal left (right, two-sided) ideal, hence it contains
the kernel, nonetheless it does not contain any simple left (right, two-sided) ideal and
contains infinitely many mutually different subsets such that with respect to each of
them Sy has minimal, left (right, two-sided) ideals (none of them is a minimal left
(right, two-sided) ideal of S) and with respect to each of them it also has the kernel.

Let S be a semigroup and let ) # B C S. In this paper, basic properties of a
minimal left (right, two-sided) ideal with respect to the set B of the semigroup S
(under certain conditions on a subset B of a semigroup S) are investigated. The main
result of this paper is Theorem 3, which is a generalization of Corollary 9 (see [3]).

After the basic assertions on minimal left (right, two-sided) ideals with respect to
a set B of a semigroup S, some well known corollaries will be given, e.g. on minimal
left, on 0-minimal right (if the semigroup S is a semigroup with the zero 0) and on
simple left (if the semigroup S contains the kernel) ideals of a semigroup S.

Throughout the paper, the following notation will be used:

X C Y will mean that X is a proper subset of the set Y (to distinguish it from
X CY which means either X CY or X =Y.

Let S be a semigroup and let ) # A C S. L(A) (R(A), J(A)) is the left (right,
two-sided) ideal generated by A. If a € S and A = {a}, then instead of L({a}) we
will write L(a).

Z (#, 7) is the Green Z-equivalence (#-equivalence, ¢ -equivalence) on S
(see [1]).

S/Z (S] 7, S/Z) is the set of all L-classes (_#-classes, #-classes) which belong
to the equivalence .Z (_#,%#) on S.

L, (Ja, Ra) is the element of S/.& (S/_#, S/%) containing the element a € S.

< is a partial ordering on S/.Z (S/ ¢, S/%) (see [1]). We will write R, < R,
provided R, < Ry and R, # Ry.

NL(A) (N(A), NR(A)) will denote the set of all elements x € S such that for
eacha € A: Ly € Ly (Jo € Jz, Ry € Ry) (see [13)]).

Lp (Rp) will denote the set U{L, | b € B} (U{Ry | b € B}).

A is the set S\ A.

We will use the following assertion: Let S be a semigroup and let ) # A C S.
Then (see [13]):

If NL(A) # 0, (N(A) # 0, NR(A) # 0), then NL(A) (N(A), NR(A)) is a left
(two-sided, right) ideal in S.

In what follows the definitions of new concepts will be mostly omitted and the
theorems about them will be given only for left ideals of S. Theorems on left ideals
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of S will be referred to (without further notice) in case analogous theorems (concepts)
concerning right (two-sided) ideals of S should be used.

Definition 1. Let S be a semigroup and let ) 2 B C S. A left ideal L of
a semigroup S will be called a minimal left ideal with respect to a subset B of a
semigroup S (or in S), if LN B # () and there is no left ideal L’ in S such that L' C L
and L' N B # ).

Remark 1. a) If we put B=S (B =S\ {0}) in Definition 1, then we have for
each) #L C S:

L is a minimal left (0-minimal left) ideal with respect to a subset B of the semi-
group S (of the semigroup S with 0) if and only if L is a minimal left ideal of the
semigroup S (of the semigroup with 0).

b) Let S be a semigroup with the kernel K and let K # S. A left ideal L of the
semigroup S is called a simple left ideal of the semigroup S, if K C L and there is
no left ideal L’ in S such that K C L' C L (see [10]). Put B =S\ K. In the paper
it is shown how to get theorems on minimal left ideals with respect to the subset B
of the semigroup S using theorems on simple left ideals of the semigroup with the
kernel K.

Example 1. Let S; be the set of all real numbers x € R such that 0 < x < 1.
A binary operation on S; will be defined in the following way: zy = min{z,y} for
each two elements z,y € S;. Then S is a semigroup.

Let Sy = {a, b, c} and let a binary operation on Sy be defined in the following way:

Q@ Q2 Q|
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Then S is a semigroup. Let S3 = S X S2 be the direct product of semigroups Sy, Sa.-
For each a € (0,1) put M* ={y |y € Rand a < y < 1} and B* = M“ x S3. Then
for each a € (0,1) the set {L(,u) | u € Sy} is the set of all minimal left ideals with
respect to the set B* of the semigroup Ss3. It is easy to prove that the semigroup
S3 contains no minimal two-sided ideal. In this example instead of the set S; take a
set Sy of all real numbers x € R such that 0 < x < 1. Define the binary operation
on Syp analogously as on S;. Then Spp is a semigroup. Let S3g = S1p X S2 be the
direct product of semigroups Sig, S2. Then we can easily prove that the semigroup
S30 has the following properties:

a) Sz contains at least one minimal left and one minimal right ideal and hence
S30 has the kernel,



b) S30 does not contain any simple left (two-sided) ideal,

c) S3o contains infinitely many mutually different subsets (B%*,« € (0,1)) such
that with respect to each of them S3p has minimal left ideals (none of them is a
minimal ideal of S).

For each 8 € (0,1) put N° = {y|y€Rand 0 < 3 <y < 1} and B = NP x S,.
Then for each 8 € (0,1) the set of all minimal left (right, two-sided) ideals with
respect to the set B? of the semigroup Ss is empty.

Remark 2. By means of an example it can be shown that there exists a semi-
group having a kernel and containing no minimal left (right), simple left ideal, while
containing infinitely many mutually different subsets such that with respect to each
of them it has both a minimal left ideal and the kernel.

Theorem 1. Let S be a semigroup and let ) # B C S. Then for each ) # L C S
the following holds:

(a) L is a minimal left ideal with respect to the subset B of the semigroup S if
and only if there exists an element b € B such that L = L(b) and Ly is a minimal
element of NL(B)/.Z .

(b) For each b € B: L(b) is a minimal left ideal with respect to the subset B of

the semigroup S if and only if L(b) N NL(B) = L.

Proof. (a)l. Suppose that L is a minimal left ideal with respect to the subset
B of the semigroup S. Let b € LN B. Then L(b) C L and L(b) N B # . It follows
from the assumption that L = L(b). Let a € NL(B) and let L, < L. Then there
exists an element ¢ € B such that L. < L,. This implies that L(c) = L(b), hence

L, = Ly. Therefore, L; is a minimal element of NL(B)/.%.

II. Let b € B, L = L(b) and let L, be a minimal element of NL(B)/.%. Let L’ be
a left ideal of the semigroup S such that L’ C L and L' B # . Let c € L' N B.
Hence L(c) C L'(c) € L(b). Therefore L, < Ly and Ly, L. € NL(B)/.#. This is a
contradiction with the fact that L is a minimal element of NL(B)/.¢. Therefore
L(b) is a minimal ideal with respect to the subset B of the semigroup S.

(b) Let b € B.

I. Suppose that L(b) is a minimal left ideal with respect to the subset B of the
semigroup S. Using (a) we get that L, C L(b) N NL(B). Suppose that there is an
element d € L(b) N NL(B) such that d ¢ L,. Hence Ly C NL(B) and Lg < L.

This is a contradiction with the fact that L, is a minimal element of NL(B)/.£.

Therefore L(b) N NL(B) C L.

II. Suppose that L(b)NNL(B) = L. Further suppose that there exists a left ideal
L of the semigroup S such that L C L(b) and LN B # (). Then L N L, # 0. Hence
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L(b) C L, which contradicts L C L(b). Therefore L(b) is a minimal left ideal with
respect to the subset B of the semigroup S. O

Corollary 1. Let S be a semigroup. Then for each ) # L C S the following
holds:

(a) L is a minimal left ideal in S if and only if there exists an element b € S such
that L = L(b) and L; is a minimal element in S/.%.

(b) For each b € S: L(b) is a minimal left ideal in S if and only if L(b) = L.

Proof. Put B=S. Then NL(B) = S. Using Theorem 1 we get Corollary
1. O

Corollary 2. Let S be a semigroup S with zero 0. Put B = S\ {0}. Then for
each ) # L C S the following holds:

(a) L is a 0-minimal left ideal of the semigroup S if and only if there exists an
element b € B such that L = L(b) and Ly is a minimal element in B/.%.

(b) For each b € B, L(b) is a 0-minimal left ideal of the semigroup S if and only
if L(b) = {0} U L.

Proof. From the assumption we have that B = S\{0}. Then NL(B) = S\{0}.
Using Theorem 1 we get Corollary 2. O

Corollary 3. Let S be a semigroup with the kernel K and let S be not simple.
Put B= S\ K. Then for each L C S the following holds:

L is a simple left ideal in S if and only if there exists an element b € B such that
L = K U L(b) and L(b) is a minimal left ideal with respect to the subset B of the
semigroup S.

Proof. I. Let L be a simple left ideal in S. Let b€ L\ K. Then K UL(b) C L
and K U L(b) is a left ideal containing the kernel K. Then the assumption implies
that L = K UL(b). Suppose that L; is not a minimal element of B/.#. There exists
an element ¢ € B such that L. < L. Then L(b) \ Ly # 0 and (L(b) \ Ly) N B # 0.
Then Ly = KU (L(b) \ Ly) is a left ideal of the semigroup S and K C Ly C L. This
is a contradiction with the fact that L is a simple left ideal of S. It follows that L;
is a minimal element in B/.¥. Using Theorem 1 we get that L = K U L(b) and L(b)
is a minimal ideal with respect to the subset B of the semigroup S.

II. Let L = K U L(b) and let L(b) be a minimal left ideal with respect to the
subset B of the semigroup S. Suppose that there exists a left ideal L’ in S such that
KcL CL. Letede L' Ly. Then L, = Ly C L(d) C L'. We get L C L’. Hence
L' = L. Therefore L is a simple left ideal of S. O
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Definition 2. We will say that a semigroup S satisfies the condition mp (mp)
if ) # B C S and the set of all minimal left (two-sided) ideals with respect to the
subset B in S is nonempty.

Let S be a semigroup and let ) # B C S. A minimal left ideal L with respect
to the subset B of the semigroup S will be called a left mB-ideal of the semigroup
S if L has the following property: for each left ideal L’ of S the following holds: If

L' c L and c€ S then L'en NL(B) = 0.

Lemma 1. Let a semigroup S satisfy the condition mpg. Let either NL(B) = (),
or let NL(B) be a two-sided ideal of S. Then its every minimal left ideal with respect
to the subset B of the semigroup S is a left mB-ideal of the semigroup S.

The proof is clear.

Let S be a semigroup without zero (with zero 0). Put B=S (B = S\ {0}). Let
S satisfy the condition mp.Then each minimal (0-minimal) left ideal with respect
to the set B=S (B =5\ {0}) of the semigroup is a left mB-ideal of S.

It can be shown by means of an example that there is a semigroup S and its
nonempty subset B C S with the following properties:

a) NL(B) # S and NL(B) is not a two-sided ideal of S,

b) S satisfies the condition m g,

¢) S contains a minimal left ideal with respect to the subset B of S that is its left
mB-ideal and contains a minimal left ideal with respect to the subset B of S that is
left m B-ideal of S.

Example 2. Let S = {0, a, 5, u,v,e}. Define on S a binary operation as follows:

SIS A~ e o)
o o ©R|Q
o oo™

o0 o2 o
S oo e
o o2 oalo

Then S is a semigroup. Put B = {«,3}. Then NL(B) # (), NL(B) is not a two-
sided ideal of S. S satisfies the condition m;p and constains a minimal left ideal
with respect to the subset of S that is not its left mB-ideal of S and contains a
minimal left ideal that is its left mB-ideal of S.

Lemma 2. Let a semigroup S satisfy the condition myg. Let L be a left mB-ideal

of the semigroup S. Then for each ¢ € NL(B) the following holds: If Len\N L(B) # ),
then Lc is a minimal left ideal with respect to the subset B of the semigroup S.
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Proof. Let c € NL(B), and let LcN B # (. Suppose there exists a left ideal
L* of S such that L* C Lec and L* N B # (. By L; we will denote the set of all
elements a € L such that ac € L*. Then by the assumption we get that Ly # () and
LiNNL(B) #0. If s € S and a € Ly, then (sa)c = s(ac) € sL* C L*. Hence L, is a
left ideal of S. Due to the assumption we have L1 = L. Hence Lc = Lyc C L*. This
is a contradiction with L* C Lc. Therefore Lc is a minimal left ideal with respect to

the subset B of the semigroup S. a

Corollary 4. (See [3].) Let L be a minimal left ideal of a semigroup S and let
c € S. Then Lc be a minimal left ideal of the semigroup S.

Proof. Put B=S. Then L is a left mB-ideal of S. By Lemmas 1 and 2 we
get Corollary 4. O

Corollary 5. (See [4].) Let S be a semigroup with zero 0. Let L be a 0-minimal
left ideal of S, and let ¢ € S. Then either Lec = {0} or Lc is a 0-minimal left ideal
of S.

Proof. Put B=S\{0}. Then NL(B) =S\ {0} and NL(B) = {0}. Due to
Lemmas 1 and 2 we get Corollary 5. |

Corollary 6. (See [10].) Let S be a semigroup with the kernel K and let L be a
simple left ideal of S. Let ¢ € S. Then the set K U Lc is either a simple left ideal of
S or K=KULec.

Proof. Put B=S\K. Then using Corollary 3 and Lemma 2 we get Corollary 6.
O

Let a semigroup S satisfy the condition myg. By .B we will denote the set of all
elements of B such that for each minimal left ideal with respect to the subset B there
exists exactly one element b € . B such that L = L(b) (see Theorem 1) and L(b) is
a minimal left ideal with respect to the subset B of S for each b € ., B. The set .B
will be called the left lower basic (minimal) set of the subset B of the semigroup S.
Clearly . B is such a minimal subset of the set B that the sets of all minimal ideals
with respect to B and of those with respect to .B coincide.

Definition 3. We will say that a semigroup S satisfies the condition m7j g if
S satisfies the condition m;p and the left lower basic set .B of the set B has the
following properties:

i)Ifbe . .B,ce Sand L(b)en NL(B) = (), then there exists an element d € B
such that L(b)c C L(d).

ii) NL(B) = N(B).



Remark 4. It is easy to prove that the following assertion holds:

(a) Let a semigroup S contain at least one minimal left ideal. Put B = S. Then
the semigroup S satisfies the condition mj g.

(b) Let a semigroup S with 0 contain at least one O-minimal left ideal. Put
B = S\ {0}. Then the semigroup S satisfies the condition mj g.

Lemma 3. Let a semigroup S satisfy the condition mj 5. Then the set union of
all minimal left ideals with respect to the subset B of S is a two-sided ideal of S.

Proof. Put M = U{L(b) | b € .B}. Let a € M and ¢ € S. There exists

an element d € .B such that a € L(d). Then either o) L(d)enN NL(B) = 0, or
B) L(d)cN NL(B) # (). First suppose that «) holds. Then by the assumption, there
exists an element d’ € . B such that L(d)e C L(d'). It follows that ac € M. In the
case (), due to Lemma 2 we get that there exists h € .B such that L(b)c = L(h).
It follows that M is a right ideal of S. Clearly M is a left ideal of S. Hence M is a

two-sided ideal of S. O

Definition 4. We will say that a semigroup S satisfies the condition mj’g if S

satisfies the condition m} 5 and for each b, ¢ € . B there exists an element d € NL(B)
such that L(b)d = L(c).

Example 3. Let a semigroup S contain at least one minimal left ideal. Put

B =S. Then NL(B) = S. Let .B be the left lower basic set of the subset of the set
B (C S). Then it is easy to prove that the semigroup S satisfies the condition m3*.

Theorem 2. Let a semigroup S satisfy the condition mi}*. Then:

(a) For each two-sided ideal M of the semigroup S the following holds: If M N, B #
(), then L(.B) C M.

(b) The set L(.B) = U{L(b) | b € .B} is a minimal two-sided ideal with respect
to the subset B of the semigroup S.

Proof. (a) Let b € M N .B. Suppose that ¢ € .B and ¢ ¢ M. By the
assumption there exists an element d € NL(B) such that L(b)d = L(c). This is a
contradiction with L(b) C M and ¢ ¢ M. Hence L(.B) C M.

(b) By the assumption and Lemma 3, L(.B) is a two-sided ideal of the semigroup

S. Suppose that there exists a two-sided ideal M’ of the semigroup S such that
M’ C L(+B) and M’ N .B # (). Using (a) we get L(.B) C M’. This contradicts the
assumption. O

Corollary 7. Let a semigroup S contain at least one minimal left ideal. Then
the set union of all minimal left ideals of the semigroup S is its minimal two-sided
ideal (for the kernel of the semigroup S see e.g. [3], [9]).
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Remark 5. Let S be a semigroup in Example 2 and B = {«, 8}. Then

a) S satisfies the condition mj 5 and does not satisfy the condition mj’s.

b) The set union of all minimal ideals with respect to the set B of a semigroup S
is not a minimal two-sided ideal of S and Lg # Rp.

Definition 5. Let S be a semigroup and let § # B C S. Denote by Kpg the
intersection of all two-sided ideals N of the semigroup S such that NN B # 0. If
Kp # ) then the two-sided ideal Kp of S will be called the kernel with respect to
the subset B of the semigroup S.

Clearly the following holds: If B = S and Kp # 0, then Kp is the kernel of the
semigroup S.

Corollary 8. Let a semigroup S satisfy the condition m}*s. Then L(.B) is the
kernel with respect to the subset B of the semigroup S.

We get Corollary 8 using Theorem 2.

Example 4. Let S1, Sz, S3, Si0, S30 be semigroups from Example 1. Let for
each o € (0,1), M* and B* be the sets from Example 1. It is easy to show that
each semigroup Ss (S30) satisfies the condition m}* for each a € (0,1) (a € (0,1)).
The semigroup Ss (S30) has the kernel with respect to its every subset B, o € (0,1)
(a € (0,1)), contains the kernel and does not contain any simple left (right, two-
sided) ideal.

Definition 6. Let S be a semigroup and let ) # B C S. We will say that the
semigroup S satisfies the condition muj'y (mujyy) if it satisfies the condition mj’s
(myg) and for each a, b € .B (a, b € B,) we have L,b = Ly (bR, = Rs).

Further, we denote by D;(B) (D.(B)) the set of all elements b € B such that
bB = B (Bb = B).

Definition 7. A semigroup S will be called a partial group if and only if D,.(S) #
() and D,.(S) = D;(S) (see [2]).

Further, we will use the following lemma (its proof see e.g. [1], [2]).

Lemma 4. Let S be a partial group. Then

(a) D,(S) = S if and only if S is a group.

(b) If D,.(S) # S, then S\ D,(S) is a two-sided ideal of S and D,.(S) is a group.
(¢) The unit of the group D, (S) is a unit of the semigroup S.

A nonempty subset H of the semigroup S will be called a filter of the semigroup
S if for each two elements a, b € S the following holds: ab € H (a, b € S) if and only
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ifae H,be H. If H is filter of the semigroup S and S\ H # 0, then S\ H is a
two-sided ideal in S.

Lemma 5. Let a semigroup S satisfy the conditions mut's, mugy. Let L g =
Rp, and let ¢, d be arbitrary elements of L,g. Put G = R(¢)L(d) and D =GN Lp.
Then

(a) L,p is a filter in L(.B),

(b) D #0,

(C) D g RC n Ld,

(d) D = D,(G) = Dy(G).

Proof. By the assumption and Theorem 2 we get that L(.B) is a two-sided
ideal of S and R(B.) C L(.B), L(+B) C R(B.). Therefore L(.B) = R(B.). By the
assumption, we get that L(,B)\ L,g = R(B.) \ Rp,. Put K = L(.B) \ L,p. Then
K=U{L,UL®D)\ Ly | b€ «B}\U{Ly | b € «B} = U{L(b) \ Ly | b € .B}. Hence
either (i) L(b)\ L, = 0 for all b € . B, or (ii) there exists an element b € B such that
L(b) \ Ly # (. Suppose that (ii) holds. Then K # () and K is a two-sided ideal of
S. Let a and b be elements of L _g. Then by the assumption, L,b = L, C L g. It
follows that L, is a filter in L(.B) (in the case (i) we have L(.B) = L,p).

b) Let ¢, d be elements of Lg. Then ¢d € R(c)L(d) = G and by (a) we get
cd € L, g. Hence D # ).

¢) Since GNL,g = [R(c)L(d)|NL,p C [R(c)NL(d)|NL,5 = [R(c)NL,g]N[L(d)N
L, g], the assumption and Theorem 1 yield that D C R. N L.

d) Let g be an element of D. By (c) we get g € R, and g € L;. By the assumption
we get that Ly = L, = Lgg C L(d)g C L(d)L(d) C L(d). Then L(d) = L(d)g.
Analogously gR(c) = R(c). Hence gG = gR(c)L(d) = G and Gg = R(c)L(d)g = G.

Let g be an element of G such that g ¢ D. Then g € L(d) and g ¢ L, p. Therefore
g € K. By (a), L,p is a filter in L(,B) and K # 0, hence K is a two-sided ideal
in L(.B). It follows that GgNL,g = § and gG N L, g = (). According to (b) we
get Gg # G and gG # G. The above considerations imply that the assertion (d) of
Lemma 5 holds. O

Theorem 3. Let the assumptions of Lemma 5 hold. Then:

(a) G is a partial group.

(b) L(d) = Se, R(c) = eS and G = R(c) N L(d) = eSe where e is the unit of the
partial group G.

(C) D=R.NLy.

Proof. (a) Since L(d) is a left ideal of the semigroup S, we get that GG =
R(c)L(d)R(c)L(d) € R(c)L(d) = G. According to (b) and (d) of Lemma 5 we get
that G is a partial group.
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(b) Let e be the unit of the partial group G. Then by Lemmas 4 and 5 we have e €
R and e € Ly. It means that R(c) = eS and L(d) = Se. Then eSe C eL(d) C L(d)
and eSe C R(c)e C R(c). It follows that eSe C R(c) N L(d). Let x are an arbitrary
element of R(c) N L(d). Then there exists elements u, v € S such that z = eu = ve.
Then z = eu = e(eu) = e(ev) = eve, i.e. x € eSe. Hence R(c) N L(d) C eSe.

Clearly R(c)L(d) C L(d) and R(c)L(d) C R(c). Therefore G C R(c) N L(d). Let
x be an element of R(c) N L(d). By (b) there exists an element u € S such that
x = ue. Then ze = (ue)e = ue = x. Therefore x € R(c)L(e) = R(c)L(d). Hence
G = R(c) N L(d) = eSe, where e is the unit element of the partial group G.

(c) By (b), ReN Ly C R(e)N L(d) =G. Since R, C L,g and Ly C L, g, we get
that R "Ly C GN L, g. Lemma 7 implies that D = R. N L. O

Corollary 9. (See [3].) Let L(d) be a minimal left ideal and R(c) a minimal right
ideal of a semigroup S (¢, d € S). Put B =S, G = R(c)L(d) and D = GN L_p.
Then:

(a) G is a group.

(b) R(c) = eS, L(d) = Se and G = R(c) N L(d) = eSe, where e is the unit of the
group G.

(C) G=R.NLy.

Proof. By the assumption, the semigroup S satisfies the conditions mrp,
mpgp, where B = S. Let .B (B.) be the left (right) lower basic set of the subset
B of the semigroup S. Then it is easy to prove that the semigroup S satisfies the
assumptions of Theorem 3. Because by the assumption, L(d) is a minimal ideal of
the semigroup S, using Theorem 1 (B = S) we have L(d) = L4. It follows that
G = R(e)L(d) € L(d) = LgN L,p. Therefore D = G. Using (d) of Lemma 6 we
conclude that G is a group. O

Example 5. Let Sy = {0,1,2,4,5,7,8,10,11} be a semigroup of the semigroup
S12 ={0,1,2,...,11} mod 12. Ss is the semigroup from Example 1. Let S3 = S; xSy
be the direct product of Sy, Sa. Put By = {2} x S and By = {1} x S3. Then:

a) If B = B; then the semigroup Ss satisfies the condition m7*; and does not
satisfy the condition muj’s.

b) If B = By then .B = {1} x S2, B. = {(1,a)}, L,g = R,p and the semigroup
S satisfies the condition muj’, muyp.

11
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