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1. PRELIMINARIES

Let L9 (1 < ¢ < o0) [L*°*® = (] be the class of all 2r-periodic real-valued func-
tions of two variables, integrable in the Lebesgue sense with ¢-th power (continuous)

in the square @ = [, n; —n, ). Let us define the norm of f € L as
1/q
(//|f(T7y)|dady) When1<q<oo,
HfHqu = Hf(x,y)Hqu = Q
sup !f(l‘, y)! Whel'l q = Q.
(z,9)€Q

Consider the trigonometric double Fourier series

n=0vr=0

of f € L with partial sums Sji(z,y; f). Denote by a](.k";) (,y) = O'J(-Z’(;) (x,y; f)
the Cesaro means (C, v, d) of S[f].
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Then
§
o (e i f) = AVA&ZZA v A : ).
]”[L 0v=0
where j,k =0,1,2,..., 7,6 > —1 and A¥ = ("1%).

2

Double Fourier series of a complex-valued function f € L9 is defined as

Sy = 5 % cpne imetny)

m=—0o0 N=—0o0

where
e = ()2 [ [ gpe =) daay,

If f(z,y) is real-valued, the Fourier coeflicients ¢, fulfil the obvious additional
conditions. Hence, in our arrangement of S[f](z,y), the expressions A, , (z,y; f) are
of the form

A, (z,y; f) = o cos px cos vy + B, sin pa cos vy

+ Yuw €OS px sin vy 4 6, sin px sin vy,

where o, Buvy Yuv, Ou are specific linear combinations of ¢y,y,.

For the one dimensional case we will also use the notations L9, || X ||pa, S[f],
(C,8), o (x; f) which can be understood analogously to the above.

Let us introduce the integral moduli of continuity of f € L9

wi(0)ras = wi(0, flrae = sup || f(z +hyy) = f(@,9)]| Lo
he<0,0>

WQ(Q)LQQ = w2(Qaf)Lq‘1 = sup Hf T y+ h) f(xay)Hqua

h€<0,0>
and the characteristics
wi(%ﬂ)mq when 1 < g < 00,
Pim = pinld) = i i w(L) when ¢ =1 =
ntl \v¥1/Laa q or g = o0
fori=1, 2,

(I)m,n = q’m,n(q) = P1,m (q) + 4)02,n(q)a

wi(%ﬂ)m when ¢ < max(p, 2),
wi,n = 1/}i,n(pa Q) =

(n 4+ 1)A/2)=1/D o, (=25) when max(p, 2) < g < oo,

Laq
fori =1, 2,
\I/m,n = ‘Ijm,n(pa q) = wl,m(pa q) + wZ,n( aq)a
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1 when ¢ < max(p, 2),

Xn=Xn(p,q =
(. 4) { (n+ 1)Y/P=1/4  when max(p,2) < q < oo;

1 when v >0orv=0,p=2,q# 1, oo,

L,=1L, = Ln(7,ps = .
() (.p.9) {log(n—l— 2) when v =0 and if p = 2 then ¢ = 1, oc.

We shall deal with a regular summability method, determined by an infinite func-
o)
tional sequence {a(r)/A(r)}, ar(r) = 0 and A(r) = 3 ag(r) for 0 < r < 1, in

k=0
such a way that the condition wy — w when k — oo implies

1
A(r)

M8

ap(r)wy - w when r—1, 0<r<1.
k=0

The aim of the present paper is to estimate the following strong deviations of Mar-
cinkiewicz type (1 < ¢ < o0):

o e = (575 St iz
k=0

1/p
;q) (q # o0),

[e%s} 1/p
QP(r; f)paa = | (AET) kZak(r) 0(7’6_1)(:13,y) = fay) p)
—0 Laa
) oo olt+1_o 1/p||® s
_ p
RP*(r; f)paa = A(T) Z Z Ozk(r)’(j](gz:(s 1)(m’y) B f(m,y)’
=0 k=2l—1

Laa

for some p, s > 0,v >0, 6 > % and all » € (0,1) by means of the characteristics
defined before.

Our theorems, presented in Section 2, correspond to the results announced in [3]
and [4] for functions of one variable and generalize the results of [5].

The proofs of the theorems are based on a few lemmas which unfortunately cannot
be deduced from the one dimensional results by iteration.
For convenience, let N = [£-], p' = min(p,q), ¢ = max(p,q), o, = 2l — 1,
B =21 —2, 3 =min(27! — 2,N), and let C; (j = 1,2,3,...) be suitable positive
constants independent of f and r. Let £ denote the real number conjugate to ¢,
ie.l/e+1/6=1 (g, >1).
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2. STATEMENT OF RESULTS

Considering a function f € L% and numbers r running through the interval (0,1),
we formulate the following seven approximation theorems:

Theorem 1. Suppose that

oo B N e 1/A o0
(1) Z( Y, i) > <OAM =) Y r* (Lpis)  (i=1,2)
k=0

1=0 \k=a

for some finite A > 1,0 and p satisfying the condition (1 — §)p < 1 —1/\. Then
(i) if (1 —=9)g<1—1/\, we have

0 1/p
) P e < (00 Y M@ La)’)
k=0
1) if the estimate olds wit. ik Instead of ;. then
ii) if th i 1) holds with ; , i d of @i th
o » 1/p
(3) PP(r; f)pan < 03<(1 —r) Y (Uk L) )
k=0
Theorem 2. Suppose that
J Bl xoer \ /A N
(@) S(E ) <o d (=12
1=0 k=ay k=0
where 29 < N + 1 < 29*1 and that
o 1/A
5) (0= 3 a2 0) " < ooy @ -n

k=N-+1

with A > 1 and p such that (1 —8)p <1—1/\. Then
(i) we have

. . N 1/p
(6)  PP(r; f)ras < Cs Ln—2(7,p) q) Xn(Ap, q) ((1 -y ‘I’fcv,k) ;
k=0

(if) if (1 —3d)g < 1—1/X, we have

N 1/p
(7) PP(r, f)ru < CrLy—2 (<1 > %) ;
k=0

(iii) if the estimate (4) holds with 1); j, instead of ¢; , we have

N

R B 1/p
(8)  PP(r; f)ree < CsLn—o ((1 —r) Z \Ilik ()\p, q) + \I’§7V7N()\p, q)) .
k=0
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Theorem 3. Suppose that

N 1/A
(9) ((1 — ’I") Z aé (r)(k + 1)?5)\) < CgA(’I")(l o T)6p+1,
k=0
N N
(10) > an()eh), < CroAr)1 =) "¢, (i=1,2),
k=0 k=0

and that the condition (5) holds with A > 1, 6 > % and p > 0 such that (1 —§)p <
1—1/A. Then

(i) condition (6) holds;

(ii) if (1—-9)g<1—1/\ we have (7).

The relation between p and g shows that sometimes it is more natural to consider
the expression QP (r; f)rqq, the more so that it is possible to obtain an estimate for
a larger range of 1 < g < oo.

Theorem 4. Let the conditions (4) and (5) or (5), (9) and (10) hold with A, 6, p
as before. Then

- N 1/p
(11)  QP(r; f)paa < Crymax(L, (1 —r)M/PN-WD) L, ((1 -y ¢£7k> .
k=0

Theorem 5. Let f € LYY and let the conditions (1) or (4) and (5) or (5), (9)
and (10) hold with ¢; j, = ¢; 1(q") and X, 0,p as before. Then

N 1/p
(12) @ i < Ol (-0 0L, (0))
k=0

Theorem 6. Let us assume (for i =1, 2)

’

N R (& N
19 S5 =an ) < onam-n>( 5 P
1=0 \k=cu = \k=ay
for some finite A > 1, § and p’ such that (1 —9§)p’ <1—1/X. Then
) 0o ) ) / S/p/ 1/5
G R <oufa-n (S ene) )
=0 TN
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Theorem 7. If the condition (13) holds with p' = p, @i = i r(q’) and with A,
4, p as in Theorem 1, then

1/s

0o B s/p
(15)  RP(r; f)pew <Cis | (1-7)) (Z rk (Lkék,k(q’))”>

=0 k:oq

Let us postpone the proofs of our theorems to the next section. Here we will
present a few lemmas, which will be needed in these proofs.

3. FUNDAMENTAL LEMMAS
First we formulate an evident

Lemma 1. Suppose that g, € L% (k=0,1,...) and p > 0. Then

)

Laa

(kzi:obk(m, v) |p>1/p

n 1/p
(1) (i) " < max(s (o e
k=0

n 1/p n 1/p
1 (S| <t 0o ()
k=0 k=0

Laa

(18)

[e’s) » 1/p %) . p 1/p
(o) | <oy (Spomaa,)

Laq =

for n=10,1,2,... and r € (0,1) (cf. [6] p. 285).

Lemma 2. Let uy and v be the Poisson and the Poisson conjugate integrals of
fr € L1 and let

. a < > . 172
(19) Ful2) = F(s: f) = me(r2) + inglr.a) = Y4 S0 (1) - it ()
v=1
where z = rei”, 0 < r < 1 and a,(f), b,(fx) are the Fourier coefficients of fi. Then
for r € (0,1) and p > 1 we have

1
1—r

< Cis

b)

La

(nil gifk(w)!”>l/p

(20) H (= ; )
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but if f, € L% and f,gl)(:r) = fr(z,y), then

n 1/p
(20') H (ﬁ > (e f,i”)lp)
k=0

dFy(2)
dz

)

Laa

n 1/p
< il H(—z o))
k=0

Laa

where n =0,1,2,... and FJ(z) =

Proof. We will prove inequality (20) only, because the proof of the other, (20),
runs similarly.
Analogously to the proof of Lemma 1 in [3] we estimate every term on the right-

hand side of the inequality
H (n s

1 <H ( 1 z": p)l/p
r n+1 =

On the basis of the Téyama inequality ([6] p. 285) we have

n 1/
l 1 Z Ouy (r,x) P\ /P
r\n+1 P 9z

n

l OF}, (2)
r Oz

La

Qug (r,x)
ox

+
La

n 1
1 vy (r,x) p /»
n+1 P 9z

0

)

La

T 1/p
1—¢2 rsint dt P
| /(fk(x)ifk(m+t)) (1 —2rcost + r2)2 )

—_x La

n

1/p

1774 D |t|dt

< t
o /( Z = il +1)| ) (1 —2rcost+1r2)?
7 iz e

172 »\'P jt] dt
< =
S rT / ( kz fk 517+t)| > Lq(172TCOSt+T2)2

—T

If0<7"<%,then

1—7" /Wp t| dt

“(1—2rcost +r2)2

where

1/p
W;D Lq—S H n+1z’fk fk$+h)|>

<o e
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In view of the relation

(21) WE(0e)ra < (0 +1)Wi(0)ra  (6>0)

we obtain

T

IgClng(l—r)Lq/<—+1> <Clgli

WPl —7r)ra
1_ r n( T)L

2019 1/p
ST1C (n+1 Z’f’“ )
La
, - 2yrt
In the case 5 < r < 1, the substitution y = ———— leads to
n(l—r)
n(l+7r) ny(1 fr)>
<C Wp 1—
(1 — ) /1+y ( NG 207 (1=
0
2020 1 P Y
ST, <n+ 1 ZU’“(I”
k=0 La
(cf. [2] p. 892).

The estimate of the second term is based on Lemma 2.31 from [7], p. 258, in which
the modulus of the derivative ®'(z) of a function ®(z) regular in a disc is estimated
by the Poisson integral of the modulus of Re ® (in our case ®(z) = %Fk(geiz) and
the disc is |2| < 1 — 152). We obtain

1( zn: 31)er >
" k:O La
I p\/P
3<8
Z Fk(ge ))dg
k_o/ag 1o}
La
1 r n 1/p
< -
\T/ < Z’ arFk Qe > dQ
0 k::O La
1/ 1 & 4
< - Dop(1— 12 ¢ — ‘
T/ n—l—l% 2n(1—9)/8w d 2 )
0 - —T

(1-3%9)°-(1-(1-0)

La
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T T

1 4
<_
rJ 2n(1—p)
0

—T

B \L/P
kX ’U,k o I) ’

dtdo

(X

=0

La

()’ - ¢

2((442)2 — 0 (1 + o) cost + ¢?)
1 roa 140
_1“0/21:(1—@) 2 /1+g<n+12}

dt do.
Q(1+Q)cost+92) ¢

)‘p)l/p

La

By the previous computations we have

1,
2 (LS o0}
1+0 n+1k:0 O 2

and so we finally obtain

< (Cro + Co)
La

T, ()

1 Komma P\l 1 41
k(7 _
- —(Cro + C — — WP (=2)d
r(n—i—lz Ox ) r( o+ 20)/1—@1—@ 7 (554) de
k=0 La 0
Loy T wra-n< 1 Zn:’f( " 1/p
Se Aty ST n+1 B\
k=0 La

Collecting the results, we get (20). O

Lemma 3. Suppose that fr € L? or f, € L9, 1 < g< o0 and k=0,1,2,...

If § >0 and p > 1, then
2n 1/p p 2n 1/p
) p Ln(é) p
; < )
(22) H o, (@ fo) ) s Ca2 H <n+ 1 ;’fk(x)‘

n+1

La

or

< Oy
Laa

p)l/p

1 2n s . pl/p
@) (7 Lt o))

(B3|

Laa

forn=20,1,2,...
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Proof. In the proof of (22) we apply the integral representation of the Cesaro
means (C,0) and the Minkowski inequality. Then

p>l/P

2n

(s

n

> [ne o0

La

T

1 1 2n » 5 » 1/p
o [
“x v=n La
1 2n, 1/p 1 =
P
< (nﬂkz\fk(x)\) > [ max [0 a
=n La —n

where

sin(k + 3)t
Kl =
2

k
1 _
Q) = -5 DA, ()
k v=0
for§ >—-1land k=0,1,2,...
Since the kernel K9 is quasi-positive for § > 0 ([7] pp. 151, 157), we have

1 f Cas for 6 >0
- K¢ <
T /ninfgén’ ”(t)‘ dt {C’gglog(n +2) for §=0.
T
Thus, for 6 > 0, (22) is proved.
Our estimates can be essentially improved only for 1 < ¢ < co, § =0 and p = 2.

In this case the inequality (see [8] formula 2.16)

(23) / (i_otskxx; mrz)g dr < Oy / (Vi_olfu@)f)g r (1<g<),

where k, is any natural-valued function of v, for k, = v gives (22). In a similar way
we can obtain (22') and thus the proof of Lemma 3 is complete. (]

Lemma 4. If § > % and p > 0 such that (1 — §)p < 1, then, for any q, s such
that either s = q or

p—1

—L- when p > 2,
52
2 when0<p<2,
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1 - 1= s p\/? !/ 1 - A
(24) (m—HZ(n—HZ!oy (w;fk)!) ) < O (m—+12|fk<x>|> ’
0 v=n La k=0 L4

’ 1 % L s (1) pY/P e 1 - # o
(24) (m_Hz(n_szgy (z; f} (x))|) ) < Cag (m—+12|fk($;y)|) ,
=0 v=n Iaa k=0 Laa

where m,n=0,1,2,...

Proof. We will prove only (24), since (24’) can be obtained analogously: using
estimate (20’) instead of (20).
It can be easily observed that

1 m 1 2n s » s/p 1/s
(m——l-lz<n+1 Zhi (3 fi)| ) )

k=0

L4

1 m 1 2n 5 » s/p 1/s
<027 m+11€2:0(71+1;l|0u(17fk)’ >

k=0

1 m 1 2n ) s/p 1/s
—|—H<—m+1z<n+1;|031(:v;fk)—aﬁ(x;fk)| > >
- L
= Cor (AT + B).

In order to estimate A’ we shall reason as in the proof of Lemma 3. Namely, for § > %,

p,s>1,
I 1 < 1 2y 7 ) \5/P 1/s
hs m—HkZ:O n—I—lyz:nE/fk(l"H)KV(t)dt
. .
17 1 & O\Ye L o .
< E[ <m—+1 };}’fk(ﬁc+t)| ) Lq<n+1uzn{Ku(t)| ) dt

/s

1 & N1 g
< (mZ}f&(@}) T ngjagén’[(g(tﬂdt
k=0 La g
1 m s 1/s
< Ca <m—+12|fk<x)|)
k=0 La

Without loss of generality we can assume p > 1 because A’ is a non decreasing
function of p and the right-hand side of (24) is independent of p.
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Now, let us consider the expression

S/p 1/8
1 g op,wp | 5— 5 p
B(r) = pror ;0 (;V PrvP oy (s fr) — oo (@ fi)|
— L.
Let p>2and p = LQ Then pd > 1, s > p. Using the inequality
p—
m 1/s 1/s
(St} <m0 | (S
k=0 Lt

for g € L', s > 0,t € (1,+00), m =0,1,2,... ([6], p. 285) and proceeding analo-
gously as in [4] (see the proof of Lemma 3) we obtain

s/p\ 1/8
(| (e P
B(r) <rCas ||| — +1 Z }kl B reiwy‘sf’ dep
o\’ .
(s m o)) T
< TCQg / k:0|1 - |6;17; d‘P (5 7é Q)'
—re'¥

La

Applying the Minkowski inequality for ¢ > p and the mean value theorem for integrals

)1/5

for the other ¢, we get

B(’I“) < T 028

( Zm:‘Fk Te

H (1- reim)_(s‘

La

Lemma 2 leads to

B(I) g 016 028 ng (1 — /,_)(1/;5)7571

)

La

(e Eymer)

andlfr—lfn—ﬂ(n>1),then

BI < e(%ﬂ)a(ﬂﬁ—l) l/pB( ) < 62 016028 029

(efpmer)”

La



In the case p € (0,2), we can deduce from the inequality

1/m 1/72

(0 <m <72),
25 L EN < L&
(25) Dyuz‘gcs ”V;Ju . & >0

that the expression B! does not exceed

1 m 1/s
) S
e2°C6 Cag Cag <m—+1 Z|fk(r)| ) when s #q.
k=0 La

The mean value theorem implies that, for s = ¢ < p,

m |F/ (2t o) |p 1/pl|® 1/s

re‘ v
B(r) <rCos kz / el<P|5P de
—TC La

) o=

1
_, 028< H Fl (reie+9))
k=0

+1 Lp

1 m s \1/s s
_ / iz _ i) —
o > Fitre) ) =,

1 m s\1/s -
=r (s T ’Fk ret ) H(lfre ) ’Lﬁ
La
Collecting the results we obtain (24). O

Lemma 5. For any v > 0 and 6 > —, p > 0 such that (1 —§)p < 1 we have

2n » 1/p
(26) H n+1 Z U‘(’Y;é)( Y) ol 1)(‘7"39) ) < C30 L 92,0,
1ag
2n

p\L/P
<M>($ ) = ol (a.9) )

< Cs1 Ly, Pin
Lag

n—|—1

whenn =0,1,2,...

Proof. First we will prove (26) and therefore we will denote by G the expression
on the left-hand side of (26). Then

(]

—TC

q 1/q

dy

2n b r
(7 oo o2 = o s )

La
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By virtue of Lemma 3 we obtain

CrH when vy >0orvy=0,p=2,1< g < o0,
Crlog(n+2)H wheny=0,p#2o0ory=0,p=2,¢g=1, cc.

where

1 2n p 1/1’
(n+ : oSy FP) — o5 (s fP () )

Laq
From the proof of Lemma 2 and by Theorem 2.30 (II) of [7], p. 258, we can obtain

the following generalization of the inequality (20):
| p)l/P
Hence, analogously to the proof of Lemma 1 from [3], we can easily get
p>1/p

Applying (28) in the proof of Lemma 4, we have

T TR

Caa W, (

C’ggw when 1 < g < o0,

<
re | Cs3 (Wp(l LR f t)” dt) when ¢ = 1, co.

—r

n
(7o)
k=0

Can W, (1

n+1) when 1 < ¢ < o0,

N

1
La Csz [ ZWP(t)p«dt when g =1, cc.

12

(28) H ‘Fk rel )

1—r

1/q

La
T) when 1 < ¢ < o0,
n

Css (n—s-l Zo Wm(%-‘rl)[/‘1> when ¢ = 1, oo.

<

m

Because the inequality (29) is homogeneous with respect to the sums Y, it can be
k=0

easily observed that the sums can be replaced by integrals and thus we get

p>1/p

when 1 < ¢ < o0,

) — o (y: fP(y))

) H

Laq

Cs4 wo (L
<

n

Css (n+1 > wg(%ﬂ)LqJ when ¢ = 1, co.

v=0

Finally, the estimate of G and (30) lead to (26). By symmetry (27) is also true and
our proof is complete. O
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Lemma 6. Under the assumption v > 0,6 > %, p > 0, (1 —68)p < 1 and
1 < ¢ < o0, we have

o(1:0-1)
Vl/

p \L/P
) < C30 Lp 2.,
Laq

1) (WZ\

1/p
0(67 0(6 1,7)‘ ) <031 Ly Y1n
Laa

forn=0,1,2,...

Proof. For the above expressions we apply inequalities (25) and (16) when
¢ < max(p,2) or only (16) otherwise and Lemma 5 (see Lemma 2 from [3]). Thus
our inequalities follow. O

Lemma 7. If v > 0 and § > 1 and p > 0 are such that (1 —8)p < 1, then

\L/P
o) - oy D))

(33) H((l—r) f: r

v=N-+1 Laa
< Cag max(l, (1- r)l/pfl/q)LN—z V2,N,
oo p 1/p
) |(0-0 X ot - ol el
v=N-+1 Laq

< C37 max(l, (1- r)l/pfl/q)LNfz »1,N,
when r € (0,1).

Proof. Denote by G’ the expression on the left-hand side of (33). Then
Lemma 5 and inequality (18) imply

\L/P
oG9 (2, ) — o0~ 1)(x7y)‘ )

<<1_r> 3 Z

l=log,(N+2) v=0y Laa
oo » 1/p p 1/p
<la-n > (Z PP | 5010 (1 ) — o0 1)(1',y)’ )
l=log,(N+2) v=ag Lag

x max (1, (1 — rq“’)l/pfl/q)
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< max(l, (1— Tq/:ﬂ)l/l?*l/q)

= / 1 & Nzl v
lamn 3 o (15| - V)]
l=log,(N+2) k=ay Laa

o

1/p
< max(l, (1— rq/p)l/pfl/q) <(1 —7) Z ol - (p'/P)ou (030 Lo, gag,al)p) .
I=log, (N +2)

It is clear that

(35) 0ik(q) <piw(q) for k=k, i=1,2,....

In the case vy >0or vy=0,p=2,1 < g < 0o, using the elementary inequality
(36) 1—rP<l—r<(p+1)(1=r¥?)  (p=1)

and (35) we obtain

p 1/¢—1/p
G' < Cy (a + 1) max(l, (1-— T)l/Pfl/q)

oo 1/p
X((l—T) > 21T(p/p)o”> P2,N+1

I=log,(N+2)
» 1/p P 1/q=1/p
< 21/1) <_/ + 1) (— + 1) 030 max(l, (1 — ’I“)l/p_l/q) 9027]\[_;,_1.
p q
In the other case (35) and (36) lead to

q 1/¢—1/p
G' < Cs (5 + 1) max(l, (1-— 7’)1/”*1/‘1) V2 N+1

> P G| /P
X ((1 —7) Z ol - (P'/P)eu ngil( ;_p ) (2" + 1)p>
I=log, (N+2) (2'+1)

1/q—=1/p
< Cyg (% + 1) max(l, (1 — T)l/p_l/q) P2,N+1

log? N el e 1/p
X (W(l—r) > 2 er(al )P
I=log,(N+2)

1
P2, N+1
r

q 1/¢—1/p
< Cs (— + 1) max(l, (1— r)l/Pfl/Q) log 3
p _

l-r P - (2'/P)k 92p+1 1/p
<\ = > kP

k=[N/2]
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1+1/p
1
< Csg O 2311/P <£, + 1> max (1, (1 — T)l/p_l/q) log 1 P2, N+1-
P —r

This implies our inequality and by symmetry (34) holds, too. O

Lemma 8. Let v >0, § > % and p > 0. Then, with r € (0,1), we have

oy - oy

p \/P
) < Cs9 Ly_22 N1,
Lag

(37) ((1—7") i v

v=N+1

p

o3 — o)

1/p
> < CypoLn_2¥1,n4+1
Taa

(38) ((1—r) i r

v=N-+1
for 1 < q < oo.

Proof. The proof runs along the same lines as the proof of Lemma 7. The
difference, for the case ¢ > max(p,2), consists in the use of the inequality

o 1/p
9) (zrkmax<@q>ugk||‘zqq)
k=0
o0

1/p
< max(l, (1- rq)l/pfl/q) (ZTkplgk(ma Z/)’p>

k=0 Laa

instead of (18). As a consequence, the coefficient max(1, (1 — r)'/P=1/4) changes to
(1— r)l/qfl/p.

In the case ¢ < max(p,2) we apply (25) and then (39) without any coefficient. [

Lemma 9. Suppose that v > 0, § > 3 and p > 0 are such that (1 —6)p < 1.
Then, for 1 < ¢ < o0,

n

1
40 (o 0+ D o - ofz |

p \/P
<
n 4 1)+ L qu) S CaLnton,

n

1 p \L/P
(41) (W Z(V +1)% Hal(ﬁx’w - Uffffm)’ qu) < Cua Lp Y1 ns
v=0

whenn =0,1,2,...
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Proof. Denote by G” the left-hand side of inequality (40). In view of Lemma 6

we obtain

1 1og2[mz+2)/z} zﬁ,: » 1/p
Q" = <7 (v + 1)°P HU(M) _ U(W,H)‘ )
Sp+1 vy 14% aq
(n+1)0p — V L

=y

1 log, [(n+2)/2] op 1/p
I+1 1 ~p D
S ((n 4 1)5p+1 Z (2 o 1) 2 C’30 ng 27az>

=0
log,[(n+2)/2] A1/P
L n+1
<21+ Lpyto | ———— ol(ps+1)
Cao Ln¥a, <(n+1)5p+1 ; o
1
— ol o T, " 1 9(pd+1-p)log,[(n+2)/2] _ | /v
30 Ln¥P2n (n T 1)5p+1 T I r—

< C’43 an2,n

for pd+1—p > 0. Because the inequalities (41) and (40) are symmetric the desired
results follow. g

Lemma 10. If v >0, § > % and p > 0 are such that (1 — §)p < 1, then

n

" H (WZ v+

» 1/p
oz, y) — ol (2, y)' )
=0

Lag

<Cuy max(l, (n+ 1)1/q71/p)LnS02,n7

n

1/p
1 _ P
(43) <7(n Ty 2 D ) = ol )| )

=0 Laa

< Cys max(l, (TL + 1)1/(171/10)_[/”%017,”

forn=20,1,2,...

Proof. The proof runs analogously to the proof of Lemma 9, but we have to
apply Lemma 5 and inequality (17) instead of Lemma 6. O
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4. PROOFS OF THE THEOREMS

Proof of Theorem 1. We start with the obvious inequality

N
(Pp(r;f)qu) < ( Zak ( 75 Y 6)||qu+||076) f”qu>
1
g 3 o) (A o+ 1 11,))

=22(AM + B!+ ¢! 4+ D).
As is well known,

Cu6 (1,6 + 2,1
when y,n>0,1<g<0ory,n=>0,1<q< o0,

Cuz(xlog(l +2) +n log(k +2)) (¢1,x + ©2,)

(44) Hak’;’" f‘ 3 LTS
Laa whenn=0o0r x=0,q=1, o0,

Cys 10g(k + 2) log(l + 2) (QOL]c + @271)
when y =n=0and ¢ =1, c0

for k,1=0,1,2,... (see [7] pp. 178, 184).

Hence, in view of (25) and (1), we have

1 [ee]
B4 D < Clygrs S0 ()
k=0

1/A

1 oo B )\
<21/AC46A(T Z(Z )

=0 a

<2YACr (17 Zr i
k=0

when v > 0 or v =0 and ¢q # 1, occ.
If v =0and g = 1,00, then

B 4 DM 52 A OO (1= 1) Yk log? (k 4 2) @F .
k=0
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In case (i) the Holder inequality and Lemma 6 lead to

1 0 B »
II II _ (7,0—-1) (7,9)
e a0 ( > aw(r) ||log" T — o ‘qu>

k:al

1 &L aﬁ(r) A & (v,6-1) _ (v ) 2
< kA — o
S A Z(Z (k+ 1)1A> (21 2 H"kk ‘L>
=0 “k=qy k=
P& B a)‘(r) 1/A
< 30 k Lp
A(r) ;(ga:l (k+ 1)1—A> o0 P

< 2°Ch) < i o (r) (Lepz k)P !/
= (k+1)1-2 '

Next, from (1),

AT 4 o < 2P CL, Ci(1 =) Zrk chpgk
k=0

<2°Ch Oy ((1 -y r* (chbk,,c)p)
k=0
In case (ii) we proceed similarly as before taking v, and ¥y, ;. instead of ¢ ) and
Oy, 1, respectively.
Finally, by the inequality @, < ¥rp (K = 0,1,2,...), the desired assertion
follows. O

Proof of Theorem 2. Under the above notation, the condition (4) leads to

N
BT < Cuo LR 5 (1—1) Y (Pri)”
k=0
in all cases. However, in (i) we have
N -
Coo LY ,(1—1) Y (@k,k)p when ¢ < max()\p, 2),
AII < k=0
N _ N p ~
Cs1(1— T)Ap/q > (Wl(ﬁ)mq + wg(ﬁ)m) when g > max()\p, 2),
k=0

while in case (ii)
N
A< O I, (1=1) > (Pr)”,
and in case (iii)

Al < Oxs L% ,(1—r) Z \Ifﬁ,k (S\p, q).
k=0
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From (44) and (5) it follows that in all cases

Cl+Ch <

D' < > ak(r) LYot

Al S
[e%S) 1/A oo 1/A
< M( Z az(r)rk(lk)>/ ( Z rk (Lk‘bk,k)p:\>/
A(T) k=N+1 k=N+1
o A1/
< Cha ((1 —) Z rk (Lk‘?k,k)pA)
k=N+1

0o AL/
< Coy @ <(1 - Y rkL§A> .
k=N+1

If L, = 1, then the expression in brackets is smaller than 1, but if Ly = log(k + 2)

then, similarly as in the proof of Lemma 7, we obtain

/%

II p log N 2 = k X
D' < C5y @8, - (1=r) > rFk+2)p

k=N+1

1 3 1
< Css logP—— X 1—r)PA =
Csslog 1=, PNN (( r) (1=

1
= 055 lng: q);?\/,N

To estimate C'1 we use the Holder inequality, condition (5) and Lemma 8. Then

I 1 . = o (1) RN '
"< e (¢ ) 2, ) )

I N S AT e
<(0on 30 el =)
k=N+1

< Chy C5LZJDV72'¢§,N+1 (p)" q)-

When (1 —0)¢g <1—1/A, we obtain

II P D D
O < O3Cs Ly, P2, N+1"

Because @, ;, is a non increasing function of £ and ®; , < Wy, for £ =0,1,2,..

then collecting the estimates, we obtain our result.

el

O
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Proof of Theorem 3. We use the same notation as in the proof of Theorem 1.
Then, by (10) and (44), we get

B! + D" < (Cy +Cf7 (Z"‘ > ) (r) L

k=0 k=N+1

< Cro(Clg + Cp) LY 5 (1= 7) Z D} 1 + (Csa + Cs5) Ly _, 0%
k=0

(010 (Cls +Cfr) +2(Coa + 055)) Z o

To estimate A!Y and C'! we use the Holder inequality. By the condition (9) we
obtain

1 1A, N ol it ) 1/X
)k + 1)~ k4 1)0P H ¥,0— 7 ‘
S A (ZO"“ " ) (,;( H o

1/X
qu)

<Co <(1 _ it Z("“ L1y HU&’H) %6)‘
k=0

and by the condition (5) we have

1 oo /A ) 1 51[P> /2
o< (3wt (5 o - o]
k=N+1 k=N+1

T e W
< Cs ((1 —r) Z rk ’akz’ — oy qu) .
k=N+1

Further, applying Lemmas 8 and 9 and collecting the results, we get our assertion.
O

Proof of Theorem 4. Clearly,

N 1/p
1
QV(ri f) i < 417 H( 17 Soanln) ol ) - o o]
k=0

Laa

(ﬁ > ar(r) ol Dia,y) - ol ,y>\p>1/p

Laq
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<A1 i a(r) ‘012756) (z,y) — f(z,y) ’p)l/p

_|._
(T) k=0 Lag
L5 () 7
T > )|l @) - flay)|
A(r)
k=N+1 a4
— 41/p (A1 4 BHIL 4 oHI 4 pllT)
In view of (44), (18) and (5), in the case L, = 1 we have
Ci6®Pn N when ¢ > p,
DSy 2(p/g-1) /9P
Cil’ A =r)/r-Yapy 2171/’\1’(1 + f_;l//\ ) when ¢ < p.
In the case L,, = log(n + 2), for ¢ > p, we obtain
117 1 = /e
P
D < Cur Oy N (M Z ak(r) logf (k + 2))
k=N-+1
o ~ 1/pA
< Cyr C’;/p Oy N ((1 —r) Z rk log’\p(k + 2)>
k=N+1
. 1—r o) 5 1/p)~\
< Cy7 C3/P log (1) ‘I)NvN( X > (k+ 2>Aprk>
NP

< Cs6 CurC 37 log(12=) @ s

and for ¢ < p,

1 o) (4 1/p
DIII<C47®N,N(1_T0)1/p_1/q(m Z ro(p 1)0[];(7") lng(k+2)>

k=N+1
1 G K(2-1)A 5 1/p
< Cur G5/P @y (1 o) /P7 10 <(1 —r) > g T log Pk + 2))
k=N+1
1-— ad < . a_1)x 1/17X
< OO =) () (5D 3 (e 2k N
k=N+1

Taking ro = 7/, inequality (36) implies

DI < O Oy 051/10(1 -~ T)l/pifl/q 1Og(1ir)(1>N,N-
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In view of condition (5) and Lemma 7 we have

Bl < 051/17

o] iN1/pA
1- k|5 (00-1) o, Y
( r) Z ™| Okk (2, y) — oy (2, y)
k

=N+1

Laa
< 051/1’036 max(l, (1 — ’I“)l/pj‘_l/q)LN,Q(PN’N.

For the estimation of expressions A’77 and CT!T we first consider the case when the
conditions (4) and (5) hold. Then, by (4), (17) and Lemma 5,

j ’ /
11 1 (& _ad) \(L & (- (7,0) AV
A< | g 2 Z i) (1,2 ol ) - o (@.9)]
Z,

Lag

\1/q—1/pX 1< & ag(r) PP "
< Cgo max(l, (1 +j) ) A(T‘) Z( Z W)Lm()‘b,al
_ N 1/p
<20,/PCyomax(1, (1 —r)/PA-19) Ly <(1 -y ‘Pg;;) :

Applying (4), (17) and (44) we obtain

N 1/p
5 1

O < (Cyp + Cur) max(1, (1 + N)l/qfl/p)\) <A(r) Z ak(r) (Lkw’k)p)

k=0

_ N 1/p
< (Cys + Cy7) max(l, (1- r)l/p)‘_l/q)LNZUQCi/p <(1 —r) Zgogyk) .
k=0

In the other case, i.e. when the conditions (5), (9) and (10) hold, Lemma 10 yields

e i) (o)

N 5 1/p/~\
p
(E k+1‘”p‘ 0o 1)(/,1/)*01(6756)(37&)‘ )
k=0

1/Ap

Laa
5 1/pA
((1 p5,\+1z (k+1) 5)\10‘ (%5 D(x,y) U,El’g)(x,y)‘ )

< C;/p044 90+1/pA maux(l7 (1- r)l/pkfl/q) Ly oo n

< Cé/l’

Laa

- N 1/p
< C’é/pCM 20+1/pA max(l, (1- )1/p>‘ l/q ( (1—r Z(p ,k)
k=
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In view of (44) we conclude
;X

1/p
111 1 1
C < <C46 + 047) max( (1 —‘,—N) /9= /p (—A T kE Oak Lk<p2 k) )

N 1/p
< (Cuys + Cur) ColP max (1, (1 — r) /A -1/4) LN( L=71)> b > ol/a,
k=0

Putting together our results we complete our proof. O

Proof of Theorem 5. In the cases considered in Theorem 4 the proof proceeds
similarly to the preceding ones and the factor

max (1, (1 — 7‘)1/”*1/‘1) =max(1, (1 - r)l/Pfl/q’)

is equal to 1. Therefore, we concentrate our attention to the case when only the
condition (1) holds. Then, by (44) and the Minkowski inequality, we obtain

1/p
(g )

1 o0 , 1/p
< (Cug + Cur) (M > an(r) (Lu®ri(d) >
k=0

Ukk 7y)7f(may)

rad

1/2\ /P

1/ 1 «— )(L® PA
< (Cao+ Cur) 21 A(TZ<Z EffSlk(A)))

=0 :Ocl

1/p
< 21/ (Cu6 + Cuz) 011/p058 Ly ((1 —) Z (p}’;k‘(ql)> ’

k=0
and by Lemma 5,
I 61 ¥ p\/?
> o) |l Py - 0V @)
A(r) v
k=0 La'a
e 15 P
| = b ) 1/A -1 (1.6) pI\1/AP
g(A(r)Z mkl)l—k) <21 Z‘ (z,y) — ok (xay)‘ )
1=0 k= k=oy ra'a
1/p
00 B A n\PA 1/
1 o (r) (Lip2,k(q'))
<2C :
O\ Al ZO: (kz; (k+ 1)1
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o0

1/p
<203 Cll/p <(1 - T‘) Z rk (LkSDzk(q/))p)
k=0
) N 1/p
<2058 C30 Cy/P Ly ((1 —r) Z fl’ﬁk(q’)> :
k=0
The proof of Theorem 5 is thus completed.

Proof of Theorem 6. We easily get the estimate
(Rp:s (73 f)LtM)

<ot | 2 >

S

S

& (.0-1) DTN
> an(r) [0l P y) - ol (@)

(T‘) =0 k=ay Laa
1 & B 1.6) o' 1/p"||®
+ = ar(r) o (,y) = flz,y )
107 2 | (2 [l w0 o)

— ol+s/p’ (AIV_|_ BIV) )

By (13) and Lemma 5 we obtain

5 A s/Ap’
. \T
( ) ) (Cs0Layp2,01)°
k

(k+1)r >

o B A 2\ s/ 2"
<os 1L S o (r) (Lep2,k)?
=X SOA(T‘) (k‘—‘,—l)lf)‘

’

oo B s/p’
BV < Ab) > (Z ar(r) o (@, p) ~ f(oy)| )

o s/p'
<(Cia+ Cin) 45 > (Z on(r) (Lm,w*”)
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: = (& oy o\
< 25/ ( 26+Cj7 Z(Z e )
=0 \k=

s/p

[ B

< QS/Ap’ (026 + CZ7)013 1 —-r Z (Z Lk(Pk k )
=0

ay

Hence, the desired result is now evident. O

Proof of Theorem 7. The proof proceeds similarly to that of Theorem 6. We
only apply the inequality (17) with exponents p and ¢’ such that ¢’'/p > 1. O
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