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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF NONLINEAR
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Abstract. The nonlinear difference equation
(E) Tnt1l — Tn = anPn(To(n)) + bn,

where (an), (bn) are real sequences, on: R — R, (c(n)) is a sequence of integers and

lim o(n) = oo, is investigated. Sufficient conditions for the existence of solutions of this
n—-:o0

equation asymptotically equivalent to the solutions of the equation y,4+1 — yn = bn are
given. Sufficient conditions under which for every real constant there exists a solution of
equation (E) convergent to this constant are also obtained.
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1. INTRODUCTION

In this paper we are concerned with the asymptotic behavior of solutions of non-

linear difference equations of the form
(E) Ln+1 — In :an‘pn(wa(n))'*'bna n=12...

where (a,,), (b,) are real sequences, ¢,: R — R, (o(n)) is a sequence of integers
and lim o(n) = co.
n——-:ao90
By a solution of equation (E) we mean a real sequence (z,,) defined for n > m>in o(i)
2

which satisfies (E) for all sufficiently large n. Equations of the form (E), in particular
when o(n) = n — k, have been studied by a number of authors, see for example
[2-5], [7-12] and the references cited therein. However, in most of these papers the

oscillation of equation (E) has been investigated.
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Our purpose in this paper is to study asymptotic properties of solutions of equation
(E). We will give sufficient conditions for the existence of solutions of equation (E)
asymptotically equivalent to the solutions of the equation

Yn+1 — Yn = by.

We obtain also sufficient conditions under which for every constant ¢ € R there exists
a solution of equation (E) convergent to ¢. This result generalizes the main theorem
of [7]. A special case of equation (E), namely, the difference equation

Tpgl — Tp = nPn(Tny1), n=12,...

will also be considered.

Let (X,d), (Y, 0) be metric spaces, and let ® be a family of maps p: X — Y.
®d is said to be equicontinuous at a point p € X if for every € > 0 there exists § > 0
such that if d(z,p) < 4, then o(¢(z),v(p)) < € for any ¢ € ®. We say that P is
equicontinuous if it is equicontinuous at every point p € X.

If for any € > 0 there exists ¢ > 0 such that o(p(x1),p(x2)) < € for any pair
21,22 € X such that d(x1,22) < § and every ¢ € ®, then  is said to be uniformly
equicontinuous.

® is said to be locally bounded if for any point p € X there exist a neighborhood
U of pin X and a constant M > 0 such that |¢(t)| < M for every t € U, ¢ € ®.

If |p(t)] < M for all t € X, ¢ € @, then we say that ® is bounded.

If p: X — R, U C X, then ¢|U denotes the restriction of ¢ defined by ¢|U:
U— R, (®|U)(x) =¢(z) forx e U.

The space of all sequences x: N — R is denoted by SQ.

The Banach space of all bounded sequences z € SQ with the norm ||z|| = sup{|z,|:
n € N} is denoted by BS.

2. MAIN RESULTS
To prove our results we need some lemmas.
Lemma 1. Let X,Y be metric spaces. If X is compact and ® is a locally bounded

family of maps p: X — Y, then ® is bounded.

Proof. Since X is compact, so it follows that there exists a finite covering
{Ui,...,U,} of X and constants My, ..., M, such that |p(z)| < M; for any z € U;
and arbitrary ¢ € ®. If M = My + ... + M,, then |p(z)| < M for any = € X and
ped. O
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Lemma 2. Let X and Y be metric spaces. If X is compact and ® is an equicon-
tinuous family of maps ¢: X — Y, then ® is uniformly equicontinuous.

Proof. Let d, o be metrics of the spaces X, Y, respectively. If p € X, r > 0,
then B(p,r) denotes the ball {x € X: d(p,x) < r}. Let € > 0. For any p € X there
exists such a §, > 0 that

@(B(p,20,)) € B(p(p),e/2)

for any ¢ € ®. From the covering {B(p,d,): p € X} choose a finite subcovering
{B(p1,6p,),---sB(Pn,0p,)} Let § = min(dp,,...,0p,). Ift,s € X, d(t,s) < ¢ then
t € B(pk,0p, ) for some k € {1,...,n}. Then

d(s,pr) < d(s,t) + d(t, pr) < 0+ bp, < 20p,.

Hence, 0((t), ¢(s)) < e(p(t), p(pr)) + o(e(pr), 0(s)) <e/2+¢e/2 =e. 0

Lemma 3. If the sequence of partial sums of a series Y b,, is bounded, then every
solution of the equation Ay, = b, is bounded.

Proof. Assume Ay, =b,. Then
Yn+1 — Y1 :Ay1+Ay2++Ayn:b1++bn:Sn

By assumption the sequence (s;,) is bounded, so the sequence (y,,) is bounded, too.
The main results of this paper are the following two theorems. In the proofs of
these theorems we use the technique similar to that used in [6]. O

Theorem 1. Assume the series Y  a, is absolutely convergent, the sequence of
partial sums of the series Y b,, is bounded, y is a solution of the equation Ay,, = b,
Y is the set of values of the sequence y. If there exists a neighbourhood U of the
closure Y such that the family {¢,|U} is locally bounded and equicontinuous, then
there exists a solution x of (E) such that

T = Yn + 0(1).

Proof. By Lemma 3 the set Y is bounded. Therefore the closure Y is compact.
Hence, it follows that there exists an open set V such that V is compact and Y C
V CV CU. Using Lemma 2 and Lemma 1 one can show that the family {¢,|V'} is

bounded and uniformly equicontinuous.
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Since Y is compact, so there exists a number a > 0 such that if s € Y, ¢t € R and
|s —t| < a then t € V. There exists M > 1 such that |¢,(¢t)] < M for any t € V,
o0
n € N. Let us denote r,, = Y |a;| for n € N. There exists p € N such that Mr,, <a
j=n
for any n > p. Let
T={xeBS: z,=0for n < pand |z,| < Mr, for n > p}.

S={zeBS: x, =y, for n <pand |z, —y,| < Mr, for n > p}.

Obviously, T is a convex and closed subset of the space BS. Let ¢ > 0. It is easy
to construct a finite e-net for the set 1. Hence, T is compact. Since the mapping
F: T — S defined by F(z) (n) = x, + yp is an affine isometry of 7" onto S, it
follows that S is also convex and compact. If x € S and & € N, then y;, € Y and
|z — yr| < a. Hence, x, € V. Therefore, |¢,(zx)] < M for any « € S, n,k € N. For
x € S, let us define the sequence A(x) by

yn for n < p,

A(z)(n) = Yo — g aj;(x(0(4))) for n > p.

If x € S and n > p, then

[A(z)(n) = yn| =

'Zlayll% G| < M.

Therefore A(z) € S. Hence, it follows that A(S) C S.

Let € > 0. Then there exists 6 > 0 such that if £,s € V and |t — s| < ¢ then
lon(t) — @n(s)| < e for any n € N. Let 2,z € S, ||x — z|| < 4. Then |z — 2| < 0 for
any k € N. Hence, |, (2x) — ¢n(2k)| < € for any n, k € N. Therefore

[A(z) — A(2)]| = sup Zag% a(3))) - Z%‘Pj(z(a(])))

nzp

supZI%II% a(7))) = ¢i(2(a(4)))]

—Zlagll% a(7) = #i(z(a(G)))] < erp.

This means that A is a continuous mapping. By Schauder’s theorem it follows that
there exists « € S such that A(x) = z. Consequently, for n > p we obtain

=3 aj0i(@(0()s Tnr1 =ynp1— D a;pi(z(o(h)))
j=n Jj=n+1
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Hence, if n > p then Az,, = Ay, + anpn(x(c(n))) = anen(z(c(n))) + b,. Moreover,
the convergence of the series Y a,p;(z(o(j))) implies that =, = y, + o(1). This
j=1

completes the proof. O

Corollary 1. If the series Y a,, is absolutely convergent, the sequence of partial
sums of the series Y b, is bounded, the family {p,} is equicontinuous and locally
bounded, then for an arbitrary solution y of the equation Ay, = b, there exists a
solution x of (E) such that

T = Yn + 0o(1).

Proof. Take U = R in Theorem 1. O

The next corollary generalizes Theorem 2.1 of [7].

Corollary 2. If the series Y a,, Is absolutely convergent, the series Y b, is con-
vergent, the family {y,} is equicontinuous and locally bounded, then for any ¢ € R
there exists a solution of (E) which converges to c.

Proof. Choose a sequence (z,) such that Az, = b,,. By the convergence of the
series Y by, the sequence (z,) is convergent. Let A = limz, and y, = ¢+ z,, — \.
Then Ay, = b, and z, — A = o(1). By Corollary 1, there exists a solution z of (E)
such that x,, = y,, + o(1). Obviously, x is convergent to c. O

Corollary 3. If the series Y a, is absolutely convergent, the sequence of partial
sums of the series Y b, is bounded and {¢,} is a periodic family (i.e., @+ = pn for
some k € N and every n € N) of continuous functions, then for an arbitrary solution
y of the equation Ay,, = b, there exists a solution z of (E) such that

Tp, = Yn + 0o(1).

Proof. Obviously, the finite family {¢1, a2, ..., pr—1} of continuous functions is
equicontinuous and locally bounded. By periodicity of the sequence (¢,,) it follows
that the family {y,: n € N} is equicontinuous and locally bounded. Hence, the
assertion follows from Corollary 1. g

Corollary 4. If the series Y a, is absolutely convergent and the series > b,, is
convergent, and {¢, } is a periodic family of continuous functions, then for any ¢ € R
there exists a solution of (E) which converges to c.

In Theorem 1 (and in Corollary 1) the sequence b is such that all solutions of the
equation Ay,, = b, are bounded. In the next theorem b is an arbitrary real sequence.
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Theorem 2. If the series Y a, is absolutely convergent and family {p,} is
bounded and uniformly equicontinuous, then for an arbitrary solution y of the equa-
tion Ay, = b, there exists a solution x of (E) such that x,, = y, + o(1).

oo
Proof. Assume y is a solution of the equation Ay, = b,. Let r, = > |a;| for
j=n

n € N. Choose a constant M > 0 for which |p,(¢)] < M for any ¢t € R and n € N.
Let

T ={x € BS: |z, < Mr,, n €N},
S={xeSQ: |r, —yn| < Mr,, n € N},

and let F: T — S be defined by F(z) (n) = yn + ©pn, € T,n € N. Then the
formula o(z, z) = sup{|zn, — 2n|: n € N}, x, 2 € S defines a metric on S such that F
is an isometry of T onto S. Since T is a compact and convex subset of the space BS
and S is homeomorphic to 7' it follows by Schauder’s theorem that every continuous
map A: S — S has a fixed point.

For z € S and n € N, let

A(z)(n) = yn — Z a;jp;j(x(a(5)))-

The rest of the proof is similar to the proof of Theorem 1.

Corollary 5. If the series Y a,, is absolutely convergent, lim b, = b € R, the series
> (bn, — b) is convergent, the family {¢,} is bounded and uniformly equicontinuous,
then for any ¢ € R there exists a solution x of (E) such that

Tn =bn+c+o(1).

Proof. Choose a sequence (z,) such that Az, = b, — b. By the convergence
of the series Y (b, — b), the sequence (z,) is corvergent. Let A = limz, and let
yn =bn+c+ 2z, — A Then Ay, =b+ Az, =b+b, —b=10, and z, — A = o(1).
By Theorem 2, there exists a solution z of (E) such that x,, = y, + o(1). Obviously,
Tn =bn+c+o(1). O

Corollary 6. If the series Y a,, is absolutely convergent and {p,} is a periodic
family of uniformly continuous and bounded functions, then for an arbitrary solution
y of the equation Ay,, = b,, there exists a solution z of (E) such that x,, = y, + o(1).

Proof. This corollary is an easy consequence of Theorem 2 and the fact that
a finite family of uniformly continuous and bounded functions is uniformly equicon-

tinuous and bounded. O
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Theorem 3. Let x be a solution of (E). If the family {¢,} is bounded and the
series Y ay, is absolutely convergent, then
(a) if the sequence of partial sums of the series . b, is bounded, then z is bounded,
(b) if the series Y by, is convergent, then x is convergent,
(c) if Y b, = oo, then x is divergent to oo,
(d) if > b, = —o0, then z is divergent to —oo.

Proof. ForneN, let

S, = Zaigpi(z(o(i))), tn = Zb

Since the family {¢,} is bounded and the series > a, is absolutely convergent, it
follows that the sequence (Sy,) is convergent. Moreover,

Lp —T1 = A.Tl + Al‘g + ...+ Al‘n,1 == Sn,1 +tn,1.

From the convergence of (S,,) it follows now that if the sequence (¢,) is bounded,
then (z,,) is also bounded and, moreover, if (¢,,) is convergent then (z,,) is convergent,
too. Analogously, one can prove (c), (d). O

Now we consider a special case of equation (E):
(E1) T4l — Tp = An@n(Tnt1), an €ER, pp: R— R

i.e., we assume that o(n) =n + 1 and b,, = 0 for every n € N.

A special case of this equation (when ¢, (t) = t? for n € N, t € R) was studied
in [7].

We start with some simple lemmas.

Lemma 4. If\ € R, ¢, (\) =0 for any n € N, then the constant sequence x,, = A
is a solution of (E1).

Lemma 5. Let x be a solution of (E1). If A\ € R, p € N, ¢, (\) =0 for any n € N
and x, # A, then x,, # A for any n > p.
Proof. Assume 2,41 = A. Then x, = xzp41 — app(xpy1) = A, a contradiction.

Hence, zp+1 # A and so on. O

Corollary 7. Let = be a solution of (E1). If A € R, ¢,(\) = 0 for any n € N,
then either x,, = X for all n or there exists p € N such that x,, = X\ for any n < p
and x,, # X\ forn = p.
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Theorem 4. Assume ¢ € (0,1), ¢,(0) =0 foranyn € N, A, B C R, a,, € A for
anyn €N, ¢,(t)/t € B forn € N and t # 0. Let x be a nontrivial solution of (E1).
Then

(a) if AB C (—o0, 1], then z has a constant sign for large n,

(b) if AB C [1,00), then x is alternating for large n,

(c¢) if AB C [0, 2], then |z| is nondecreasing,

(d) if AB C (0,2), then |x| is increasing for large n,

(e) if AB C [e,2 — €], then x is unbounded,

(f) if AB C (—00,0] U [2,00), then |z| is nonincreasing for large n,
(g) if AB C (—00,0) U (2,00), then |z| is decreasing for large n,
(h) if AB C (—o00, —]U[2 + &,00), then z is convergent to zero.

Proof. By Lemma 5 it follows that there exists p € N such that xz,, # 0 for any
n = p. Let n > p. Since Tp41 — Ty = an@n(Tpnt1) and x,41 # 0, SO

zn/anrl =1- ansﬁn(anrl)/szrl-

Let oo, = ¢ /@p41. Then o, € 1 — AB. If AB C (—00, 1], then ,, > 0 and z,, # 0 #
Zn41. Hence, Zn,/Tpi1 > 0. This proves (a). Analogously, one can prove (b), (c),
(d), (f), (g). f AB C [e,2—¢] then oy, € [-14¢,1—¢]. Hence, |z, /Tn+1] < (1 —¢),
therefore |z,| < (1 — ¢)|z,41|. By induction one can get |z,| < (1 — €)¥|z,4| for
any k € N. Hence, (e) holds. Similarly one can show (h). O

Corollary 8. Assume A € R, ¢ > 0, ¢, (A) =0, a,, € [0,¢], cp,(t+ ) <t for any
n € N and any t € R. If x is a solution of (E1), then the sequence (z, — A) has a
constant sign for large n.

Proof. Let ¢,(t) = pn(t+A), A =[0,c], B = (—00,1/c]. Then 9,(0) = 0,
an € A, Y (t)/t € B for any n € N and ¢ # 0. Since AB = (—o0, 1], it follows from
Theorem 4(a) that an arbitrary solution y of the equation Ay,, = an¥,(yn+1) has a
constant sign for large n. Let y, = x,, — A\. Then

Ay, = Az, = an@n(xn-l-l) = an"/]n(xmi-l - )‘) = anwn(yn-i-l)'

Analogously, using Theorem 4 (b) we obtain

Corollary 9. If A€ R, ¢ > 0, 0,,(A) =0, an = ¢, con(t+ ) 2t forneN, t € R
and z is a solution of (E1), then the sequence (x, — A) is alternating for large n.
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Theorem 5. Assume e € (0,1), ¢ > 0, cp,(t)/t € [¢,2] for any n € N and ¢ # 0,
an € [0,c], vn(0) =0 for alln € N, and let the series > min(ay,, c— ay) be divergent.
Then every nontrivial solution of (E1) is unbounded.

Proof. Let x be a nontrivial solution of (E1). By Corollary 7, there is an index
p € N such that z,, # 0 for any n > p. For n > p let a,, = ann(Tnt1)/Tnt1. Then
ay, € [ean/c,2a,/c]. Since

2ap, =2(c+ap —c)/c=2—-2(c—ap)/c

we have
1—ap €[-1+2(c—an)/c,1 —ean/cl.

Hence,
|zn/xn+1| = |1 - O‘n| < maX(|71 + 2(0 - an)/dv |1 - €CLn/C|)

max(l —2(c—ap)/c,1 —ean/c) =1 —min(2(c — ayn)/c, ean/c)

=1-—min(2(c — ay),ean)/c.

Let 8, = min(2(c — ay),€a,)/c. Then 3, € [0,1) and |z, | < (1 = Bn)|@nsi1| f k> 1
then, by induction, we obtain

|xn| < (1 - ﬁn)(l - ﬁn+1) cee (1 - ﬁn+k—1)|xn+k|-

Since the series > min(an,,c — ay,) is divergent, the series > 3, is also divergent.
Hence, the infinite product (1 — £1)(1 — B2)(1 — fB3) ... is divergent to zero (i.e.,
lim p,, = 0 where p, = (1 —31)(1 — B2)...(1 — B,)). Therefore, the sequence (z,,) is
unbounded. O

Remark. If zis asolution of (E1), A = [0, ¢|, B = [¢/¢,2/¢] and the assumptions
of Theorem 5 are satisfied, then a,, € A, ¢, (t)/t € Bforn € N, ¢t # 0and AB = [0, 2].
Hence, by Theorem 4(c), the sequence |z| is nondecreasing.

Corollary 10. Ife € (0,1), ¢ > 0, a, € [0,¢/2], con(t)/t € [€,2], vn(0) = 0 for
n € N and t # 0, and the series Y a,, is divergent, then every nontrivial solution of
(E1) is unbounded.

Proof. Letn € N. Since a,, < ¢/2, so a, < ¢— a,. Hence, min(a,,c—a,) = a,
and the assertion follows from Theorem 5. O
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Corollary 11. Ife € (0,1), ¢ > 0, a,, € [¢/2,¢], cpn(t)/t € [¢,2], ©n(0) =0 for
n € N and t # 0, and the series Y (c—ay,) is divergent, then every nontrivial solution
of (E1) is unbounded.

Proof. Ifn €N then ¢ < 2a,. Hence, ¢c—a, < a, and min(a,,c—a,) =c—a,
and the assertion follows from Theorem 5. O

Theorem 6. Let = be a solution of (E1). If ¢ > 0, |an| = ¢, c|on(t)/t] = 2 for
any n € N and ¢t # 0, then |z| is nonincreasing. Moreover, if the series > (|a,| — ¢)
is divergent, then x converges to zero.

Proof. ForneN, let a,, = 2(|an| — ¢)/c. If &, 41 # 0, then

|:L'n/1'n+1| = |1 - an@(zn+1)/xn+1|-

Since
lanp(Tnt1)/Tny1| 2 2lan|/c =2(Jan| —c+c)/c =2+ ay

we obtain |z,| = (1 + an)|zn+1|. Obviously, the last inequality is also valid in the
case x,+1 = 0. Hence, the sequence |z, is nonincreasing. Moreover, by induction

we obtain
2] 2 (14 an)( + ans1) .- (1 + angp—1)|[Tnkl-

If the series > (|an| — ¢) is divergent, then the series Y o, is divergent, too. Hence,
the infinite product (1 4+ a1)(1 + a2)(1 + ag) ... is also divergent (i.e., limp, = oo
where p, = (1 — a1)(1 — a2)...(1 — ay)). It follows that the sequence (x,,) is
convergent to zero. O

Remark. If z is a solution of (E1), A = (—o0, —c] U [¢,0), B = (—00, —2/c] U
[2/¢,00) and the assumptions of Theorem 6 are satisfied, then a,, € A, ¢,(t)/t € B
forn e N, ¢t #0and AB = (—o0, —2]U[2,00)]. Hence, the fact that the sequence |z|
is nonincreasing for large n follows also from Theorem 4(f).

Theorem 7. Assume ¢ > 0 and a, > c for any n € N. If all functions ,, are
positive and there exists L > 0 such that cp,(t) >t for any t > L and n € N, then
all solutions of (E1) are increasing and convergent.

Proof. Since the sequence (a,) and the functions ¢,, are positive, so all solu-
tions of (E1) are increasing. Assume a solution (x,,) is unbounded. There exists an
index p such that z,, > L for any n > p.

If n > p, then

1- xn/szrl = ansﬁn(anrl)/szrl-
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But 0 < (zn,/2n4+1) <1 and (an@n(nt1)/Tn+1) < 1. Hence,

(Sﬁn(szrl)/anrl) < (l/an) < (1/6)7

a contradiction. Thus (z,,) is bounded and therefore it is convergent. O
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