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Abstract. In this note we consider the third order linear difference equations of neutral
type

(E) ∆3[x(n)− p(n)x(σ(n))] + δq(n)x(τ (n)) = 0, n ∈ N(n0),

where δ = ±1, p, q : N(n0) → � + ; σ, τ : N(n0) → � , lim
n→∞

σ(n) = lim
n→∞

τ (n) = ∞. We

examine the following two cases:

{0 < p(n) 6 1, σ(n) = n + k, τ (n) = n + l},

{p(n) > 1, σ(n) = n − k, τ (n) = n − l},

where k, l are positive integers and we obtain sufficient conditions under which all solutions
of the above equations are oscillatory.
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1. Introduction

Consider the third order neutral difference equations

(E) ∆3[x(n) − p(n)x(σ(n))] + δq(n)x(τ(n)) = 0, n ∈ N(n0),

where δ = ±1, N(n0) = {n0, n0 + 1, . . .}, n0 is fixed in � = {1, 2, . . .} and ∆ is

the forward difference operator defined by ∆x(n) = x(n + 1) − x(n), ∆i+1x(n) =

∆(∆ix(n)) for i = 1, 2, . . ., ∆0x(n) = x(n). For k ∈ � we use the usual factorial
notation

nk = n(n − 1) . . . (n − k + 1) with n0 = 1.
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The following hypotheses are always assumed to hold:

(H1) p, q : N(n0) −→ � + ;

(H2) σ : N(n0) −→ � , σ is strictly increasing and σ (N(n0)) = N(n∗) for some

n∗ ∈ � .
(H3) τ : N(n0) −→ � , lim

n−→∞

τ(n) = ∞.

By a solution of equation (E) we mean a real sequence which is defined for n >

min
i>n0

{τ(i), σ(i)} and which satisfies equation (E) for all n > n0. We consider only

such solutions which are nontrival for all large n. As usual a solution x of equation

(E) is called oscillatory if for anyM > n0 there exists n > M such that xnxn+1 6 0.

Otherwise it is called nonoscillatory.

In recent years there has been increasing interest in the study of the oscillation of

neutral difference equations. For example, the first order linear difference equation

of neutral type

∆(yn + pnyn−k) + qnyn−l = 0, n = 0, 1, 2, . . . ,

and its special cases, have been investigated in [5], [9]–[11] and the nonlinear case has

been considered in [6], [12], [14], [16], [17], [19], see also the monographs of Agarwal

[1] and Agarwal, Grace and O’Regan [2]. Compared to the study of first order neutral

type difference equations, the study of higher order equations, and in particular third

order neutral difference equations, has received considerably less attention (see, for

example [7], [13], [15], [20], and the references contained therein). The purpose of

this paper is to obtain sufficient conditions for oscillation of all solutions of equations

(E). The results in this paper have been motivated by results in [3], [4]. Observe

that a similar problem has been investigated for a third order differential equation

in [8], and in [15] for the third order difference equation

∆(cn∆(dn∆(yn + pnyn−k))) + qnf(yn−m) = en

where 0 6 pn < 1, qn > 0.

2. Some basic lemmas

To prove our results we need the following lemmas which can be found in [12].

Lemma 1. Suppose that the conditions (H1), (H2) and

0 < p(n) 6 1 for n > n0
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hold. Let x be a nonoscillatory solution of the inequality

x(n)[x(n) − p(n)x(σ(n))] < 0

defined in a neighbourhood of the infinity.

(i) Suppose that σ(n) < n, for n > n0. Then x is bounded. If, moreover,

(1) 0 < p(n) 6 λ < 1 for n > n0

for some positive constant λ, then lim
n−→∞

x(n) = 0.

(ii) Suppose that σ(n) > n for n > n0. Then x is bounded away from zero. If,

moreover, (1) holds, then lim
n−→∞

|x(n)| = ∞.

Lemma 2. Suppose that conditions (H1), (H2) and

p(n) > 1 for n > n0

hold. Let x be a nonoscillatory solution of the inequality

x(n)[x(n) − p(n)x(σ(n)] > 0

defined in a neighbourhood of the infinity.

(i) Suppose that σ(n) > n for n > n0. Then x is bounded. If, moreover,

(2) 1 < v 6 p(n) for n > n0,

for some positive constant v, then lim
n−→∞

x(n) = 0.

(ii) Suppose that σ(n) < n for n > n0. Then x is bounded away from zero. If,

moreover (2) holds, then lim
n−→∞

|x(n)| = ∞.

The next lemma can be found in [1], [14].

Lemma 3. Assume g is a positive real sequence and m is a positive integer. If

lim inf
n→∞

n+m−1
∑

i=n

g(i) >
( m

m + 1

)m+1

,

then

(i) the difference inequality

∆u(n) − g(n)u(n + m) > 0
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has no eventually positive solution,

(ii) the difference inequality

∆u(n) − g(n)u(n + m) 6 0

has no eventually negative solution.

3. Main results

In this section we establish oscillation theorems for equations (E). We begin by

classifying all possible nonoscillatory solutions of equations (E) on the basis of a well

known lemma of Kiguradze [18] (also see [1, Theorem 1.8.11]).

Lemma 4. Let y be a sequence of real numbers and let y(n) and ∆my(n) be of

constant sign with ∆my(n) not eventually identically zero. If

(3) δy(n)∆my(n) < 0,

then there exist integers l ∈ {0, 1, . . . , m} and N > 0 such that (−1)m+l−1δ = 1 and

(4)
y(n)∆jy(n) > 0 for j = 0, 1, . . . , l,

(−1)j−ly(n)∆jy(n) > 0 for j = l + 1, . . . , m,

for n > N.

A sequence y satisfying (4) is called a Kiguradze sequence of degree l.

Let x be a nonoscillatory solution of equation (E) and let

(5) u(n) = x(n) − p(n)x(σ(n)), n ∈ N(n0).

It is clear that u is eventually of one sign, so that either

(6) x(n)[x(n) − p(n)x(σ(n))] > 0

or

(7) x(n)[x(n) − p(n)x(σ(n))] < 0

for all sufficiently large n.
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Let N+
l [or N

−

l ] denote the set of solutions x of equation (E) satisfying (6) [or

(7)] for which u(n) = x(n) − p(n)x(σ(n)) is of degree l. Then we have the following

classification of the set N of all nonoscillatory solutions of equation (E):

(8)
N = N+

1 ∪ N+
3 ∪ N−

0 ∪N−

2 for δ = −1;

N = N+
0 ∪ N+

2 ∪ N−

1 ∪N−

3 for δ = 1.

In addition to the hypothesis (H1)–(H3), we assume that p, σ and τ are subject to

one of the following two cases:

(I) 0 < p(n) 6 1, σ(n) = n + k, τ(n) = n + l,

(II) p(n) > 1, σ(n) = n − k, τ(n) = n − l,

where k, l are positive integers. For simplicity, equation (E) subject to the case (I)

or (II) will be referred to as equation

(EI) ∆3(x(n) − p(n)x(n + k)) − q(n)x(n + l) = 0, n ∈ N(n0),

or

(EII) ∆3(x(n) − p(n)x(n − k)) + q(n)x(n − l) = 0, n ∈ N(n0).

Theorem 1. Let k + 2 > l > 3. If

lim sup
n→∞

n−3
∑

i=n−l

(n − i − 1)2 q(i) > 2,(9)

∞
∑

i=n0

iq(i) = ∞,(10)

lim sup
n→∞

n2
∞
∑

i=n+k−l+1

q(i)

p(i − k + l)
> 2,(11)

and

(12) lim inf
n→∞

n+l−1
∑

i=n

α(i)
∑

j=i

(j − i + 1)q(j) >
( l

l + 1

)l+1

,

for some α : � → � such that α(n) > n, then all solutions of equation (EI) are

oscillatory.

� ��!"!$#
. Assume, aiming at contradiction, that x is an eventually positive solu-

tion of equation (EI). Then there exists an integer n1 > n0, such that x(n) > 0 for

all n > n1. By (8), there are four cases to consider:
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(A-I) u(n) > 0, ∆u(n) > 0, ∆2u(n) > 0, ∆3u(n) > 0,

(B-I) u(n) < 0, ∆u(n) < 0, ∆2u(n) < 0, ∆3u(n) > 0,

(C-I) u(n) < 0, ∆u(n) > 0, ∆2u(n) < 0, ∆3u(n) > 0,

(D-I) u(n) > 0, ∆u(n) > 0, ∆2u(n) < 0, ∆3u(n) > 0,

eventually.%'&)(+*
(A-I). Let us take n2 > n1 so large that

u(n) > 0, ∆u(n) > 0, ∆2u(n) > 0, ∆3u(n) > 0, for n > n2.

Equation (EI) can be written in the form

(13) ∆3u(n) = q(n)x(n + l).

From discrete Taylor’s formula (see [1, Theorem 1.8.5]), we have

(14) u(n) =

2
∑

i=0

(n − n2)
i

i!
∆i[u(n2)] +

1

2

n−3
∑

j=n2

(n − j − 1)2∆3u(j), n > n2.

Therefore, we obtain

u(n) >
1

2

n−3
∑

j=n2

(n − j − 1)2∆3u(j)

and by (13), we have

u(n) >
1

2

n−3
∑

j=n2

(n − j − 1)2[q(j)x(j + l)].

By (5)

x(n) = u(n) + p(n)x(n + k) > u(n).

Therefore

u(n) >
1

2

n−3
∑

j=n2

(n−j−1)2[q(j)u(j+l)] >
1

2

n−3
∑

j=n−l

(n−j−1)2[q(j)u(j+l)] for n > n2+l.

Since u is increasing, one can see that

u(n) >
1

2
u(n)

n−3
∑

j=n−l

(n − j − 1)2q(j).
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Dividing both sides of the above inequality by u(n) we obtain

1 >
1

2

n−3
∑

j=n−l

(n − j − 1)2q(j),

for all large n, which is a contradiction to (9).%'&)(+*
(B-I). Let us take n3 > n1 so large that

u(n) < 0, ∆u(n) < 0, ∆2u(n) < 0, ∆3u(n) > 0 for n > n3.

Summing both sides of (13) from n to s − 1 we obtain

∆2u(s) − ∆2u(n) =

s−1
∑

i=n

q(i)x(i + l).

Since ∆2u(n) < 0, letting s → ∞ we get

(15) −∆2u(n) >

∞
∑

i=n

q(i)x(i + l).

Because

u(n − k + l) = x(n − k + l) − p(n − k + l)x(n + l),

we have
u(n − k + l)

p(n − k + l)
=

x(n − k + l)

p(n − k + l)
− x(n + l),

and

(16) x(n + l) >
−1

p(n − k + l)
u(n − k + l).

Substituting (16) into (15), we obtain

(17) −∆2u(n) > −
∞
∑

i=n

q(i)u(i − k + l)

p(i − k + l)
.

Now, we consider the identity

(18)

n−1
∑

i=N

i∆3u(i) = n∆2u(n)−N∆2u(N)−∆u(n + 1)+∆u(N + 1), N ∈ N(n0).
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From (13) we have
n−1
∑

i=N

i∆3u(i) =

n−1
∑

i=N

iq(i)x(i + l).

Hence, by (16), we obtain

n−1
∑

i=N

iq(i)x(i + l) > −
n−1
∑

i=N

i
q(i)

p(i − k + l)
u(i − k + l),

and then

n∆2u(n) − N∆2u(N) − ∆u(n + 1) + ∆u(N + 1) > −
n−1
∑

i=N

i
q(i)

p(i− k + l)
u(i − k + l).

From the above inequalities we get

∆u(n + 1) − n∆2u(n) + N∆2u(N) 6

n−1
∑

i=N

iq(i)

p(i − k + l)
u(i − k + l)

6

n−1
∑

i=N

iq(i)u(i− k + l),

and using (10) and letting n → ∞, we have

lim
n→∞

[

∆u(n + 1) − n∆2u(n) + N∆2u(N)
]

6

∞
∑

i=N

iq(i)u(i− k + l)

6 u(N − k + l)
∞
∑

i=N

iq(i) = −∞.

Therefore

(19) lim
n→∞

[

∆u(n + 1) − n∆2u(n)
]

= −∞.

Thus

(20) ∆u(n + 1) 6 n∆2u(n)

for sufficiently large n. Since

n−1
∑

i=N

[∆u(i + 1) − i∆2u(i)] = 2u(n + 1) − n∆u(n) − 2u(N + 1) + N∆u(N),
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from (19), we obtain

lim
n→∞

[2u(n + 1) − n∆u(n)] = lim
n→∞

n−1
∑

i=N

[∆u(i + 1) − i∆2u(i)] = −∞.

Thus

u(n + 1) 6
1

2
n∆u(n)

and, by (20) and (17), we get

u(n + 1) 6
1

2
n2∆2u(n − 1) =

1

2
n2

∞
∑

i=n−1

q(i)u(i − k + l)

p(i − k + l)

6
1

2
n2

∞
∑

i=n+k−l+1

q(i)u(i − k + l)

p(i − k + l)
6

1

2
n2u(n + 1)

∞
∑

i=n+k−l+1

q(i)

p(i − k + l)
.

Hence

2 > n2
∞
∑

i=n+k−l+1

q(i)

p(i − k + l)

which contradicts (11).%'&)(+*
(C-I) Let us take n4 > n1 so large that

u(n) < 0, ∆u(n) > 0, ∆2u(n) < 0, ∆3u(n) > 0 for n > n4.

From the equality (cf. [1], Problem 1.9.35 p. 43)

(21)

∆νu(n) =

m−1
∑

i=ν

(−1)(i−ν) (s − n + i − ν − 1)i−ν

(i − ν)!
∆iu(s)

+ (−1)(m−ν) 1

(m − ν − 1)!

s−1
∑

j=n

(j − n + m − ν − 1)m−ν−1∆mu(j),

where n4 6 n 6 s, 0 6 ν 6 m−1, with regard to equation (EI) for ν = 1 and m = 3,

we get

(22) ∆u(n) =

2
∑

i=1

(−1)(i−1) (s − n + i − 2)i−1

(i − 1)!
∆iu(s) +

s−1
∑

j=n

(j − n + 1)q(j)x(j + l),

for n4 6 n 6 s.

Therefore, we have

∆u(n) >

s−1
∑

j=n

(j − n + 1)q(j)x(j + l), for n > n4.
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Since u(n) < 0, from Lemma 1(ii), it follows that x is bounded away from zero, so

there exists a constant c > 0 such that x(n) > c, for n > n5 > n4.

Hence, from the above inequality we get

∆u(n) > c

s−1
∑

j=n

(j − n + 1)q(j) for n > n5.

Then

∆u(n5) > c

s−1
∑

i=n5

(i − n5 + 1)q(j).

Letting s → ∞, we get a contradiction with (10).%'&)(+*
(D-I). Let us take n6 > n1 so large that

u(n) > 0, ∆u(n) > 0, ∆2u(n) < 0, ∆3u(n) > 0 for n > n6.

From (22), we have

∆u(n) = ∆u(s) − (s − n)∆2u(s) +

s−1
∑

j=n

(j − n + 1)q(j)x(j + l).

Since x(n) > u(n) we have

∆u(n) >

s−1
∑

j=n

(j − n + 1)q(j)u(j + l) for all s > n.

Thus

∆u(n) >

α(n)
∑

j=n

(j − n + 1)q(j)u(j + l) > u(n + l)

α(n)
∑

j=n

(j − n + 1)q(j)

for every α : � → � such that α(n) > n. Hence

∆u(n) − u(n + l)

α(n)
∑

j=n

(j − n + 1)q(j) > 0.

By Lemma 3, with regard to (12) the last inequality can not have an eventually

positive solution, which is a contradiction. This completes the proof. �
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Theorem 2. Let k > l + 3. If

lim sup
n→∞

n−3
∑

i=n−k+l

(n − i − 1)2
q(i)

p(i + k − l)
> 2,(23)

∞
∑

i=n0

iq(i) = ∞,(24)

lim sup
n→∞

n2
∞
∑

i=n+l+1

q(i) > 2,(25)

and

(26) lim inf
n→∞

n+k−l−1
∑

i=n

α(i)
∑

j=i

(j − i + 1)q(j)

p(j + k − l)
>

( k − l

k − l + 1

)k−l+1

for some α : � → � such that α(n) > n, then all solutions of equation (EII) are

oscillatory.

� ��!"!$#
. Assume, aiming at contradiction, that x is an eventually positive solu-

tion of equation (EII). Then, there exists an integer n1 > n0, such that x(n− l) > 0

for all n > n1. By (8), there are four cases to consider:

(A-II) u(n) < 0, ∆u(n) < 0, ∆2u(n) < 0, ∆3u(n) < 0,

(B-II) u(n) > 0, ∆u(n) > 0, ∆2u(n) > 0, ∆3u(n) < 0,

(C-II) u(n) > 0, ∆u(n) < 0, ∆2u(n) > 0, ∆3u(n) < 0,

(D-II) u(n) < 0, ∆u(n) < 0, ∆2u(n) > 0, ∆3u(n) < 0,

eventually.%'&)(+*
(A-II). Let us take n2 > n1 so large that

u(n) < 0, ∆u(n) < 0, ∆2u(n) < 0, ∆3u(n) < 0 for n > n2.

From (14), we have

u(n) 6
1

2

n−3
∑

j=n2

(n − j − 1)2∆3u(j),

and hence

(27) −u(n) >
1

2

n−3
∑

j=n2

(n − j − 1)2[q(j)x(j − l)].

From (5), for σ(n) = n − k, we obtain

u(n) > −p(n)x(n − k).
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Hence

x(n) > −
u(n + k)

p(n + k)

and

q(n)x(n − l) >
−q(n)u(n + k − l)

p(n + k − l)
.

Using the above inequality in (27), we get

−u(n) > −
1

2

n−3
∑

j=n2

(n − j − 1)2
q(j)u(j + k − l)

p(j + k − l)
.

Thus, for n > n2 + k − l, we have

−u(n) > −
1

2
u(n)

n−3
∑

j=n−k+l

(n − j − 1)2
q(j)

p(j + k − l)
.

Therefore

1 >
1

2

n−3
∑

j=n−k+l

(n − j − 1)2
q(j)

p(j + k − l)
,

which contradicts (23).%'&)(+*
(B-II). Let us take n3 > n1 so large that

u(n) > 0, ∆u(n) > 0, ∆2u(n) > 0, ∆3u(n) < 0 for n > n3.

Summing equation (EII) from n to ∞, we get

∆2u(n) >

∞
∑

i=n

q(i)x(i − l).

Since x(n − l) > u(n − l), we have

∆2u(n) >

∞
∑

i=n

q(i)u(i − l).

From the identity (18) and (EII), we get

−
n−1
∑

i=N

iq(i)x(i − l) = n∆2u(n) − N∆2u(N) − ∆u(n + 1) + ∆u(N + 1),
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and thus
n−1
∑

i=N

iq(i)u(i− l) 6 −n∆2u(n) + N∆2u(N) + ∆u(n + 1).

Since u is an increasing sequence, it follows from (24) that

lim
n→∞

[∆u(n + 1) − n∆2u(n)] = ∞.

Thus

∆u(n + 1) > n∆2u(n) for n > N > n2,

where N is sufficienly large. Then, similarly as in the proof of Theorem 1, case (B-I),

we get

u(n + 1) >
1

2
n2u(n + 1)

∞
∑

i=n+l+1

q(i).

Hence

2 > n2
∞
∑

i=n+l+1

q(i),

which contradicts (24).%'&)(+*
(C-II). For n > n1 we have

u(n) > 0, ∆u(n) < 0, ∆2u(n) > 0, ∆3u(n) < 0.

From Lemma 2(ii), it follows that x is bounded away from zero. So, there exists

c > 0, such that x(n) > c for n > n3 > n1. From equality (21), with regard to

equation (EII), for ν = 1 and using

∆3u(n) = −q(n)x(n − l),

we get

(28) ∆u(n) 6 −
s−1
∑

j=n

(j − n + 1)q(j)x(j − l),

for s > n > n3 + l = n4. Therefore, we have

∆u(n4) 6 −c

s−1
∑

j=n4

(j − n4 + 1)q(j),
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hence

−∆u(n4)

c
>

s−1
∑

j=n4

(j − n4 + 1)q(j).

Letting s → ∞, we get a contradiction with (24).%'&)(+*
(D-II). Let us take n5 > n1 so large that

u(n) < 0, ∆u(n) < 0, ∆2u(n) > 0, ∆3u(n) < 0 for n > n5.

From (28) and using

q(n)x(n − l) >
−q(n)u(n + k − l)

p(n + k − l)
,

we get

∆u(n) 6

s−1
∑

j=n

(j − n + 1)
q(j)u(j + k − l)

p(j + k − l)
.

Then

∆u(n) −

[ α(n)
∑

j=n

(j − n + 1)
q(j)u(j + k − l)

p(j + k − l)

]

6 0,

for any α : � → � such that α(n) > n, and since u is decreasing

∆u(n) − u(n + k − l)

[ α(n)
∑

j=n

(j − n + 1)
q(j)

p(j + k − l)

]

6 0.

By Lemma 3(ii) with regard to (26) the last inequality cannot have an eventually

negative solution, which is a contradiction. This completes this proof. �

, *.-/& ��0
1. It is easy to extend the above results to nonlinear equations of the

form

∆3[x(n) − p(n)x(σ(n))] + δq(n)f(x(τ(n))) = 0, n ∈ N(n0),

where f is a real valued function satisfying xf(x) > 0 for x 6= 0, under the condition

that there exists a constant B > 0 such that |f(x)| > B |x| for all x.
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