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Abstract. A new form of a-compactness is introduced in L-topological spaces by a-open
L-sets and their inequality where L is a complete de Morgan algebra. It doesn’t rely on
the structure of the basis lattice L. It can also be characterized by means of a-closed
L-sets and their inequality. When L is a completely distributive de Morgan algebra, its
many characterizations are presented and the relations between it and the other types of
compactness are discussed. Countable a-compactness and the a-Lindelof property are also
researched.
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1. INTRODUCTION

The notion of a-open sets was introduced in [13]. The concept of a-compactness
for topological spaces was discussed in [12], and it was generalized to [0, 1]-topological
spaces by Thakur, Saraf and Jabalpur [18]. The definition in [18] is based on Chang’s
compactness which is not a good extension of ordinary compactness.

In [1], Aygiin presented a new form of a-compactness which is based on Kudri’s
compactness [7] which is equivalent to strong compactness in [9], [19].

The concepts of SR-compactness and near SR-compactness were introduced by
S.G.Li, S.Z.Bai and N.Li in terms of strongly semiopen L-sets [4], [8]. In fact, a
strongly semiopen L-set is exactly an a-open set in the sense of [14]. Thus both SR-
compactness and near SR-compactness are extensions of a-compactness. Moreover,
the notion of SR-compactness was based on N-compactness and the notion of near
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SR-compactness was based on strong fuzzy compactness. This implies that near
SR-compactness is equivalent to a-compactness in [1] when the basis lattice L is a
complete distributive de Morgan algebra.

In [15], [16], a new definition of fuzzy compactness was presented in L-topological
spaces by means of open L-sets and their inequality where L is a complete de Morgan
algebra. This new definition doesn’t depend on the structure of L. When L is
completely distributive, it is equivalent to the notion of fuzzy compactness in [9],
[10], [19].

In this paper, following the lines of [15], [16], we will introduce a new form of
a-compactness in L-topological spaces by means of a-open L-sets and their inequal-
ity. This new form of a-compactness has many characterizations if L is completely
distributive. Moreover, we will compare our a-compactness with other types of a-

compactness.

2. PRELIMINARIES

Throughout this paper (L,\/, A\,’) is a complete de Morgan algebra, X is a non-
empty set. LX is the set of all L-fuzzy sets (or L-sets for short) on X. The smallest
element and the largest element in LX are denoted by s and xx. We often don’t
distinguish a crisp subset A of X and its character function x 4.

An element a in L is called a prime element if a > b A ¢ implies @ > b or a > c.
An element a in L is called co-prime if a’ is prime [6]. The set of non-unit prime
elements in L is denoted by P(L). The set of non-zero co-prime elements in L is
denoted by M (L).

The binary relation < in L is defined as follows: for a,b € L, a < b if and only if
for every subset D C L, the relation b < sup D always implies the existence of d € D
with @ < d [5]. In a completely distributive de Morgan algebra L, each element b is
asup of {a € L; a <b}. Aset {a € L; a <b}is called the greatest minimal family
of b in the sense of [9], [19], denoted by 3(b), and 5*(b) = 5(b) N M(L). Moreover,
for b € L, we define a(b) = {a € L; o/ < ¥'} and a*(b) = a(b) N P(L).

For a € L and A € LX we use the following notations from [17].

A ={z € X; A(x) >a}, AW ={zeX; A®x) £ a},
Ay ={r € X; ac p(Ax))}.
An L-topological space (or L-space for short) is a pair (X,.7), where J is a
subfamily of LX which contains xp, xx and is closed for any suprema and finite

infima. .7 is called an L-topology on X. Members of .7 are called open L-sets and
their complements are called closed L-sets.
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Definition 2.1 ([9], [19]). An L-space (X,.7) is called weakly induced if Va € L,
VA € 7, it follows that A ¢ 7], where [.7] denotes the topology formed by all
crisp sets in 7.

Definition 2.2 ([9], [19]). For a topological space (X, 7), let wr(7) denote the
family of all lower semi-continuous maps from (X,7) to L, ie., wr(r) = {A €
LX; Al ¢ 1, a e L}. Then wy(7) is an L-topology on X; in this case, (X,w (7))
is called topologically generated by (X, 7). A topologically generated L-space is also
called an induced L-space.

It is obvious that (X,wy, (7)) is weakly induced.
For a subfamily ® C LX, 2(®) denotes the set of all finite subfamilies of ® and 2[%!
denotes the set of all countable subfamilies of ®.

Definition 2.3 ([15], [16]). Let (X,.7) be an L-space. G € L™ is called (count-
ably) compact if for every (countable) family % C 7, it follows that

A (G’(x)\/ \/ A(z)) <V A (G’(z)\/ \/ A(m)).

zeX Acu ve2) zeX Acy

Definition 2.4 ([16]). Let (X,.7) be an L-space. G € L¥ is said to have the
Lindelof property if for every family % C 7, it follows that

A (G’(x)\/ \V A(z)) <V A (G’(x)\/ \/ A(m)).

zeX AeU e2l%l xeX Aev

Lemma 2.5 ([16]). Let L be a complete Heyting algebra, let f: X — Y be a
map and f;*: L* — LY the extension of f. Then for any family & C LY, we have

V (ir@wn A Bw) =V (6@n A fiE)m).

yey Be rzeX Be

where f;7: LX — LY and f; : LY — L are defined as follows:

fr@w =\ G, fi(B)=Bof.
)

ze€f~1(y

The notion of an a-open set was introduced by Njastad in [13] and generalized
to [0, 1]-topological spaces by Shahana in [14]. Analogously we can generalize it to
L-fuzzy setting as follows:

Definition 2.6 ([14]). An L-set G in an L-space (X,.7) is called a-open if
G < int(cl(int(G)). G is called a-closed if G’ is a-open.
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Definition 2.7 ([18]). Let (X,.71) and (Y, %) be two L-spaces. A map f:
(X, %) — (Y, %) is called a-continuous if f; (G) is a-open in (X, .71) for every
open L-set G in (Y, %3).

It can be seen that an a-continuous map was also said to be strongly semi-

continuous in [14].

Definition 2.8 ([18]). Let (X,.71) and (Y, %) be two L-spaces. A map f:
(X, 7) — (Y, %) is called a-irresolute if f; (G) is a-open in (X, 77) for every
a-open L-set G in (Y, %).

3. DEFINITION AND CHARACTERIZATIONS OF a-COMPACTNESS

Definition 3.1. Let (X,.7) be an L-space. G € L* is called (countably) a-
compact if for every (countable) family % of a-open L-sets, it follows that

A (va \ A@)) <V A (G’(m)v \ A@)).

rzeX Aew ve(%) xeX Aev

Definition 3.2. Let (X,7) be an L-space. G € L¥ is said to have the a-
Lindelof property (or be an a-Lindelof L-set) if for every family % of c-open L-sets,
it follows that

A (G’(x)\/ \ A(z)) <V A (G’(x)\/ \/ A(m)).

rzeX Aew yveal#l xeX Aeyv

Obviously we have the following theorem.

Theorem 3.3. «-compactness implies countable a-compactness and the a-
Lindelof property. Moreover, an L-set having the a-Lindelof property is a-compact
if and only if it is countably a-compact.

Since an open L-set is a-open, we have the following theorem.

Theorem 3.4. «-compactness implies compactness, countable a-compactness
implies countable compactness, and the «a-Lindelof property implies the Lindelof

property.

From Definition 3.1 and Definition 3.2 we can obtain the following two theorems

by simply using complements.
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Theorem 3.5. Let (X,.7) be an L-space. G € L¥ is (countably) a-compact if
and only if for every (countable) family & of a-closed L-sets, it follows that

\V (G(m)/\ A\ B(x)) > AV (G(m)/\ A\ B(m)).

reX Be%# Fe2®B) xeX BeZ

Theorem 3.6. Let (X,.7) be an L-space. G € L~ has the a-Lindelof property
if and only if for every family A of a-closed L-sets, it follows that

\ (G(x)/\ A B(z)) > ANV (G(x)/\ A B(z)).

reX Bc%# Fe2lBl zeX BeZF

In order to present characterizations of a-compactness, countable a-compactness
and the a-Lindelof property, we generalize the notions of an a-shading and an a-R-
neighborhood family in [15], [16] as follows:

Definition 3.7. Let (X, ) be an L-space, a € L\ {1} and G € LX. A family
o/ C LX is said to be

(1) an a-shading of G if for any = € X, (G’(:I:) vV A(x)) £ a.
Aeuw

(2) a strong a-shading of G if A (G'(x) vV A(:z:)) £ a.
Acu

rzeX

(3) an a-remote family of G if for any z € X, (G(m) A B/\g}B(x)) Z a.
€

(4) a strong a-remote family of G if \/ (G(m) A B/\ga B(:z:)) # a.
€

zeX

It is obvious that a strong a-shading of G is an a-shading of G, a strong a-remote

family of G is an a-remote family of G, and &7 is a strong a-remote family of G if and

only if &2’ is a strong a’-shading of G. Moreover, a closed a-remote family is exactly

an a-remote neighborhood family and a closed strong a-remote family is exactly an
a~-remote neighborhood family in the sense of [19].

Definition 3.8. Let a € L\ {0} and G € L*. A subfamily & of LX is said

to have a weak a-nonempty intersection in G if \/ (G(z) A A(z)) >a. o is
[ 1=D.¢ Acad
said to have the finite (countable) weak a-intersection property in G if every finite

(countable) subfamily # of & has a weak a-nonempty intersection in G.

Definition 3.9. Let a € L\ {0} and G € LX. A subfamily & of LX is said to
be a weak a-filter relative to GG if any finite intersection of members in o7 is weak
a-nonempty in G. A subfamily % of L¥ is said to be a weak a-filterbase relative to
G if

{A € LX; there exists B € % such that B < A}

is a weak a-filter relative to G.
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From Definition 3.1, Definition 3.2, Theorem 3.5 and Theorem 3.6 we immediately
obtain the following two results.

Theorem 3.10. Let (X,.7) be an L-space and G € LX. Then the following
conditions are equivalent:

(1) G is (countably) a-compact.

(2) For any a € L\ {1}, each (countable) a-open strong a-shading % of G has a
finite subfamily which is a strong a-shading of G.

(3) For any a € L\ {0}, each (countable) a-closed strong a-remote family &2 of G
has a finite subfamily which is a strong a-remote family of G.

(4) For any a € L\ {0}, each (countable) family of a-closed L-sets which has the
finite weak a-intersection property in G has a weak a-nonempty intersection in G.

(5) For each a € L \ {0}, every a-closed (countable) weak a-filterbase relative to
G has a weak a-nonempty intersection in G.

Theorem 3.11. Let (X,.7) be an L-space and G € L*. Then the following
conditions are equivalent:

(1) G has the a-Lindelof property.

(2) For any a € L\ {1}, each a-open strong a-shading % of G has a countable
subfamily which is a strong a-shading of G.

(3) For any a € L\ {0}, each a-closed strong a-remote family & of G has a
countable subfamily which is a strong a-remote family of G.

(4) For any a € L\ {0}, each family of a-closed L-sets which has the countable
weak a-intersection property in G has a weak a-nonempty intersection in G.

4. PROPERTIES OF (COUNTABLE) a-COMPACTNESS

Theorem 4.1. Let L be a complete Heyting algebra. If both G and H are
(countably) a-compact, then GV H is (countably) a-compact.

Proof. For any (countable) family & of a-closed L-sets, we have by Theo-
rem 3.5 that

\ ((G\/H)(;z:)/\ A B(x))

o (v (G@szf@)}v (V (00 p, 00))
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>{ A \/(G(x)/\/\B(:c))}\/{ A \/(H(m)/\/\B(x))}

Fe2P) zeX Be Fe2P) zeX BeZ
= A \/(G\/H /\B(x)).
Fe2?) zeX BeF
This shows that G V H is (countably) a-compact. O

Analogously we have the following result.

Theorem 4.2. Let L be a complete Heyting algebra. If both G and H have the
«a-Lindelof property, then so does GV H.

Theorem 4.3. If G is (countably) a-compact and H is a-closed, then G A H is
(countably) a-compact.

Proof. For any (countable) family & of a-closed L-sets, we have by Theo-
rem 3.5 that

\V} ((G/\H)(x)/\ A B(m))

zeX Be>»

Y (G(a:)/\ A B(x)) > ANV (G(W A B(I))

zeX Be2U{H} Fe2(PU{H}) zeX Bes

LA V(e@n Ao AV (a@nn@n A s@))

Fe2P?) zeX BeZF Fe202) xeX BeZF

:{ AV (G(x)/\H(a:)A A B(I))}

Fe2(2) zeX BesF

= ANV (G/\H A B(z)).

Fe2(2) zeX BeZ

This shows that G A H is (countably) a-compact. O

Analogously we have the following result.

Theorem 4.4. If G has the a-Lindelof property and H is a-closed, then G A H
has the a-Lindelof property.
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Theorem 4.5. Let L be a complete Heyting algebra and let f: (X, 71) — (Y, %)
be an a-irresolute map. If G is an a-compact (or a countably a-compact, an o-
Lindeléf) L-set in (X, Z31), then so is f;”(G) in (Y, %3).

Proof. Weonly prove that the theorem is true for a-compactness. Suppose that
& is a family of a-closed L-sets in (Y, Z3). Then by Lemma 2.5 and a-compactness
of G we have that

V (i7@wn A Bw) =V (c@n A fiB)e)

yey BeZ reX BeZ
> AV (cwn A frm@)= AV (rr@wa A Bw).
Fe22?) zeX BeZF Fe20P) yey BeZF
Therefore f;”(G) is a-compact. O

Analogously we have the following result.

Theorem 4.6. Let L be a complete Heyting algebra and let f: (X, 71) — (Y, %)
be an a-continuous map. If G is an a-compact (a countably a-compact, an a-
Lindelof) L-set in (X,.71), then f;”(G) is a compact (countably compact, Lindelof)
L-set in (Y, %).

Definition 4.7. Let (X, Z) and (Y, 9,) be two L-spaces. A map f: (X, %) —
(Y, Z) is called strongly a-irresolute if f; (G) is open in (X, 97) for every a-open
L-set G in (Y, %).

It is obvious that a strongly a-irresolute map is a-irresolute and continuous.

Analogously we have the following result.

Theorem 4.8. Let L be a complete Heyting algebra and let f: (X, 71) — (Y, %)
be a strongly a-irresolute map. If G is a compact (countably compact, Lindeléf) L-
set in (X, 71), then f;”(G) is an a-compact (a countably a-compact, an a-Lindelof)
L-set in (Y, %).

5. FURTHER CHARACTERIZATIONS OF o-COMPACTNESS AND GOODNESS

In this section we assume that L is a completely distributive de Morgan algebra.
Now we generalize the notions of a B,-open cover and a @Q,-open cover [16] as
follows:
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Definition 5.1. Let (X,.7) be an L-space, a € L\ {0} and G € LX. A family
% C LX is called a B,-cover of G if for any » € X, it follows that a € 3(G’(x) V

V A(z)). % is called a strong (,-cover of G if a € ﬂ( N (G’(x) vV A(x)))

Aeu zeX Aeu
Definition 5.2. Let (X,7) be an L-space, a € L\ {0} and G € LX. A

family % C L% is called a Qg-cover of G if for any z € X, it follows that

G'(x)v V Az) > a.
Acu

It is obvious that a strong (,-cover of G is a (3,-cover of G, and a (,-cover of G
is a Q4-cover of G.
Analogously to the proof of Theorem 2.9 in [16] we can obtain the following the-

orem.

Theorem 5.3. Let (X,.7) be an L-space and G € L~. Then the following
conditions are equivalent.

(1) G is a-compact.

(2) For any a € L\ {0} (or a € M(L)), each a-closed strong a-remote family of G
has a finite subfamily which is an a-remote (a strong a-remote) family of G.

(3) For any a € L\ {0} (or a € M(L)) and any a-closed strong a-remote family
P of G, there exist a finite subfamily % of & and b € 3(a) (or b € $*(a)) such that
F is a (strong) b-remote family of G.

(4) For any a € L\ {1} (or a € P(L)), each a-open strong a-shading of G has a
finite subfamily which is an a-shading (a strong a-shading) of G.

(5) For any a € L\ {1} (or a € P(L)) and any a-open strong a-shading % of G,
there exist a finite subfamily ¥ of % and b € a(a) (or b € a*(a)) such that ¥ is a
(strong) b-shading of G.

(6) For any a € L\ {0} (or a € M(L)), each a-open strong [3,-cover of G has a
finite subfamily which is a (strong) Bq-cover of G.

(7) For any a € L\ {0} (or a € M(L)) and any a-open strong [3,-cover % of G,
there exist a finite subfamily ¥ of % and b € L (or b € M(L)) with a € §(b) such
that ¥ is a (strong) By-cover of G.

(8) For any a € L\ {0} (or a € M(L)) and any b € f(a) \ {0}, each a-open
Qq-cover of G has a finite subfamily which is a Qy-cover of G.

(9) For any a € L\ {0} (or a € M(L)) and any b € B(a) \ {0} (or b € 3*(a)), each
a-open @Q,-cover of G has a finite subfamily which is a (strong) [y-cover of G.

Analogously we also can present characterizations of countable a-compactness and
the a-Lindel6f property.

Now we consider the goodness of a-compactness.
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For a € L and a crisp subset D C X, we define a A D and a V D as follows:
a, x€D;
0, z¢D.

1, ze€D;

(a/\D)(a:){ o 2¢D.

(av D)(x) {

Theorem 5.4 ([17]). For an L-set A € L%, the following facts are true.
(1) A= V (@A 4w) = V (@A),

acL ac
(2) A= A (avA@)= A (aVv Al).
acL a€L
Theorem 5.5 [17]. Let (X,wr (7)) be the L-space topologically generated by
(X,7) and A € L. Then the following facts hold.

) cl(A) =V (@A (Aw)7) = V (@A (A@)7);

) acL aGL
)(@) € (A@)™ C (Apg)~ Ccl(4

2 )i
3) () = A (0 (AD)) = A (av (Al
)

acL a€Ll

(1

(2) cl

(3)

(4) cl(A)@ c (A@)~ c (Aleh)~ Ccl(A
(5)

(6)

(7) i

h

5) mt(A) = V (a A (Aw)?) = VL(a/\(A[a])");

acl

(4) =

6) int(A) () C (Ae))° C (Ajg))° C int(A)g;
(4) =
)

7 A (av (A9)) = A (av(Al));

a€l a€l
(8) int(A)@ c (A@)° c (Al C int(A)lY), where (A(,))~ and (A(,))° denote
respectively the closure and the interior of A,y in (X, 7) and so on, cl(A) and int(A)

denote respectively the closure and the interior of A in (X,wp(7)).

Lemma 5.6. Let (X,wr (7)) be generated topologically by (X,7). If A is an
a-open set in (X, T), then x4 is an a-open L-set in (X,wr(7)). If B is an a-open
L-set in (X,wr (7)), then B, is an a-open set in (X, 7) for every a € L.

Proof. If Aisan a-open setin (X, 7), then A C ((A°)7)°. Thus we have
XA < X((40)-) = int(X(Ao)—) = int(cl(xa0)) = int(cl(int(x4))).
This shows that x4 is c-open in (X, wr(7)).
If B is an a-open L-set in (X,wr, (7)), then B < int(cl(int(B))). From Theorem 5.5
we have
B(a) € int(cl(int(B))) @) € (cl(int(B))a))® € ((int(B)a))~)° < ((B(a))®)")°-
This shows that B, is an a-open set in (X, 7). ]

The next two theorems show that a-compactness, countable a-compactness and
the a-Lindeldf property are good extensions.
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Theorem 5.7. Let (X,wr(7)) be generated topologically by (X,7). Then
(X,wpr (7)) is (countably) a-compact if and only if (X, ) is (countably) a-compact.
Proof. (Necessity) Let &/ be an a-open cover (a countable a-open cover)
of (X,7). Then {xa; A € &/} is a family of a-open L-sets in (X,wr (7)) with
A \ XA(x)) = 1. From (countable) a-compactness of (X,wr (7)) we know

zeX NA€eU
that

1>V A ( \/ xm) ZAX( \/ XA@))L

ve%) xeX NAeY Aew

This implies that there exists ¥ € 2(%) such that A ( \/ xa(z)) = 1. Hence 7 is
zeX AcV
a cover of (X, 7). Therefore (X, 7) is (countably) a-compact.

(Sufficiency) Let % be a (countable) family of a-open L-sets in (X,wr (7)) and

let A (V B(z)) =a. If a =0, then we obviously have
re€X BeU

ALY )= VALY, )
Now we suppose that a # 0. In this case, for any b € 3(a) \ {0} we have
e ALY, )= (Y, o) = 0 Y s

By Lemma 5.6 this implies that {B); B € %} is an a-open cover of (X, 7). From
(countable) a-compactness of (X, 7) we know that there exists ¥ € 2(#) such that

{Bw); B € 7}isacoverof (X,7). Hence b < A ( V B(:z:)) Further we have
zeX \BeV

s AV B@)< VA (V B@).

z€X \Be¥ veu) zeX NBeV

This implies that

/\(\/B(w>)=a=\/{b;b6ﬁ(a)}< \ /\(\/B(m)).

ze€X “Be% ve2(%) xeX ~BeY

Therefore (X, wy (7)) is (countably) a-compact. O

Analogously we have the following result.
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Theorem 5.8. Let (X,wr(7)) be generated topologically by (X,7). Then
(X,wr (7)) has the a-Lindeléf property if and only if (X,7) has the «-Lindelsf
property.

6. THE RELATIONS OF a-COMPACTNESS AND OTHER TYPES OF COMPACTNESS

In this section we assume that L is again completely distributive.

Based on Kudri’s compactness in [7], Aygiin presented a definition of a-com-
pactness in [1]. Since Kudri’s compactness is equivalent to strong compactness in
[9], [19], we shall also refer to Aygiin’s a-compactness as a-strong compactness. The
following is its equivalent form.

Definition 6.1. Let (X,.7) be an L-space. G € L¥ is said to be a-strongly
compact if for any a € P(L), each a-open a-shading of G has a finite subfamily
which is an a-shading of G.

In [4], [8], Bai and Li et al.introduced the notions of SR-compactness and near
SR-compactness by means of strongly semiopen L-sets. In fact, a strongly semiopen
L-set is equivalent to an a-open L-set. This implies that both SR-compactness and
near SR-compactness are extensions of a-compactness in general topology. Their
equivalent forms can be stated as follows:

Definition 6.2 ([4]). Let (X,.7) be an L-space. G € L¥ is said to be SR-
compact (we shall call it a-N-compact) if for each a € M (L), every a-closed a-remote
family of G has a finite subfamily which is a strong a-remote family of G.

Definition 6.3 ([8]). Let (X,.7) be an L-space. G € L is said to be near
SR-compact if for each a € M (L), every a-closed a-remote family of G has a finite
subfamily which is an a-remote family of G.

It is obvious that Definition 6.3 is equivalent to Definition 6.1.
From Theorem 5.3 we easily obtain the following result.

Theorem 6.4. For an L-set G in an L-space, the following implications hold.

a-N-compactness = «-strong compactness = «-compactness

I I I

N-compactness = strong compactness => compactness

Notice that none of the above implications is invertible. We only present a coun-
terexample which is a-compact but not a-strongly compact. The other examples
can be found in [8], [9], [19] and in general topology.
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Example 6.5. Take Y = N. For all n € Y, define B,, € [0,1]¥ as follows:

n+ 17 y=mn
Bn(y)Z{(() ) z#n.

Let 7 be the [0, 1]-topology generated by the subbase 8 = {B,,; n € Y}. Obviously
{By; n € Y} is an open 0-shading of xy, but {B,; n € Y} has no finite subfamily
which is an open 0-shading of yy. Therefore (Y,.7) is not strongly compact, of
course it is not a-strongly compact either.

Now we prove that (Y, .7) is a-compact. It is easy to check that if A is an a-open
L-set in (Y,.7) and A # xy, then A< \/ B,.

ney
For each a € [0,1), suppose that % is an a-open strong a-shading of xy. If xy €

% , then {xy} is a strong a-shading of xy. Now we suppose that xy ¢ %. Then %

is not a strong a-shading of xy since A ( \ A(y)) < A ( V Bn(y)) =0.
yeY “Acu yeY ‘ney
This shows that (Y, .7) is a-compact.
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