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1. INTRODUCTION

C.L.Chang introduced and developed the concept of fuzzy topological spaces
based on the concept of a fuzzy set introduced by Zadeh in [12]. Since then, various
important notions in the classical topology such as compactness have been extended
to fuzzy topological spaces. The concept of nearly C-compactness in general topol-
ogy was introduced and studied in [11]. The purpose of this paper is to introduce
and study the concept of nearly C-compactness in fuzzy setting. Section 2 deals with
preliminaries, Section 3 deals with the concept of fuzzy nearly C-compactness and
some of the characterizations in fuzzy topological spaces, and Section 4 deals with
the properties of fuzzy almost continuous, fuzzy almost open functions [4]. Section 5
deals with the concept of fuzzy nearly C-compactness in fuzzy bitopological spaces.



2. PRELIMINARIES

Let (X,T) be any fuzzy topological space [3]. Let A be any fuzzy set in X. We
define the closure of A to be A{p; p = A, p is fuzzy closed} and interior of A to be
V{o; o <\, ois fuzzy open}. The interior of the fuzzy set A and the closure of the
fuzzy set A in X will be denoted by Int A and Cl A, respectively.

A fuzzy set A in X is said to be fuzzy regular open if Int(Cl\) = X and fuzzy
regular closed if Cl(Int A) = A\. A fuzzy set is fuzzy regular open if its complement is
fuzzy regular closed. Let % = {\q}aca be a family of members from 7. Then % is

called a cover of X if \/ A, =1, and a subfamily of % having a similar property is
aEA
called a subcover of % . A fuzzy topological space (X, T) is said to be fuzzy compact

[9] if every cover of X by members of T has a finite subcover. Further x,, shall denote
a fuzzy point [8] with a support z and value o (0 < o < 1). For a fuzzy set A in X,
we write 2, € A provided o < A(z).

A fuzzy filter base on X is a non-empty collection § of fuzzy sets on X satisfying
the conditions

(i) 0 ¢ §; where 0 stands for empty fuzzy set;

(il) A, A2 €EF=M A N ETF;
(ili) A\CpegF=Xre3g.

For any two fuzzy sets A, 6 in a fuzzy topological space (X,T'), we define the sum
of them, denoted by A 4 6, as follows: (A + 0)(z) = A(z) + 0(x).

3. Fuzzy NEARLY C-COMPACTNESS IN FUZZY TOPOLOGICAL SPACES

The concept of nearly C-compactness was introduced in [11]. It is defined as
follows.

Definition 1 [11]. A topological space is said to be nearly C-compact if given
a regular closed set A and an open cover % of A there exists a finite subfamily

{0;; i=1,2,...,n} of % such that A C |J CI(O;).
=1

1=

So, we are now prepared to introduce the following definition.

Definition 2. Let (X,T) be a fuzzy topological space. (X,T) is said to be
fuzzy nearly C-compact if for any ordinary subset A of X, A # X such that Z4
(the characteristic function of A C X) is a proper fuzzy regular closed set and

for each fuzzy open cover of {A,; a € A} of Z4 there exists a finite subfamily

Ao, s Aays -5 Aa, such that 24 < \/ Cl(Aa).
=1
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From this definition it is clear that fuzzy compactness implies fuzzy nearly C-
compactness. However, the converse is not true as the following example shows:

Example 1. Let X = {a,b}, T = {0,1, f,,} where f,: X = {a,b} — [0,1] is
such that f,(X) =1—1/n,Vz € X. The only possible non-empty subsets of X are
Ay = {a} and Ay = {b}. Further, since ClInt 24, = 0 # 24, and ClInt 2,4, =
0 # Za,, it follows that 24, and 24, are not fuzzy regular closed. So vacuously
(X,T) is fuzzy nearly C-compact. Now we claim that (X,T) is not fuzzy compact.

o0
Indeed, \/ f, =1 shows that {f,}>2, is a fuzzy open cover of 1 x but for every finite
n=1

ng
integer, say ng, we have \/ f, < 1 and therefore {f,,}°%; has no finite subcover for
n=1

1x. That is, (X, T) is not fuzzy compact.

Proposition 1. In a fuzzy topological space (X,T) the following assertions are
equivalent.
(a) X is fuzzy nearly C-compact.
(b) For each subset A C X such that %4 is proper fuzzy regular closed and for each
fuzzy regular open cover % = {Aa}aca of Z4 there exists a finite subfamily

Aa,sAa, s+ Aa, Of % such that 24 < V Cl()\ai).
i=1
(¢) For each subset A C X such that 24 is a proper fuzzy regular closed set and
for each family § = {fta taca of non-zero fuzzy regular closed sets such that

( A ,ua) N X4 =0, there exists a finite subfamily fio ; fla, ;- -, Pa, OfF such
acA

that { A Int(uai)} ANZas=0.
i=1
(d) For any subset A C X such that Z 4 is a proper fuzzy regular closed set and for
each family § = { 1o }aeca of fuzzy regular closed sets, if for each finite subfamily

HaysHays -5 Ha, of § we have {/\ Int(uai)} AN Za # 0, then ( A ua) A
i=1 acA
24 #0.
Proof. (a) = (b) follows easily from Definition 2.
(b) = (a) Suppose (b) holds. Let A be any subset of X such that 274 is proper
fuzzy regular closed. Let % = {Aa}aca be a fuzzy open cover of Z4. Then

{Int(ClA\y)}aeca will be a fuzzy regular open cover of 24. Then by (b), there
exists a finite subfamily {Int(Cl\A,,)}~, such that

Xa < \n/ CH{Int(Cl A, )} = \n/ Cl(Aa,)-

i=1 i=1

This proves (b) = (a).



(b) = (c¢) Let A C X be such that 24 is proper fuzzy regular closed. Let
§ = {ttataca be a family of non-zero fuzzy regular closed sets of the space X such
that (A fa)aea A Za = 0 for each proper fuzzy regular closed set 24 of X.

Then % = {1 — pa}aca is a fuzzy regular open cover of the fuzzy regular closed
set Z4 and therefore there exists a finite subfamily {\,, =1 —po,; 1 =1,2,...,n}

of % such that 24 < \/ Cl(),,). Now for each a; we have
i=1

Int(pe,) =Int(l — Ap,) =1 —=Cl(1 — (1 = X\y,)) =1 —Cl(Ag,)-

Therefore A Int(pa,) =1— V {ClAy,} <1— 24 and so
=1

1= =1

|

This proves (b) = (c).
(c) = (b) Let = {Aa}aca be a fuzzy regular open cover of the proper fuzzy

regular closed set 24 of the space X where A C X. Now 24 < \ ), implies that
aEA

—

Int(uai)] ANZEALSA—ZAONZa=Zx-aNZa=0.

=1

17%2(17 \V /\a) and

a€A
/\(1*)\,1)/\%,4: (1 \/ )\Q>A%A§(1%A)/\%A%XA/\%AO.
acA aEA
So (1 — Ay) is a family of fuzzy regular closed sets such that A (1 =X, ) A Z4 =0

a€A
and so by (c) there exists a finite subfamily {1 — Ao,,1— A4, ..., 1 — Ay, } such that

[/\ {Int(1 — Aai)}} ANZa=0.
i=1
Now it follows that .
Za< \/{1-Int(1 - o)}
i=1
but for each «; we have
Int(1—Xa,) =1—Cl(1 —(1—XAy,)) =1-=Cl(\y,).

Therefore we conclude that

Pa < \n/ Cl(An,).

i=1
This proves (c¢) = (b).
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(¢) = (d) Let A C X be such that 24 is a proper fuzzy regular closed set
and suppose that {ia}aca is a family of fuzzy regular closed sets such that for

every finite family fia,, fass - - -5 o,y N\ Int(fa;) A Za # 0. We want to show that
i=1

1=
N ba N Za # 0. If we suppose that A po A Z4 = 0, then by assumption (c)
aEA aEA

m
there exists a finite family pia,, flass - - - » fha,, such that A Int pe, A Z4 = 0, which
i=1

3

is a contradiction. Hence ( A ,ua) A Z4 = 0. This proves (c) = (d).
acA
(d) = (c) Let A C X be such that 24 is a proper fuzzy regular closed set. Let

{lta }aca be a family of fuzzy regular closed sets in X such that A paA 24 =0. We
aEA

ng
have to show that there exists a finite integer (say) ng such that A Int pio, A Za = 0.
i=1

no
Suppose now that for every finite integer ny we have A Int o, A Za # 0. Then by
i=1
assumption (d) we have A Int(pq) A Za # 0. Therefore 0 # A Int(ua) A Za <
acA aEA

N ta A Za, which is a contradiction. Hence there exists a finite integer ny such
acA

that /( Int p1a, A Z4 = 0. This proves (d) = (c). O
=1

=

Proposition 2. For any fuzzy topological space (X,T), the following assertions
are equivalent.
(a) X is fuzzy nearly C-compact.
(b) If A C X is such that 24 is a proper fuzzy regular closed and § is a family of

fuzzy regular closed sets of X such that 2’4 < (1 - A )\) , then there exists a
AET

finite number of elements of §, say A1, \a, ..., A\n, such that Z4 <1— A Int ;.
i=1

K2

Proof. (a) = (b) Suppose X is fuzzy nearly C-compact. Let A C X be such
that 24 is a proper fuzzy regular closed set. Let § be a family of fuzzy regular closed
sets of X such that 2 < (1 - A )\) = V (1 =X). Clearly % = {1 — A}rcz is a

AEF AET
fuzzy regular open cover of 4. Hence by assumption (a) there exists a finite number

of elements (say) A1, A2,...,An such that 24 < \/ Cl)\;. Therefore A Int); =
i=1 i=1
1—V ClA; <1— 24 That is, Z4 <1— A Int);. This proves (a) = (b).
i=1 i=1
(b) = (a) Let A C X be such that 24 is a proper fuzzy regular closed set in
X. Let § be a family of fuzzy regular open sets of X such that 24 < \ A. Put
AET
U = {1 — A} xez. Then % is clearly a family of fuzzy regular closed sets of X such

5



that Z4 < VA= V[1-(1-X]=1- A (1—-X). Hence by assumption (b)
AET AEF AEF

there exists a finite number of elements, say 1 — A;,1 — Ao,...,1 — A, such that
n

2y <1 = ANInt(1 —X) = V (1—Int(l—2X;)) = V Cl\;. This proves (b) =
i=1 i=1 i=1

(a). O

4. PROPERTIES OF FUZZY ALMOST CONTINUOUS AND
FUZZY ALMOST OPEN FUNCTIONS

A fuzzy almost continuous mapping was defined and studied by Azad [1]. In [9],
such a mapping is called an A-fuzzy almost continuous mapping. In [10] the concept
of an almost fuzzy open function was introduced and in [9] the same map was called
almost fuzzy open in the sense of Nanda (a.f.0.N.in short).

In this paper we call the former fuzzy almost continuous and the latter fuzzy almost
open. In this section we further investigate the properties of the above mappings.

Definition 3. Let (X,T) and (Y,.S) be any two fuzzy topological spaces. A
mapping f: (X,T) — (Y,S5) is said to be fuzzy almost continuous if the inverse
image of every fuzzy regular open (closed) set is fuzzy open (closed).

Definition 4. Let (X,T) and (Y, S) be any two fuzzy topological spaces. A
mapping f: (X,T) — (Y, 5) is said to be fuzzy almost open (closed) if the image of
every fuzzy regular open (closed) set is fuzzy open (closed).

Example 2. Let X = {a,b,c}. Define 71 = {0,1, A} and T» = {0, 1, u} where
AMa) =0, A(b) = 2, A(¢c) = & and p(a) = 1, u(b) = 0, pu(c) = 0. Let f: (X,T1) —
(X, T3) be the identity mapping. In (X, T3) the only non-zero fuzzy regular open set
is 1 and f~1(1) = 1 shows that f is fuzzy almost continuous. This example is found
in [9]. Now let g: (X,T2) — (X,T1) be the identity mapping, the only non-zero
fuzzy regular open set in (X,T3) is 1 and f(1) = 1 implies that f is fuzzy almost
open.

The following result proved as Theorem 3.5 in [9] is used in the proof of some of
the subsequent propositions and so it is given below for convenience of the reader.

Result [Theorem 3.5 in [9]]. If a mapping f: X — Y is A-fuzzy almost contin-
uous and a.f.0.N., then
(a) the inverse image f~1(A) of each fuzzy regular open set A of Y is a fuzzy regular
open set in X;
(b) the inverse image f~!(B) of each fuzzy regular closed set B of Y is a fuzzy
regular closed set in X.



Proposition 3. Let f: X — Y be a fuzzy almost open (almost closed) map of
a space X onto a space Y and let g: Y — Z. If go f is a fuzzy almost-continuous
and fuzzy almost open map then g is fuzzy almost continuous.

Proof. First let us assume f is fuzzy almost closed. Let A be a fuzzy regular
closed subset of Z. Then (go f)~*(\) = f~'(g~(\)). Then by Theorem 3.5 of [9],
fHg~t(N)] is a fuzzy regular closed set in X. Since f is fuzzy almost closed and
surjective, f[f~1(g71(\))] = g~ 1()) is fuzzy closed in Y. Thus we have shown that
g is fuzzy almost continuous. The proof is similar when f is fuzzy almost open. [

Proposition 4. Assume that f: X — Y is fuzzy almost continuous and let
g: Y — Z be a fuzzy almost continuous and fuzzy almost open map. Then go f is

fuzzy almost continuous.

Proof. Let A be a fuzzy regular open set in Z. Then by Theorem 3.5 of [9],
g~ (\) is fuzzy regular open in Y and (go f)"Y(\) = f~g 1()\)] is fuzzy open in
X. This proves that g o f is fuzzy almost continuous. O

Proposition 5. Let f: X — Y and g: Y — Z and suppose that (go f) is a
fuzzy almost open (fuzzy almost closed) map. If f is fuzzy almost continuous and
fuzzy almost open surjection, then g is a fuzzy almost open (almost closed) map.

Proof. Let A be any fuzzy regular open set in Y. Then by Theorem 3.5 of [9],
F71()) is fuzzy regular open in X. Since go f is fuzzy almost open, go f[f~1()\)] =
g(ff~Y(N\)) = g(\) is fuzzy open in Z. This proves that g is fuzzy almost open. The
proof is similar when f is fuzzy almost closed. O

Lemma 1. Let f: X — Y be any fuzzy almost open map. Given any \ € IV
and any fuzzy regular closed set p containing f~1 (\), there exists a fuzzy closed set
0 > X such that f=1(0) < p.

Proof. Let\ € IY and let u be any fuzzy regular closed set such that f=! (\) <
. Since f is fuzzy almost open and 1 — p is a fuzzy regular open set, it follows
that 0 = 1y — f(1x — ) is a fuzzy closed set in Y and 0 = 1y — f(1x —p) >
ly — f(lX — ! ()\)) > A Now ly —pu < f7'f[lx — p], which implies that
Ix = (Ix —p) > 1x = f7'f[Ix —p]- That is, p > 1x — [~ (f[lx —p]). We
conclude that f~1 () = f~1(1y — f (Ix —p)) = 1x — f L (f(Ix —p) <p. O



Lemma 2. Let f: X — Y be a fuzzy almost continuous and fuzzy almost open
map and let A be any fuzzy closed subset of Y. Then
(a) Cl[f~Y(Int \)] = f~Cl(Int \)].
(b) If X\ is a fuzzy regular closed subset, then C1[f ~1(Int \)] = f~1(\).

Proof. (a)Let A be any fuzzy closed set of Y. Assume IntA # 0 (since there
is nothing to prove if IntA = 0). Hence Int) is fuzzy regular open. Since f is
fuzzy almost continuous, f ~! (Int)) is open in X. Also Cl1[f~! (IntA)] is a fuzzy
regular closed set in X containing f~![IntA]. Therefore by Lemma 1 there exists
a fuzzy closed set § > IntA such that f~![IntA] < f~*(0) < C1[f~! (IntA)]. This
implies that f~! [Cl(IntA)] < Cl[f~! (IntA)]. Now since f is almost continuous,
F7L[Cl(IntA)] is closed in X and so f~![(IntA)] < f~![Cl(Int))]. Therefore

Cl[f ~*(Int A)] < CI[f~H(Cl(Int A))] = f~H[Cl(Int A)] < CI[f ' (Int \)].

This implies that C1[f~! (Int )] = f~* [C1(Int A)] . This proves (a).
(b) If X is a fuzzy regular closed subset, then Cl[(IntA)] = A. Using this in (a) we
get CL[f~! (IntA)] = =% (A). This proves (b). O

Proposition 6. Let f: X — Y be a fuzzy almost continuous and fuzzy almost
open map. If i is a fuzzy open set in Y, then
(a) Int [CLf~! [Int (Clp)]] = Int [CLf~! (Clp)] = Int [ =1 (Clu)].
(b) 7" [Int (Clp)] = Int [f =" (Clps)].
(¢) If p is fuzzy regular open set in Y, then Intf = [f=1 (Clu)] = f~* (p).

Proof. (a) Let p be a fuzzy open set in Y. Since Cl(y) is a fuzzy reg-
ular closed set in Y, f~1(Clpu) is fuzzy closed in X. In fact, by Lemma 2 we
have Clf~1(IntClp) = f~1(Cl(u)). Therefore we have Int CI[f~!(Int Clu)] =
Int CI[f~1(Cl )] = Int[f~1(Clu)]. This proves (a). O

(b) By Theorem 3.5 in [9] we have that f~![Int Cl(x)] is a fuzzy regular open set
in X. Thus Int CI[f 1 (Cl(x))] = f~*(Int Cl(x)) = Int[f~* Cl(p)]. This proves (b).

(c) Since p is a fuzzy regular open set, ;1 = Int Cl(u). Hence it follows that
f1(Int Cl(p)) = f~1(p) = Int[f = Cl(1)]. This proves (c).

Proposition 7. The image of a fuzzy nearly C-compact space under a fuzzy
almost continuous and fuzzy almost open mapping is fuzzy nearly C-compact.

Proof. Let f: X — Y be a fuzzy almost continuous and fuzzy almost open
mapping from a fuzzy nearly C-compact space X onto Y. We have to show that Y is
also fuzzy nearly C-compact. Let A C Y be any subset of Y such that 24 is fuzzy
regular closed in Y. Let % = {\i},cA be a fuzzy regular open cover of 274 in Y.
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Since f is fuzzy almost continuous and fuzzy almost open, by Theorem 3.5 in [9],
f~1(Z4) is a fuzzy regular closed subset of X and {f‘l()\i)}ieA
open cover of f~1(Z4) in X. Since X is fuzzy nearly C-compact, there exists a finite
subfamily {f~'(X\;); i =1,2,...,n} such that

is a fuzzy regular

FHZa) < _\/ CL{f'(\)} < _\/ {71 (1)}

That is, Z4 < \ {Cl(\;)}. This proves that Y is fuzzy nearly C-compact. O
i=1

5. Fuzzy NEARLY C-COMPACTNESS IN FUZZY BITOPOLOGICAL SPACES

The concept of fuzzy bitopological spaces was introduced in [5] and subsequently
further studied by various authors [2], [6]. In [5] the definition of fuzzy bitopological
space was given as follows:

Definition 5. A fuzzy bitopological space is an ordered triple (X, T1,T%) where
T, and T» are fuzzy topologies on X.

The concept of parirwise C-compactness for bitopological spaces was introduced
in [7] as follows:

Definition 6. (X,77,T») is said to be (1,2) C-compact if for every proper Ti-
closed subset A C X and every Th-open cover % of A, there exists a finite subcol-
lection of % the T -closure of whose members covers A. (X, T4,T») is said to be
pairwise C-compact if it is both (1,2) C-compact and (2,1) C-compact.

So now we are prepared to introduce the following

Definition 7. (X,Ty,T>) is said to be (1,2) fuzzy nearly C-compact if for every
set A C X such that 24 is a proper T;-fuzzy regular closed set and for every Th-fuzzy
open cover % of Z4, there exists a finite subcollection of %, (say) A1, Ag,..., A\,
n

such that 24 < \/ Clp,(A\;). Then (X, T3, T») is said to be pairwise fuzzy nearly C-
i=1

compact if it is both (1,2) fuzzy nearly C-compact and (2,1) fuzzy nearly C-compact.

Definition 8. A mapping f: (X,T1,T2) — (Y, S1,S52) is said to be pairwise
fuzzy almost continuous (pairwise fuzzy almost open, pairwise fuzzy continuous) if
the induced mappings f: (X,T1) — (Y¥,51) and f: (X,T2) — (Y, S2) are fuzzy
almost continuous (fuzzy almost open, fuzzy continuous [3]).



Proposition 8. Every pairwise fuzzy continuous and pairwise fuzzy almost open
image of a pairwise fuzzy nearly C-compact space is pairwise fuzzy nearly C-compact.

Proof. Let f: (X,T1,T2) — (Y, 51,52) be any pairwise fuzzy almost contin-
uous and pairwise fuzzy almost open onto mapping. Assume (X, Ty, T5) is pairwise
fuzzy nearly C-compact. We want to show that (Y, S1,52) is pairwise fuzzy nearly
C-compact.

Let A C Y be such that 24 is a proper Si-fuzzy regular closed set and let % be a
So-fuzzy open cover of Z4. Since f is fuzzy almost continuous and fuzzy almost open,
FH(Z4) is Th-fuzzy regular closed by Theorem 3.5 in [9] and {f~*(u); pu € %} is
a Ty-fuzzy open cover of f~1(204). Since (X,T3,T5) is pairwise fuzzy nearly C-
compact, there exists a finite subcollection {f~!(ux); k¥ = 1,2,...,n} such that

F7H(2a) <V Clpy £ (ug). Hence,
k=1

Za=fNZa) <\ fIClr, £ ()]

<=

=
Il
—

<

<=

Cls, (ff~" (1))

b
Il

< ClSz (:uk) .

<=z

=
Il
—

This proves that Y is (1,2) fuzzy nearly C-compact. Similarly we can show that Y is
also (2,1) fuzzy nearly C-compact. Thus we have shown that (Y, S, 52) is pairwise
fuzzy nearly C-compact. O

Proposition 9. Let (X,T1,T») be any pairwise fuzzy nearly C-compact space.
Then if A C X is such that 24 is proper T;-fuzzy regular closed and § is a family of
T;-fuzzy closed subsets of X such that A{\AN Z4; A € F} =0, there exists a finite
number of elements, say {\1, Az, ..., A\, } of § such that

N AIntz, A A Za} =0, i3, i,5=1,2
k=1

Proof. Suppose (X,T1,Ts) is fuzzy pairwise nearly C-compact. Let A C X be
such that 24 is proper Tj-fuzzy regular closed and § is a family of T}-fuzzy closed
sets of X such that A{AA Za; A€F}=0. Now A{DAZat=0= A (\) <

AETF AET
1-Za=Za<1= AX=V{1-X; XeF}. So{l—-X; X eF}isa T)-fuzzy
AET
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open cover of Z4 which is T;-fuzzy regular closed and hence by assumption we have
a finite collection, say 1 — A1, 1 — Ag,...,1 — A, such that

n

<V QUL = A) = \ (@ =Inty, \e) =1— A Intg, A
k=1 k=1 k=1

This implies A Intr, Ay < 1 — 24 = Zx_a. Therefore 24 A\ ( A Intr, Ak) <
k=1 k=1

ZaNZx_-a=0=> A (IntTj A A 3&”,4) = 0. This proves the proposition. O

Definition 9. A T)-fuzzy filter base § is said to be T;;-regular adherent con-
vergent if every T;-regular open neighbourhood of the T);-adherent set of § contains
an element of §,7 # j,i,j = 1,2, where we define the T;-adherent set of § to be
MClz, A5 A € ).

Proposition 10. If (X,T1,T») is pairwise fuzzy nearly C-compact then every
T;-open filter base is T;;-regular adherent convergent (i # j,i,j =1,2).

Proof. Suppose (X,T1,T5) is pairwise fuzzy nearly C-compact and let § be any
Tj-open filter base with A the T} -adherent set of §. Let o be any T;-regular open
neighbourhood of A\. So we have A = A{Clr, pu; p € §} and A <o and 1 — 0 is Tj-
fuzzy regular closed. Now 1—0 <1-A=1-A{Clg, p; p € F} = \{1-Clg, pu; p €
§}. Therefore {1 — Cly, pu; p € §} is a Tj-open cover of the fuzzy regular closed set
1—o0. Since (X, Ty, T5) is pairwise fuzzy nearly C-compact, we can find a subcollec-

tion, say {1 — Clg, ur; k = 1,2,...,n} such that 1 —o < \/ Cly, (1 — Clg, /Lk) =
k=1

n

\/ [(1 — IntTj (ClTj Mk))} =1- /\ IntTj (ClT]. Hk) = /\ IntT]. (CIT Hk) o. Fur-
k=1 k=1 k=1

ther, py < Inty, Clg, pg for k = 1,2,...,n. Therefore A pp < Intg, Cly, py. Hence
k=1

n
N pr < o = o € §. Hence the proposition follows. O
k=1
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