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SZASZ-MIRAKJAN TYPE OPERATORS OF TWO VARIABLES
PROVIDING A BETTER ESTIMATION ON [0,1] x [0, 1]

Fadime Dirik and Kamil Demirci

Abstract. This paper deals with a modification of the classical Szdsz-Mirakjan type op-
erators of two variables. It introduces a new sequence of non-polynomial linear operators which
hold fixed the polynomials z2? 4+ ax and y? + By with «, 8 € [0,00) and we study the convergence
properties of the new approximation process. Also, we compare it with Szdsz-Mirakjan type op-
erators and show an improvement of the error of convergence in [0, 1] X [0,1]. Finally, we study
statistical convergence of this modification.

1. Introduction

Most of the approximating operators, L., preserve e;(x) = 2%, (i = 0,1), i.e.,
Lp(ei;z) = ei(x), n € N, i = 0,1, but Ly,(e2;2) # ea(x) = 2. Especially, these
conditions hold for the operators given by Agratini [1], the Bernstein polynomials
[4, 5] and the Szész-Mirakjan type operators [3, 14]. Agratini [2] has investigated
a general technique to construct operators which preserve e;. Recently, King [13]
presented a non-trivial sequence of positive linear operators defined on the space
of all real-valued continuous functions on [0, 1] while preserving the functions e
and e;. Duman and Orhan [7] have studied King’s results using the concept of
statistical convergence. Recently, Duman and Ozarslan [8] have investigated some

approximation results on the Szész-Mirakjan type operators preserving es(z) = 22.

The functions fo(z,y) = 1, fi(z,y) = x and fo(x,y) = y are preserved by
most of approximating operators of two variables, Ly, ,, i.e., Ly n(fo;z,y) =
fO(‘ray), Lm,n(fl;xvy) = fl(x,y) and Lm,n(fQ;xvy) = f2(xay)a m,n € Na but
Ln(f3;2,y) # f3(z,y) = 2% + y?. These conditions hold, specifically, for the
Bernstein polynomials of two variables, the Szasz-Mirakjan type operators of two
variables. In this paper, we give a modification of the well-known Szasz-Mirakjan
type operators of two variables and show that this modification holds fixed some
polynomials different from f;(x,y). The resulting approximation processes turn out
to have an order of approximation at least as good as the one of Szdsz-Mirakjan
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type operators of two variables in certain subsets of [0,00) x [0,00). Finally, we
study A-statistical convergence of this modification.

We first recall the concept of A-statistical convergence for double sequences.

Let A = (ajk,m,n) be a four-dimensional summability matrix. For a given
double sequence x = (&, ), the A-transform of z, denoted by Az := ((Ax), ), is
given by

(Ax)j,k = E A5 kmnTmn
(m,n)eN?
provided the double series converges in Pringsheim’s sense for every (4, k) € N2.

A two-dimensional matrix transformation is said to be regular if it maps ev-
ery convergent sequence into a convergent sequence with the same limit. The
well-known characterization for two-dimensional matrix transformations is known
as Silverman-Toeplitz conditions (see, for instance, [12]). In 1926, Robison [18]
presented a four-dimensional analog of the regularity by considering an additional
assumption of boundedness. This assumption was made because a double Pring-
sheim convergent (P-convergent) sequence is not necessarily bounded. The defini-
tion and the characterization of regularity for four-dimensional matrices is known
as Robison-Hamilton conditions, or briefly, RH-regularity (see [11, 18]).

Recall that a four-dimensional matrix A = (a; ,m.n) is said to be RH-regular
if it maps every bounded P-convergent sequence into a P-convergent sequence with
the same P-limit. The Robison-Hamilton conditions state that a four-dimensional
matrix A = (a; k,m,n) is RH-regular if and only if

(i) P— li_Iil ajk.mn =0 for each (m,n) € N,
3,

(ZZ) P — hm Z Q5 kmmn = ]-7

3k (m,n)€EN?
(191) P —1lim > |ajkm,n| =0 for each n € N,
Ik meN
(tv) P—1lm Y |ajkmn| =0 for each m € N,
Jk neN
() > |ajkmn|is P-convergent for each j,k € N,
(m,n)EN?
vi) there exist finite positive integers A and B such that @i k.m.n| < Aholds
g J,k,m,
for every (j,k) € N2. m,n>B

Now let A = (a; k,m,n) be a non-negative RH-regular summability matrix, and
let K C N2. Then A-density of K is given by

55?{[(} =P—-lm > ajkmn
3k (m,n)eK T

provided that the limit on the right-hand side exists in Pringsheim’s sense. A real
double sequence x = () is said to be A-statistically convergent to a number L
if, for every € > 0,

5P {(m,n) € N*: |gpn — L| >} =0.
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In this case, we write st(2 )~ lim, », 1, = L. Clearly, a P-convergent double
sequence is A-statistically convergent to the same value but its converse is not
always true. Also, note that an A-statistically convergent double sequence need

not to be bounded. For example, consider the double sequence x = () given
by

Tm,n =

mn, if m and n are squares,
1, otherwise.

We should note that if we take A = C(1,1) := [¢} k,m,n], the double Ceséro matrix,
defined by
{jlk ifl<m<jand1<n<k,
¢ =
ok 0, otherwise,

then C(1,1)-statistical convergence coincides with the notion of statistical conver-
gence for double sequence, which was introduced in [15, 16]. Finally, if we replace
the matrix A by the identity matrix for four dimensional matrices, then A-statistical
convergence reduces to the Pringsheim convergence, which was introduced in [17].

By C(D), we denote the space of all continuous real valued functions on D
where D = [0,00) x [0,00). By E2, we denote the space of all real valued functions
of exponential type on D. More precisely, f € Fo if and only if there are three
positive finite constants ¢, d and a with the property |f(x,y)| < ae®®*%. Let L be
a linear operator from C(D) N E5 into C(D) N Ey. Then, as usual, we say that L
is a positive linear operator provided that f > 0 implies L(f) > 0. Also, we denote
the value of L(f) at a point (x,y) € D by L(f;xz,y).

Now fix a,b > 0. For the proof of the our approximation results we use the
lattice homomorphism H, ;, which maps C(D) N Ey into C(E) N Es, defined by
H,p(f) = flg, where E = [0,a] x [0,b] and f|g denotes the restriction of the
domain f to the rectangle E. The space C(F) is equipped with the supremum
norm

Il = sup [f(z,y)l, (f€C(E)).

(z,y)eFE

Hence, from the Korovkin-type approximation theorem for double sequences of
positive linear operators of two variables which is introduced by Dirik and Demirci
[6] the following results follow.

THEOREM 1. [6] Let A = (@ j,m,n) be a non-negative RH -reqular summability
matriz. Let {L.,,,} be a double sequence of positive linear operators acting from
C(D) N Ey into itself. Assume that the following conditions hold:

St%A) - gn;]l Lm,n(f“ x,y) = fl(l‘vy)7 umformly on E; (7/ = 07 17 2a 3);
where fO(xay) = ]-: fl(xay) =7, fQ(xvy) =Y and f3(x,y) = £E2 + y2' Th€’fL, fOT all
f e C(D)N Es, we have
st%A) — Etm Lo n(fi2,y) = f(x,y), uniformly on E.

n
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2. Construction of the operators

Szdsz-Mirakjan type operators introduced by Favard [9] is the following:
o~ (ma)* (ny)*
_ me,—ny
Sunlfizg) = e e £ 5 p (2 ) RO o)
where (z,y) € D and f € C(D) N Es. It is clear that
Sm n(an z,y) = fo(z,y),
Sman(frizy) = fi(z,y)
Smm(f ) f2( 7y)a
Sm,n(f?ﬂx Z-,I) ( y)

where fO(xvy) = 17 fl(mvy) = T, fZ(xuy) =Y and fS(xvy) = 1'2 +y2 Then,
we observe that P — limy, , Smn(fi;2.y) = fi(z,y), uniformly on E, where i =
0,1,2,3. If we replace the matrix A by double identity matrix in Theorem 1, then
we immediately get the classical result. Hence, for the S,, , operators given by
(2.1), we have, for all f € C(D)N Ey,

P —1lim Sy, »n(f;2,y) = f(x,y), uniformly on E.

)

€z,

+—+—
n

For each integer k € N, let 71: [0,00) X X — R be the function defined by

—(ky +1) + /(ky + 1)2 + 4k2(22 + v2)
2k

where if z is the first variable of the following operator, then X = [0, a] and if z is

the second variable of the following operator, then X = [0,b]. Let

HEE (fr2,9) = S (f3rm (e, 2),m0(8,1))
= mmrm (@) =nra(B) 3 Zf< ) (mrm (@, 2))* (nra(B,y))"

! [
s=01t m’'n s! t! (2.3)

) = 22)

where a, 8 € [0,00), for f € C(D)N Es.

Hence, in the special case limgy— o0 7 (@, ) = z and limy— oo 7 (8, y) =y, the
operator an% becomes the classical Szasz-Mirakjan type operators which is given
by (2.1).

It is clear that HS, O"ﬁ are positive and linear. It is easy to see that

ng%(fo; €z, y) = fo(fﬂ, y)7
Hyb (frs@y) = rm(a, ),
Hyl (fa3,9) = ra(5, ),
T (00, )

H“ﬂ(fl,x y)—r (a,x)—i—T,

HS (i) = ri(.y) + 0D,

From the definition of r; one can check the validity of the following.
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PROPOSITION 1. The operators Hﬁ‘lﬁ hold fized the polynomials f? + o f; and
f3 +Bfz , ie.
HyS (f + afiyzy) = 2° + ax and Hy5 (3 + Bl x,y) = v* + By.

Now, we give the following result using Theorem 1 for A = I, which is the
double identity matrix.

THEOREM 2. Let H;"n’ffl denote the sequence of positive linear operators given
by (2.3). If
P —1lim HY? (fiiz,y) =2, P —lim HYP (fy;2,y) =y, uniformly on E,
m,n ’ m,n ’

then, for all f € C(D) N Es,
P — lim HE3 (;2,) = [(2,), wniformly on B,
m,n ’
where a, 8 € [0, 00).
Proof. For a, 8 € [0, 0), H%[fl(fl, x,y) converges to x as m,n (in any manner)
tends to infinity. Also, we get

(@) = sup |z — Hyh (fiia,y)l
(z,y)€E
—(ma +1) +y/(ma + 1)2 + 4m2(a® + aa)
2m '
Since 7y, (a) and ry, ,(8) converge to 0 as m,n — oo, the convergence is uniform
on E. From (2.4), Proposition 1 and Theorem 1 for A = I, which is the double
identity matrix, the proof is completed. m

3. Comparison with Szasz-Mirakjan type operators

In this section, we estimate the rates of convergence of the operators
Hf,“bﬁ( fiz,y) to f(x,y) by means of the modulus of continuity. Thus, we show
that our estimations are more powerful than those obtained by the operators given

by (2.1) on D.
By Cp(D) we denote the space of all continuous and bounded functions on D.
For f € Cp(D)N Esy, the modulus of continuity of f, denoted by w(f;¢), is defined
as
w(f30) = sup{|f(w,v) = f(2,)| : V(u—2)*+ (v —y)? <0, (u,v), () € D}
Then it is clear that for any 6 > 0 and each (z,y) € D

|f(u,v) — f(z,y)] < w(f;d) (\/(u—x)25+ (v—y)? +1> |

After some simple calculations, for any double sequence {L,, } of positive linear
operators on Cg(D) N Es , we can write, for f € Cp(D) N Ey,

Lo (fi2.9) = F(2.9)| < 0(F58){ Lmn(Foi 2, 9)+

%Lm,n((u —z)* + (v —y)% :v,y)} + [ f (@, Y) | Lo (fos 2,y) — fo(z,y)|. (3.1)

+
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Now we have the following;:

THEOREM 3. If H%P s defined by (2.1), then for every f € Cp(D) N Ey,

m,n

(x,y) € D and any 6 > 0, we have
1
H 5 (fi2.) = Fla,y)l Sw(£.0) {1+ 55(20® + az — H (frs,y) (@ + 20)+

F o2+ By~ H (i )0+ 2) ). (32

Furthermore, when (3.2) holds,
222 + ax — H%’ﬁ(fl;x, y)(a +22) + 2y% + By — Hf,‘;fl(fg; z,y)(B+2y) >0
for (z,y) € D.

REMARK 1. For the Szdsz-Mirakjan type operators given by (2.1), we may
write from (3.1) that for every f € Cg(D) N E3, m,n € N,

[Smon(F32,) = £ )] S 0BT+ 55 (5 + L), (33)

n

The estimate (3.2) is better than the estimate (3.3) if and only if
20 +ax—HYO (fiiz,y) (a+22)+2y° + By — HEO (fa; 2,y) (B+2y) < %—i—%, (3.4)

(z,y) € D. Thus, the order of approximation towards a given function f € Cg(D)N
E5 by the sequence H®? will be at least as good as that of Sm,n Whenever the

following function d)%%(am y) is non-negative:
g{,ﬁn(ma y) =
x
= + % — 222 —am#—Hﬁ,‘Lﬁ(fl; z,y)(a+22) — 2y° —6y+H§;§L(f2; z,y)(B+2y).

The non-negativity of cbfg:%(z, y) is obviously fulfilled at those points (z,y) where
simultaneously

HeB (fiiz,y)(a + 22) — 22° — az + — >0
7 m

and
HYP (faim,y)(B + 2y) — 2y — By + % > 0.

Some calculations state the validity of these inequalities when and only when (z, y)
lies in the subset of D given by the rectangle

2am + o+ 2 20n+ 06+ 2
" 2am+1 T 28n+1
As m,n — oo, the endpoints of these intervals decrease to 1 and 1, respectively. As

a consequence the order of approximation of Hf,‘l?I f towards f is at least as good as
the order of approximation to f given by Sy, , whenever (x,y) lies in [0,1] x [0, 1].
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4. A-statistical convergence

Gadjiev and Orhan [10] have investigated the Korovkin-type approximation
theory via statistical convergence. In this section, using the concept of A-statistical
convergence for double sequence, we give the Korovkin-type approximation theorem
for the Hﬁ;% operators given by (2.3). The Korovkin-type approximation theorem
is given by Theorem 1 and Proposition 1 as follows:

THEOREM 4. Let A = (ajk,mn) be a non-negative RH-regular summability
matriz. Let H,‘flﬁ be the double sequence of positive linear operators given by (2.3).

If
st%A) — lim Hﬁ‘l”ﬁ (fr1;2,y) =z, st(A) - hmH ’B(fg;m,y) =y, uniformly on E,

m,n

then, for all f € C(D) N Ex,
Sty — i B2 (F:.9) = £(@.) uniformiy on E.

Now, we choose a subset K of N? such that (51(42)([() = 1. Define function
sequences {r (o, z)} and {r}(5,y)} by

0, (m,n) ¢ K
(o) = { (

— ma+1)+\/(ma+1)2+4m2(x2+az) ( n) cK

2m )

(4.1)

0, (m,n) ¢ K
By =9 o n
n (n8+1)+/( 52:1)2+4 WY (g n) € K
It is clear that 7, (o, ) and r} (8, y) are continuous and exponential-type on [0, o).
We now turn our attention to { Hg?} given by (2.3) with {rp,(a, z)} and {r,(3,y)}
replaced by {r} (o, 2)} and {r}(3,y)} where r} (a, x) and (53, y) are defined by
(4.1). Observe that {HS#?} is a positive linear operator and

H,L:L”i(fl;m,y) = T;(a7x)7 H;fl”i(fg;l‘,y) = T:L(/Ba y)7 (4'2)
and 2 (cu0)

o r2 (o, o) + =20 (myn) e K
) = PHen0 =5 )

0, otherwise

(0 + 0, ) € K -
s ={ - )

0, otherwise

Since 5(2)(K) = 1, we obtain
St(A) - hm Hm n(fla € y) =7, St(A) - hm Hm n(f27 € y) =Y, unlformly on £

(4.4)
and
st?A) — lim H,(flﬁ(flz + f2;2,y) = 2% + y?, uniformly on E. (4.5)

The relations (4.2)—(4.5) and Theorem 1 yield the following:
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THEOREM 5. Let A = (ajk,m,n) be a non-negative RH-reqular summability

matriz and let {Hﬁ,‘l%} denote the double sequence of positive linear operators given

by (2.3) with {rm(a, )} and {r,(8,y)} replaced by {r}, (o, z)} and {r}(6,y)} where
ri (o, x) and v} (B,y) are defined by (4.1). Then, for all f € C(D) N Ez, we have

st(2A) — lim Hfgﬁ(f;x, y) = f(z,y), uniformly on E.

We note that ), (o, z) and r (83,y) in Theorem 5 do not satisfy the conditions

of Theorem 2.
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