MATEMATUYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
63, 3 (2011), 191-199 research paper
September 2011

LAMBERT MULTIPLIERS OF THE RANGE
OF COMPOSITION OPERATORS

M. R. Jabbarzadeh and S. Khalil Sarbaz

Abstract. In this note Lambert multipliers of the range of composition operators acting
between different LP spaces are characterized by using some properties of conditional expectation
operators. Also, necessary conditions for Fredholmness and normality of these type operators are
investigated.

1. Introduction and preliminaries

Let (X,X, ) be a sigma finite measure space. For any complete sub-sigma
finite algebra A C ¥ with 1 < p < oo, the LP-space LP(X, A, u,) is abbreviated
by LP(A), and its norm is denoted by ||.||,. We view LP(A) as a closed subspace
of LP(X). The support of a measurable function f is defined by o(f) = {x € X :
f(z) # 0}. For D € ¥, we define Ap = {AND: A e A}. All comparisons
between two functions or two sets are to be interpreted as holding up to a p-null
set. We denote the linear space of all complex-valued Y-measurable functions on
X by LU(%).

For a sub-sigma algebra A C ¥, the conditional expectation operator associat-
ed with A is the mapping f — Ef, defined for all non-negative f as well as for all
feLr(%),1<p< oo, where EAS is the unique A-measurable function satisfying

/fduz/EAfdu, VA e A.
A A

As an operator on LP(X), B4 is idempotent and EA(LP(X)) = LP(A). This opera-
tor will play major role in our work, and we list here some of its useful properties:
e If g is A-measurable then EA(fg) = EA(f)g.
o [BANIP < EA(SIP).
e If f >0 then EA(f) > 0; if f > 0 then EA(f) > 0.
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o EA(|f?) = |EA(f)|? if and only if f € LP(A).
e o(EA(|f])) is the smallest .A-measurable set containing o (f).

A detailed discussion and verification of most of these properties may be found in
[2] and [4]. Let ¢ : X — X be a non-singular measurable transformation, namely,
a mapping from X into itself with the properties that the measure po ¢! is
absolutely continuous with respect to p, and ¢~1(X) is sub-sigma finite algebra of
Y. We set h = duo@~'/du. Recall that an A-atom of the measure p is an element
A € A with u(A) > 0 such that for each F € X, if F C A then either u(F) =0
or u(F) = p(A). A measure space (X, X, u) with no atoms is called non-atomic
measure space. It is well-known fact that every o-finite measure space (X, A, | ,)
can be partitioned uniquely as X = (UneN An) U B, where {4, }nen is a countable
collection of pairwise disjoint A-atoms and B € A, being disjoint from each A,,, is
non-atomic (see [6]).

Let w € L°(X). Then w is said to be conditionable with respect to E4 if w €
D(EA), where D(E*) denotes the domain of EA. For w and f in L°(X) such that
{w, fop} € D(EA), we define wo f := wEA(fop)+ EA(w) fop—EA(w)EA(fop).
Let 1 < p, q < oo. Since for each f € LP(X), f o ¢ is conditionable, a measurable
function w € D(EA) for which w o f € LI(X) is called Lambert multiplier of
the range of composition operator C,. An easy consequence of the closed graph
theorem assures us that w € D(EA) is the Lambert multiplier of the range of
composition operator C,, if and only if the corresponding ¢-multiplication operator
K¢ : LP(X) — LX) defined as K£f = w o f is bounded. Note that if A = %
or p~1(X) = A, then K¢ = M,,C, = wC,, where wC,, is a weighted composition
operator.

If ¢ is the identity on X, these operators were initially introduced in [3] by A.
Lambert and T. G. Lucas where, some operator properties of them are also studied
in [1]. In the next section, weighted conditional multipliers acting between two
different LP(X) spaces are characterized by using some properties of conditional
expectation operator. Also we give a necessary condition for Fredholmness and
normality of K¥.

2. Characterization of Lambert multipliers of the range of C,

Let 1 <p,q < oco. Define K7, the set of all Lambert multipliers of the range
of composition operator Cy, from LP(X) into L4(X), as follows

K?,={w € D(E) :woR(C,) C LYX)},

where R(C,,) is the range of C,. Note that K¢, is a vector subspace of L°(X). Put
K¢, =K for 1 <p=q < oco. Suppose that X = (UneN C’n) U C, where {C,, }nen
is a countable collection of pairwise disjoint ¥-atoms and C' € X, being disjoint

from each Cy, is non-atomic. Note that (|J,cny Cn) VA C U, ey An and B C C.

By making use of the methods, which are used in the proofs of the results
in [1], in the following theorem we similarly characterize the elements of the Ks o
1 < p,q < oo in the various cases.
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From now on we assume that w € D(E), EA = E and ¢~ '(A) is a sub-sigma
finite algebra of A.

THEOREM 2.1. Let ¢ be a non-singular measurable transformation on X such
that o= *(A) C A and S, := hE? ) E(jw|P)] o o~!. Then we have

(a) If 1 <p=q< oo, thenw € K if and only if S, € L>(%).

(b) If 1 < q < p < oo, then w € K¥  if and only if {/S; € L"(X), where
1,1 _ 1

(c) Let 1 < p < ¢q < ooandlet%—&—% = %. If S, = 0 on C and

supneN% < o0, then w € Kf,. On the other hand, let Xp = Ap. If
p(Cn))™
sq(An)q
(k(An)) ™
(d) If p = q = oo, then w € K%, if and only if w € L™ ().
(e) If 1 < g < oo =p, then w € K%  if and only if S, € L'(X).

00,9

w e K¥

7 4 then Sy =0 on B and sup,,cy

Proof. (a) As an application of the properties of the conditional expectation
operator and using the change of variable formula, for each f € LP(X), we have

[wE(f o)L = /X (WE(f o @) [P dp < /X E(E(Jw|’)|fI” o ¢) du
= / (E(lw[?)| fIP o ) du = / E? O/ B(lwf?)|fIP 0 ) dp
X X
= / E? C)(B(wlP))|fP o pdp = / h[EY O E(wP)] o ¢t fP du
X X
= [ Sapdn < WSyl [ 1517 = 1, Il 515
X X

Hence we have that |wE(f o ¢)|l, < |Spll& |l fl,- Similar computations show that
IS Il < 3l1Spll% 1 fllp- 1t follows that w o f € LP(X) and hence w € K.
Now, suppose only that w € Kf. Define a linear functional ¢» on L'(A) by

B(f) = /X S,fdu, | LMA).

We shall show that 1 is bounded linear functional on L!(A). Note that since
0 HA) C A, fogpisan A-measurable whenever f is an A-measurable function.
Hence we have that

()] < /X HE# ) E(jw]?)] 0 oL |f] dp = /X B2 O(|f] 0 0B (jw]?)) du
= [ flovB(uP)dn= [ B(uPiflop)da= [ fuplslepdn
X X X
=/<|w\|f\%w>”du=/ wlfl o oP du= [ KA
X X X

L1 1
= 1AL < NEZIP V115 = IEEIPHf -
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Now, by the Hahn-Banach theorem we can assume that v is a bounded linear
functional on L'(X) and [|¢|| < | K%||P. By the Riesz representation theorem, there
exists a unique function g € L*°(X) such that

W) = /X of dp, feIN).

Therefore, we must have g = S, a.e. on X and hence S, € L*(X).

(b) Suppose /S, € L"(X) and f € LP(X). By using the same method used in
the proof of part (a), we have

lwE(f o 9)]l2 = /X WE(f o @)|?dyi < /X BB O B(juw|)] 0 | £]9 dy

= /XSqlflqdu: 1/ Saf1IG < N3/ Sall N1

By a similar computation we obtain || K¢ fl, < 3|/ ¢/Sqll||fllp, and so || K& <
3|1/ Sqll»- Consequently, K is bounded and hence w € K7 .

Conversely, suppose that w € K . Define 1 : Lg(.A) — C as

B(f) = /X Sofdu, f e LE(A).

Clearly 1) is a linear functional. We shall show that 1 is bounded. Since ¢~1(A) C

A, E?7 ) (|flop) = E(|f|oy) = | f|og for all A-measurable function f. It follows
that

() < KN < BN f ]z
Thus ||| < ||[K£]|? and hence v is bounded. By the Hahn-Banach theorem we can
assume that 1 is a bounded linear functional on L4 (X) with ||| < [|[K%||9. By the
Riesz-representation theorem, there exists a unique g € Lg(A) such that ¥(f) =
Jx 9f du for each f € L%(E). Hence g = S, a.e. on X. That is ¢/S; € L"(X) and

hence the proof is complete.

54(Cn)

(c) Suppose that S; = 0 on C and M := sup, ¢y L < 00. Then, for each
1(Cn))™

f e LP(X) with || f]|, <1 we have

b ol < [ Sfirde=([ + [ sl de

—0+Y /C SolfTd =3 So(Ca) | F(Co)(C)
n=1 n n=1

> %0;3 (IF(C)PU(Ca))? < MISII < M < oc,
n=1 njr

where we have used the fact that (S,|f|?) is constant function on each C,.
Consequent, we get ||[wE(f o )|, < VM. Similar computations show that

[ K&l <3V M < oo and hence w € K .
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Now, suppose that w € K7 . First we show that S; = 0 on B. Assuming the
contrary, we can find some ¢ > 0 such that 0 < u({z € B: Sy(z) > ¢}) < co. Set
K ={x e B:S5,(x) >0} Note that K € ¥ = Ap, B C C and A is sigma finite.
Then for all n € N, there exists K,, C K such that K,, € A with u(K,) = wk)

277/
For any n € N, put f,, = il L X, - 1t is clear that f, € LP(A) and [/ f,[[, = 1.

Kn))
Since £ —1> 0 and ¢~'(A) C A, we obtain

s > KL 2 [KEfallt = fw(fa o o) 2 = /X Sl fal dp

a1
ST S L)
,U(Kn>; n M(Kn); 2"

which is a contradiction. Hence we conclude that pu({z € B : Sy(z) # 0}) = 0.
Next, we exam the supremum. For any n € N, put f,, = W X4, Then it is
clear that f,, € LP(A) and || f,||, = 1. Then we have

oo > [[KZ| = [[KE full§ = llw(fn o @)1

. 1 S, (A
_ 7/ Sqdp = ——— Sy(An)p(An) = %
(A5 Ja, () (n(An)*
Since this holds for any n € N, we get that sup,,cy (S(q ,L(XA;L))i
1(An)™

(d) Suppose that for each f € L>(X), K£f € L>°(X). Then
[wlloo = lwxx ©@)lloo = IKEXx oo < NEZXx loo = [EZ] < o0

Conversely, suppose that w € L*°(X). Since E is a contraction operator, then for
each f € L>°(X), we have

IS flloo < Bllwllocl[f o lloc < 3llwlloc | flloo-

Thus [|K¥|| < 3||w]|ec, and so w € KZ,.
(e) Suppose S, € LY(X) and f € L>(X). Then we have

lwE(f o o)t < /X Sal 17 d < | FIL1Sqlh-

It follows that ||K2| < SHS’qH}/q, and so w € K¥, ,. Conversely, suppose that
w e KE, . Since x,, € L*(A), thus Kfx, € LI(X), and so

ISulh = [ Sy = IKgx Iy < o
This completes the proof. m

COROLLARY 2.2. Let w € LY(X) and let wC,, : LP(X) — L%(X) be a weighted
composition operator. Put J, = hE? " &) (jw|P) o o=1. Then the following hold.
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(a) If 1 < p = q < oo, then wCy, is bounded if and only if J, € L>(X).
(b) If 1 < g < p < o0, then wCy, is bounded if and only if ¢/J, € L"(X), where
11

+ T 9

(¢c) If 1 < p < q < oo, then wCy, is bounded if and only if w satisfies the

following conditions:

S =

i) Jg=0o0onC;

.. Jq(Cr) 1 1 1

11) su —nl < oo, where = 4 - = =,
) SUPnen Tuic, ) E ¢ Tr T

(d) If p=q = o0, then wC,, is bounded if and only if w € L>(X).
(e) If 1 < q < 0o = p, then wC,, is bounded if and only if J, € L* ().

Proof. Put A = ¥ in the previous theorem. Then we have KY = wC, and
Sq = Jg. Thus the proof holds. m

COROLLARY 2.3. Let ¢ be the identity transformation on X and w € D(E).
Put Ty f = wE(f) + fE(w) — Ew)E(f). Then the following hold.

(a) If 1 <p < o0, then T, : LP(X) — LP(X) is bounded linear operator if and
only if E(|lw|P) € L>*(A).

(b) If 1 < q < p< oo, then Ty, : LP(X) — LI(X) is bounded linear operator if
and only if (E(|w\q))% € L"(A) where % + 1= é.

(c)Letl§p<q<ooandlet%+%:%. If E(lw]) = 0 on C and

SUP,,eN % < 00, then Ty, : LP(X) — LI(X) is bounded linear operator. On
1(Cn)) ™
the other hand if T,, is bounded, then E(|w|?) =0 on B and sup,,cy W <
1(An))™

0.
(d) If p = q = oo, then Ty, : L®(X) — L*°(X) is bounded linear operator if
and only if w € L™(X).
(e) If 1 < g < oo=p, then Ty, : L®(X) — LX) is bounded linear operator if
and only if E(|w|?) € L*(X).

Proof. Put ¢ = id in the previous theorem. Then we have K¢ = T,, and
Sp = E(lw|P). m

EXAMPLE 2.4. Let X = [-1,1], du = %dm and ¥ the Lebesgue sets. Define
the non-singular transformations ¢; : X — X by ¢(z) = 3z and @o(z) =
(V1+2z—=1)x-1,0 + (1 =V1—=2)x(0,. Put hy,, = duoy;/duand A= 05 (D).
It is easy to see that E¥1 ) = [ and EA(f) = (f(z) + f(—x))/2, for all positive
measurable function f on X. Put w(z) = Va2 + x + 1. Direct computations show
that hy, (x) = 22, hy, (x) = (24+22)x[_1,0) + (2— 22) X(0,1) and EBA(w?)(z) = 2? +1.
Therefore we get that

52(0) = oy @B D BAW 0 67 (0) = o + 1a,
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1 1
Ji(z) = 2 + §m5 + §1'8,

Jo(w) = (2+22) (22 +2%)* + 1) x-1,0) + (2 — 22) (22 — 2°)* +1) x(0,1],
where J; := hy, E?i &) (w?) o o7 If Wi = w.f o @;, then we get that

V13

1Ko 2 (m)—r2 ) < V10, |IWhlz2my—12(m) = E [WallL2(s)—r2(2) = 2V10. =

In what follows we use the symbols N(K¢) and R(K?) to denote the kernel
and the range of K¥, respectively. Recall that K, is a Fredholm operator on L ()
if R(KY¥) is closed, dim N (K§) < oo, and codim R(KY) < .

In the following we give a necessary condition for K% on LP(X) to be a Fred-
holm operator. This is a generalization of the result obtained in [5] for multiplica-
tion operators.

LEMMA 2.5. Suppose that w € K and A is a non-atomic measure space. If

K¢ is a Fredholm operator on LP(X) (1 < p < 00), then it is onto and Ee A (w) #
0 almost everywhere on X.

Proof. Suppose that K7 is a Fredholm operator. We first claim that K¢
is onto. Suppose the contrary. Then there exists f, € LP(X) \ R(K¥). Since
R(KYE) is closed, by the Hahn-Banach theorem there exists a bounded functional
Fy, + LP(¥) — C, corresponding to g, € L(X), such that

Fo, (f,) = /X fogodp =1 (2.1)

and
Fy (R(KY)) =0 (2.2)

Now (2.1) yields that the set B, = {z € X : \E“’_l(A)(ngO)(wﬂ > r} has positive
and finite measure for some r > 0. Since ¢~ !(A) C A is sigma finite and A is
non-atomic, we can choose a sequence of pairwise disjoint sets {4, } of A such that
¢ H(An) € B, and p(e~*(Ay)) > 0 for all n € N. Put g, = xp-1(4,)9,- Clearly,
gn € L9(X) and is nonzero, because

[rgaldn= [ Afgaldu= [ BT,
X (A P~

n 1(An)

- / B2 A (foga) dpn 2 ra(p™" (An)) > 0
‘P_l(An)
for each n. Also, for each f € LP(X),x, f € LP(¥) and so (2.2) implies that
(K2 00 ) = 00 K5D) = [ acs, 0 9)RES di

- /X 0 KE 0o ) di = (90, K2 (x, ) = 0,
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which implies that (K¢)*g, = 0 and so g, € N((K£)*). Since all the sets in
{p71(A,)} are disjoint, the sequence {g,} forms a linearly independent subset of
N((K¢£)*). This contradicts the fact that dim N ((K¢)*) = codimR(KY) < oo.
Hence K% is onto. Put D = {z € X : B¢ M (u)(z) = 0}. If u(D) > 0, there is
a ¢~ 1(A)-measurable set F C D with 0 < u(F) < co. If x, € R(K¢), then there
exists f € LP(X) such that K¢ f = x,. Since F' is also an A-measurable set and

o(E(w)) C o(E? A (w)), we get that

M(F):/XXF du:LKifdu:LE(Kif)du:/FE(w)E(fw)du:O,

and this is a contradiction. So x, € LP(X)\R(KY¥), which again contradicts the
fact that K¢ is onto. m

The proof of the following theorem can be obtained by Lemma 2.5 and adapting
the proof of Theorem 3.2 in [1].

THEOREM 2.6. Let w € K, h € L>(X) and let A be a non-atomic measure

space. If K¢ is a Fredholm operator on LP(X) (1 < p < o), then |E‘F71(A)(w)| >0
almost everywhere on X for some d > 0.

Now, we consider the particular case when p = 2. For w € D(FE), define
Ty : L?(X) — L3(%) as Ty f = wE(f) + fE(w) — BEw)E(f). It is easy to see that
Tof=E@Wf)+ E(w)(f—E(f)) and K =T,C,. Also we have

(K&)' f = Co(Tof) = hE? N (Thf)op™!

K$(KE)* = TwCpCiTy = TyMpoo B¢ T,

and (K)"K§ = C;T,;,T,C,. For the study of the Lambert multiplication operator
T, on LP-spaces, see [1] and the references therein. By using these facts we have
the following lemma.

LEMMA 2.7. Let w € K. Then we have:

(a) (K§)*f = hE*" CN(B(wf) + Bw)(f - B(f)) o ¢~

(b) K§(K) f = wE(hopE? ™ O)N(T )+ E(w)howE?™ )T} f)~E(w)E(ho
pE? (T f)).

()KL Kgf =hE? {E(f o ) E(|w]?) + E(w)E(f 0 ¢) + wE(w)E(f o
¢) +|EW)[*f o —3|E(w)PE(fop)}topt.

PROPOSITION 2.8. Let w € K3 and let A C o= X(X). If K¥ is normal on
L2(%), then (wo (hop))E(w) = hE(Jw|?) o o~ t.

Proof. Since K¢ is normal, then K¢(K?)*f = (KZ)*K¢f for all f € L*(%).
In particular if f € L?(A), by Lemma 2.7 we have

K(KE) f = (wohop)Ew)f,
(KE) KL f = M{E(uwl?) oo™t — [E)? oo™ ! + (B? P (w)E(w)) 0 o~} .
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Since A C ¢~ 1(X), for each A € A we get that
/ B () E{w) dys = / B ) (W) du = / WE(w) dyt = / B (w)| dp.
A A A A

Therefore, we get that (K£)*K%f = hE(Jw[*) o~ f. m

Note that if ¢ is the identity on X, then by Proposition 2.8 normality of
bounded operator K¢ = T,, implies that wE(w) = E(Jw|?). Hence we obtain that
E(Jw|?) = |E(w)]? and thus w € L>®(A). On the other hand, if w € L>(A) then
it is easy to see that T T, f = T, /T f = |w|?f for all f € L?(X) and hence T,, is
normal.
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