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ON THE BEST CONSTANTS IN SOME INEQUALITIES
FOR ENTIRE FUNCTIONS OF EXPONENTIAL TYPE

Milutin R. Dostanić

Abstract. In this paper we prove that the constants in some inequalities for entire functions
of exponential type (trigonometric polynomials) are best possible. Also, we prove an inequality
of Bernstein type for entire functions having some additional properties.

1. Introduction

If f is an entire function of exponential type σ such that

‖f‖p =
(∫

R
|f(x)|p dx

) 1
p

< ∞ (p > 0),

then the inequality. ∫

R
|f ′(x)|p dx ≤ σp

∫

R
|f |p dx (1)

holds (Bernstein’s inequality). Similar inequality holds for trigonometric polyno-
mials, i.e. ∫ π

−π

|T ′n(x)|p dx ≤ np

∫ π

−π

|Tn(x)|p dx (2)

where Tn is an arbitrary trigonometric polynomial of degree n.
The cases p ≥ 1 of inequalities (1) and (2) are widely known (see for example

[1, 3, 6] but in the case 0 < p < 1 they are proved (in more general form) in [7]
and [2].

If the entire function f (especially trigonometric polynomial Tn) has some
additional properties, then the constant σp (np) in (1) ((2)) can be improved (de-
creased).

In this paper we prove that the constants in some inequalities for entire func-
tions of exponential type (trigonometric polynomials) are best possible. Also, we
prove an inequality of Bernstein type for entire functions having some additional
properties.
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2. Results

Theorem 1. Let f be an entire function of exponential type σ such that∫
R |f(x)|p dx < ∞ (p > 0), and f(x) ∈ R for all x ∈ R. Then we have

∫

R
|iσf(x) + f ′(x)|p dx ≤ cpσ

p

∫

R
|f(x)|p dx (3)

where

cp =
√

π Γ(1 + p
2 )

Γ( 1+p
2 )

is the best possible constant.

Remark 1. The inequalities analogous to (3) hold for trigonometric polyno-
mials: If Tn is an arbitrary trigonometric polynomial of the degree n then inequality

∫ π

−π

|inTn(x) + T ′n(x)|p dx ≤ cpn
p

∫ π

−π

|Tn(x)|p dx (4)

holds (see [8, Corollary 14.6.7, p. 555]). Equality holds in (4) for Tn(x) = a cos(nx+
α), a, α ∈ R. If trigonometric polynomial Tn has at least one coefficient which is
not real, then (4) might not be true. For example, if p = 4, Tn = i + ω cos nx
(ω ∈ R) and ω is large enough, then (4) is not true.

Remark 2. In [5], an inequality correlated with inequality (3) was proved
without proving that the constant in it is best possible.

The inequality (3) was proved in [7] but it was not proved that the constant
cp is the best possible.

In order to prove Theorem 1, we need the following lemma.

Lemma 1. If p > 0, ν > 1, then

lim
λ→+∞

∫

R

∣∣∣∣
sin x

x

∣∣∣∣
ν

| cos λx|p dx =
1
cp

∫

R

∣∣∣∣
sin x

x

∣∣∣∣
ν

dx

holds.

Proof. In [4] it was proved that for all ν > 1 and x ∈ [−π
2 , π

2 ] the equality

lim
λ→+∞

1
λ

∞∑
n=1

∣∣∣∣
sin nπ+x

λ
nπ+x

λ

∣∣∣∣
ν

=
1
π

∫

R
| sin t

t
|ν dt (5)

holds and that there exists a constant K < ∞ such that

1
λ

∞∑
n=1

∣∣∣∣
sin nπ+x

λ
nπ+x

λ

∣∣∣∣
ν

≤ K (6)

for all λ ≥ 1 and x ∈ [−π
2 , π

2 ]. Since

lim
λ→+∞

∫ +∞

0

∣∣∣∣
sin x

x

∣∣∣∣
ν

| cos λx|p dx = lim
λ→+∞

∞∑
n=1

∫ (2n+1)π
2λ

(2n−1)π
2λ

∣∣∣∣
sin x

x

∣∣∣∣
ν

| cos λx|p dx,
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after change of variable and application of Lebesgue dominated convergence theo-
rem (it can be applied according to (6)) we obtain

lim
λ→+∞

∫ +∞

0

∣∣∣∣
sin x

x

∣∣∣∣
ν

| cosλx|p dx =
∫ π

2

−π
2

| cos x|p
(

lim
λ→+∞

1
λ

∞∑
n=1

∣∣∣∣
sin nπ+x

λ
nπ+x

λ

∣∣∣∣
ν)

dx.

(7)
From (5) and (7) the statement of the lemma follows.

2.1. Proof of Theorem 1.
In [7] the inequality

∫

R
| sin α f ′(t)− σ cos αf(t)|p dt ≤ σp

∫

R
|f(t)|p dt (8)

was proved, where α ∈ R, p > 0, f is an entire function of the exponential type σ,
such that

∫
R |f(t)|p dt < ∞. Having in mind that

∫ π

−π

|a cos ϕ + b sin ϕ|pd ϕ =
2
√

π Γ(1 + p
2 )

Γ( 1+p
2 )

(a2 + b2)
p
2 (a, b ∈ R, p > 0),

by integrating (8) with respect to α over (−π, π) and applying Fubini Theorem, we
obtain (3).

We will now prove that the constant cp in (3) is best possible.
Let Bp be the smallest constant such that

∫

R
|iσf(t) + f ′(t)|p dt ≤ Bp

∫

R
|f(t)|p dt

holds for all entire functions of exponential type σ satisfying the following condi-
tions:

(i) f(x) ∈ R for all x ∈ R,
(ii)

∫
R |f(t)|p dt < ∞.

Obviously, Bp ≤ cpσ
p. We will prove the reverse inequality.

Let 0 < ε < σ
2 and r = 1 + [ 1p ]. Consider the function

fε(z) =
( sin εz

r

z

)r

cos(σ − ε)z.

We have
f ′ε(x) + iσfε(x) = g1,ε(x) + g2,ε(x) + g3,ε(x) (9)

where

g1,ε(x) =
( sin εx

r

x

)r−1 r(cos εx
r · εx

r − sin εx
r )

x2
cos(σ − ε)x,

g2,ε(x) = ε sin(σ − ε)x ·
( sin εx

r

x

)r

,

g3,ε(x) = iσ
( sin εx

r

x

)r

ei(σ−ε)x.
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According to Lemma 1 (ν = pr > 1) we have

‖fε‖p
p ∼

(ε

r

)pr−1 1
cp

∫

R

∣∣∣∣
sin x

x

∣∣∣∣
pr

dx, ε → 0 + . (10)

Since
‖g1,ε‖p

p = σp
(ε

r

)pr−1
∫

R
| sin x

x
|pr dx,

it follows from (10) that

lim
ε→0+

‖g1,ε‖p
p

‖fε‖p
p

= σpcp. (11)

Having in mind that

‖g3,ε‖p
p = rp

(ε

r

)pr+p−1
∫

R

∣∣∣∣
sinx

x

∣∣∣∣
p(r−1) ∣∣∣∣

x cosx− sinx

x2

∣∣∣∣
p

| cos λx|p dx ≤

≤ rp
(ε

r

)pr+p−1
∫

R

∣∣∣∣
sinx

x

∣∣∣∣
p(r−1) ∣∣∣∣

x cosx− x

x2

∣∣∣∣
p

| cos λx|p dx,

(λ = σ−ε
ε r), it follows from (10) that

lim
ε→0+

‖g3,ε‖p
p

‖fε‖p
p

= 0. (12)

Since

‖g2,ε‖p
p = εp

(ε

r

)pr−1
∫

R

∣∣∣∣
sin x

x

∣∣∣∣
pr

| sinλx|p dx ≤

≤ εp
(ε

r

)pr−1
∫

R

∣∣∣∣
sin x

x

∣∣∣∣
pr

dx,
(
λ =

σ − ε

ε
r
)
,

it follows from (10) that

lim
ε→0+

‖g2,ε‖p
p

‖fε‖p
p

= 0. (13)

From (9) it follows that

‖f ′ε + iσfε‖p = ‖g1,ε‖p − ‖g2,ε‖p − ‖g3,ε‖p. (14)

Since

Bp ≥ ‖f ′ε + iσfε‖p

‖fε‖p
,

from (11)–(14) it follows (when ε → 0) B
1
p
p ≥ σc

1
p
p , i.e. Bp ≥ cpσ

p.
Remark 3. The inequality (4) can be proved analogously, starting from the

inequality
∫ π

−π

| sin α T ′n(x)− n cos α Tn(x)|p dx ≤ np

∫ π

−π

|Tn(x)|p dx.



On the best constants in some inequalities 57

In [9], the following problem is formulated:
Problem 1. Find

Kp = sup
f∈S

‖f ′‖p

‖f‖p
(p > 0)

where

S = {f : f entire function exponential type σ,∫

R
|f |p dt < ∞ and f(z) ≡ eiσz f(−z)}.

It is clear that Kp ≤ σ. Let

T = {g : g even entire function of exponential type
σ

2
,

∫

R
|g|p dx < ∞, and g(x) ∈ R for all x ∈ R}.

If g ∈ T , then f(z) ≡ ei σ
2 zg(z) ∈ S, and by Theorem 1 we obtain

∫

R
|f ′|p dx =

∫

R
|g′ + i

σ

2
g|p dx

≤
(σ

2

)p

cp

∫

R
|g|p dx =

(σ

2

)p

cp

∫

R
|f |p dx

and so, we have Kp
p ≥

(σ

2

)p

cp, i.e. Kp ≥ σ

2
c

1
p
p . Consequently, for p > 0 we obtain

σ

2
c

1
p
p ≤ Kp ≤ σ.

Theorem 2. Let f be an even entire function of exponential type σ such that∫
R |f(x)|p dx < ∞ (p ≥ 2). Then the inequality

∫

R
|iσf + f ′|p dx ≤ 2p−1σp

∫

R
|f |p dx

holds.

Proof.
∫

R
|iσf + f ′|p dx =

∫ ∞

0

|iσf + f ′|p dx +
∫ 0

−∞
|iσf + f ′|p dx

=
∫ ∞

0

|iσf + f ′|p + |f ′ − iσf |p dx

≤ 2p−1

∫ ∞

0

(|f ′(x)|p + σp|f(x)|p) dx
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(according to the Clarkson-McCarthy inequality)

= 2p−2

∫

R
(|f ′(x)|p + σp|f(x)|p) dx

≤ 2p−1σp

∫

R
|f |p dx

(according to Bernstein’s inequality).

If p ≥ 2 and f ∈ S, then the function g(z) ≡ e−i σ
2 z f(z) is exponential type

σ
2 , even and

∫
R |g|p dx =

∫
R |f |p dx. By Theorem 2 we have

∫

R
|f ′|p dx =

∫

R
|g′ + i

σ

2
g|pdx

≤ 2p−1
(σ

2

)p
∫

R
|g|p dx =

σp

2

∫

R
|f |p dx.

Therefore, for p ≥ 2 we have Kp
p ≤

σp

2
and we obtain two sided estimation for Kp:

σ

2
c

1
p
p ≤ Kp ≤ σ · 2− 1

p .

If p = 2, then c2 = 2 and σ√
2
≤ K2 ≤ σ√

2
, i.e.

K2 =
σ√
2
.

(This result is obtained in [9, Theorem 3]).

Open problem. Find best possible constant Ap such that
∫ π

−π

|inTn(x) + T ′n(x)|p dx ≤ npAp

∫ π

−π

|Tn(x)|p dx (p > 0)

holds for each polynomial Tn of the form

Tn(x) =
n∑

k=0

ak cos kx.

Applying theorem of Levitan-Hörmander on approximation of entire functions of
exponential type σ by trigonometric polynomials, we obtain

∫

R
|iσf(x) + f ′(x)|p dx ≤ Apσ

p

∫

R
|f(x)|p dx

if f ∈ Lp(R) and f(z) ≡ f(−z).. Then we would also have

Kp ≤ A
1
p
p

2
σ.

Conjecture. Kp = A
1
p
p

2 σ.
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