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SOME RESULTS CONCERNING THE ZEROS
AND COEFFICIENTS OF POLYNOMIALS

S. A. Baba, A. Liman and W. M. Shah

Abstract. In this paper, we establish some relations between the zeros and coefficients of
a polynomial and thereby prove a few results concerning stable polynomials.

1. Introduction and statement of results

Let P (z) be a polynomial of degree n with complex coefficients and z1, z2,
. . . , zn be its zeros. The process of finding the relation between the zeros and
coefficients of P (z) is one of the classical problems in the theory of equations. A
number of research papers (see for reference [1–4]) have been devoted to obtain
such relations. Polynomials in various forms have recently come under extensive
revision because of their applications in linear control systems, electrical networks,
signal processing, coding theory and several areas of physical sciences, where among
others root location and stability problems arise in a natural way. Here, we recall
that P (z) is Schur stable if all its zeros lie in the open unit disk |z| < 1, and Hurwitz
stable if all its zeros lie in the open half plane Re(z) < 0.

Recently Rubio-Massegu, Diaz-Barrero and Rubio-Diaz [6] obtained several
inequalities involving zeros and coefficients of polynomials with real zeros. In fact
they proved:

Theorem A. Let A(x) =
∑n

k=0 akxk, an 6= 0, be a hyperbolic polynomial with
all its zeros x1, x2, . . . , xn strictly positive. If α, p and b are strictly positive real
numbers such that α < p, then

n∑

k=1

1
(xp

k + b)
1
α

≤
[
α

1
p

p
1
α

(
p− α

b

) 1
α− 1

p
]∣∣∣∣

a1

a0

∣∣∣∣.

Equality holds when A(x) = an

(
x−

(
bα

p− α

) 1
p
)n

.
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Influenced by their method of proof, in this paper, we consider polynomials
P (z) =

∑n
k=0 akzk with real or complex zeros and prove the following:

Theorem 1. Let P (z) =
∑n

k=0 akzk, a0an 6= 0, be a polynomial of degree n
and z1, z2, . . . , zn be its zeros. If p, q and α are strictly positive real numbers such
that q < p, then

n∏

k=1

1

(|zk|p + α)
1
q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]n∣∣∣∣

an

a0

∣∣∣∣. (1)

Equality holds if and only if P (z) = an

(
z −

(
αq

p− q

) 1
p
)n

, an 6= 0.

If P (z) =
∑n

k=0 akzk is an anti-Schur stable polynomial and z1, z2, . . . , zn are
its zeros, then |zk| ≥ 1, for all k = 1, 2, . . . , n. Therefore

∣∣∣∣
a0

an

∣∣∣∣ = |z1z2 . . . zn| ≥ 1.

Thus from Theorem 1, we have the following:

Corollary 1. Let P (z) =
∑n

k=0 akzk, an 6= 0, be an anti-Schur stable
complex polynomial with zeros z1, z2, . . . , zn. If p, q and α are strictly positive real
numbers such that q < p, then

n∏

k=1

1

(|zk|p + α)
1
q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]n

.

Theorem 2. Let P (z) =
∑n

k=0 akzk, a0an 6= 0, be an anti-Schur stable
polynomial of degree n with complex coefficients. If p, q and α are strictly positive
real numbers such that q < p, then

n∑

k=1

1

(|zk|p + α)
1
q

≤ n

[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]
. (2)

Equality holds for all polynomials P (z) = an

(
z −

(
αq

p− q

) 1
p
)n

, an 6= 0 which sat-
isfy the condition α = p−q

q .

Now, replacing q by 1
q and p by 1

p in (1) and (2), we get the following:

Corollary 2. Let P (z) =
∑n

k=0 akzk, an 6= 0, be an anti-Schur stable
complex polynomial with zeros z1, z2, . . . , zn and if p, q and α are strictly positive
real numbers such that q > p, then

n∏

k=1

1

(|zk|
1
p + α)q

≤
[
pp

qq

(
q − p

α

)q−p]n
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and
n∑

k=1

1

(|zk|
1
p + α)q

≤ n

[
pp

qq

(
q − p

α

)q−p]
.

The following result immediately follows from Theorems 1 and 2, if we choose
q = 1

2 , p = n and α = 2n− 1 .

Corollary 3. If P (z) =
∑n

k=0 akzk, a0an 6= 0, is an anti-Schur stable
polynomial of degree n and z1, z2, . . . , zn are its zeros, then

n∏

k=1

1
(|zk|n + 2n− 1)2

≤
[

1
4n2

]n

and
n∑

k=1

1
(|zk|n + 2n− 1)2

≤ 1
4n

.

The result is sharp and equality holds for the polynomial P (z) = (z − 1)n.

We also prove the following:

Theorem 3. Let P (z) =
∑n

k=0 akzk be a polynomial of degree n with
z1, z2, . . . , zn as its zeros. If p, q and α are strictly positive real numbers such
that q < p, then

n∏

k=1

( |zk|p
|zk|p + α

) 1
q

≤
[

q
1
p

p
1
q α

1
p

(p− q)
1
q− 1

p

]n∣∣∣∣
a0

an

∣∣∣∣. (3)

Equality holds for polynomials of the form P (z) = an

(
z−

(
α(p− q)

q

) 1
p
)n

, an 6= 0.

If P (z) =
∑n

k=0 akzk is a Schur stable polynomial and z1, z2, . . . , zn are its
zeros, then |zk| < 1, for all k = 1, 2, . . . , n and therefore

∣∣∣∣
a0

an

∣∣∣∣ = |z1z2 . . . zn| < 1.

Thus from Theorem 3, we have the following:

Corollary 4. Let P (z) =
∑n

k=0 akzk, an 6= 0, be a Schur stable complex
polynomial with zeros z1, z2, . . . , zn and if p, q and α are strictly positive real num-
bers such that q < p, then

n∏

k=1

( |zk|p
|zk|p + α

) 1
q

<

[
q

1
p

p
1
q α

1
p

(p− q)
1
q− 1

p

]n

.
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Theorem 4. Let P (z) =
∑n

k=0 akzk, a0an 6= 0, be a Schur stable polynomial
of degree n with zeros zk, k = 1, 2, . . . , n. If p, q and α are strictly positive real
numbers such that q < p, then

n∑

k=1

( |zk|p
|zk|p + α

) 1
q

< n

[
q

1
p

p
1
q α

1
p

(p− q)
1
q− 1

p

]
. (4)

2. A lemma

For the proofs of these theorems, we need the following lemma (for reference
see [5]).

Lemma. If x1, x2, . . . , xn are nonnegative real numbers and λ1, λ2, . . . , λn are
positive real numbers such that

∑n
i=1 λi = 1, then

n∏

i=1

xλi
i ≤

n∑

i=1

λixi.

Equality holds if and only if x1 = x2 = · · · = xn.

3. Proofs of the theorems

Proof of Theorem 1. Let β and a be strictly positive real numbers such that
β = 1 − q

p > 0 and a = qα
pβ > 0. Using above Lemma and noting that q

p + β = 1,
we have for all k, 1 ≤ k ≤ n,

(|zk|p)
q
p aβ ≤ q

p
|zk|p + βa (5)

with equality in (5) if and only if |zk|p = a.
This gives

1
q
p |zk|p + βa

≤ 1
|zk|qaβ

, 1 ≤ k ≤ n,

or, equivalently
1

|zk|p + p
q βa

≤ q

p

1
|zk|qaβ

.

Noting that p
q βa = α and β = p−q

p , we have

1
|zk|p + α

≤ q

p

pβββ

αβqβ

1
|zk|q =

q

p

p1− q
p
(

p−q
p

)1− q
p

α1− q
p q1− q

p

1
|zk|q

=
q

q
p

p

(
p− q

α

)1− q
p 1
|zk|q .

That is
1

(|zk|p + α)
1
q

≤ q
1
p

p
1
q

(
p− q

α

) 1
q− 1

p 1
|zk| , 1 ≤ k ≤ n, (6)
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with equality in (6) if and only if |zk|p =
(

αq

p− q

)
.

On taking the product of the inequality (6) for 1 ≤ k ≤ n, we get

n∏

k=1

1

(|zk|p + α)
1
q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]n n∏

k=1

1
|zk| ,

with equality if and only if |z1| = |z2| = · · · = |zn| =
(

αq

p− q

) 1
p

.

Thus in particular, we get

n∏

k=1

1

(|zk|p + α)
1
q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]n∣∣∣∣

an

a0

∣∣∣∣.

The equality holds for all polynomials whose all zeros lie in the circle

|z| =
(

q

p− q

) 1
p

.

Proof of Theorem 2. By taking the sum of the inequalities (6) for 1 ≤ k ≤ n,
we get

n∑

k=1

1

(|zk|p + α)
1
q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
] n∑

k=1

1
|zk| . (7)

Since P (z) is an anti-Schur stable polynomial, therefore |zk| ≥ 1, for k = 1, 2, . . . , n.
This gives 1

|zk| ≤ 1 and hence
∑n

k=1
1
|zk| ≤ n. Using this fact in (7), we get the

desired result.

Proof of Theorem 3. Let P ∗(z) = znP (1/z̄) =
∑n

j=0 ān−jz
j . Since z1, z2,

. . . , zn are zeros of P (z), therefore 1
z̄1

, . . . , 1
z̄n

, are zeros of P ∗(z) and hence using
inequality (1), we get

n∏

k=1

1
[(

1
|zk|

)p + α
] 1

q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]n∣∣∣∣

a0

an

∣∣∣∣.

This gives
(

1

α
1
q

)n n∏

k=1

( |zk|p
1
α + |zk|p

) 1
q

≤
[
q

1
p

p
1
q

(
p− q

α

) 1
q− 1

p
]n∣∣∣∣

a0

an

∣∣∣∣.

That is
n∏

k=1

( |zk|p
1
α + |zk|p

) 1
q

≤
[
α

1
p
q

1
p

p
1
q

(p− q)
1
q− 1

p

]n∣∣∣∣
a0

an

∣∣∣∣. (8)

Now, replacing α by 1
α in (8), we get inequality (3).
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Proof of Theorem 4. Let z1, z2, . . . , zn be the zeros of P (z). Since P (z) is Schur
stable polynomial, therefore |zk| < 1, for k = 1, 2, . . . , n. If P ∗(z) = znP (1/z̄), then
all the zeros of P ∗(z) lie in |z| > 1. Now using the same arguments as used in the
proofs of Theorem 2 and Theorem 3, we get

n∑

k=1

( |zk|p
|zk|p + α

) 1
q

< n

[
q

1
p

p
1
q α

1
p

(p− q)
1
q− 1

p

]
.
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