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Solutions of diophantine equations as
periodic points of p-adic algebraic
functions, III

Patrick Morton

ABSTRACT. All the periodic points of a certain algebraic function re-
lated to the Rogers-Ramanujan continued fraction r(7) are determined.

They turn out to be 0, ’1?/5, and the conjugates over Q of the values
r(wq/5), where wq is one of a specific set of algebraic integers, divisible
by the square of a prime divisor of 5, in the field K4 = Q(v/—d), as —d
ranges over all negative quadratic discriminants for which (%d) = +1.
This yields a new class number formula for orders in the fields K4. Con-
jecture 1 of Part I is proved for the prime p = 5, showing that the ring
class fields over fields of type K4 whose conductors are relatively prime
to 5 coincide with the fields generated over Q by the periodic points
(excluding -1) of a fixed 5-adic algebraic function.
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1. Introduction

In Part I a periodic point of an algebraic function w = g(z), with minimal
polynomial g(z,w) over F(z), F a given field (often algebraically closed), was
defined to be an element a of F', for which numbers a; € F' exist satisfying
the simultaneous equations

g(a,a1) = g(ar1,a2) = -+ = g(an—1,a) =0,
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for some n > 1. The numbers a; = g(a;—1) in this definition are to be
thought of as suitable values of the multi-valued function g(z), determined
by possibly different branches of g(z) (when considered over F' = C). Note
that if the coefficients of g(x,y) lie in a subfield k of F, over which F is
algebraic, then the set of periodic points of g(z) in F' is invariant under the
action of Gal(F/k). In this part the main focus will be on the multi-valued
function g(z), whose minimal polynomial is the polynomial

g(z.y) = (v +2¢° +4y” + 3y + Da® —y(y" = 3y° +4y” — 2y + 1)
considered in Part II, related to the Rogers-Ramanujan continued fraction
r(7) (in the notation of [7]). Recall that the function r(7) satisfies the
modular equation

g(r(r),r(57)) =0, 7€H,

where H is the upper half-plane. (See [1], [2], [7].)

I will show, that when transported to the p-adic domain — specifically to
Ks(v/5), where K5 is the maximal unramified algebraic extension of the 5-
adic field Q5 — the “multi-valued-ness” disappears, in that the a; = T, g (a) €
Ks(v/5) become values of a single-valued algebraic function Ts(x), defined
on a suitable domain D5 C K5(\/5). Thus, 5-adically, a and its companions
a; are periodic points of T5(x) in the usual sense. Setting ¢ = _1%‘/5, this
single-valued algebraic function is given by the 5-adically convergent series

4 .
Ty(z) = +5+f2ak< 5‘[8) ak:Z<]£5), (1.1)

for z in the domain
Ds = {z € Ks(v5):|z[s <1 A z#2 (mod V5)}.

More precisely, half of the periodic points of g(z) lie in Ds; namely, those
which lie in the unramified extension Ks. The other half are periodic points
of the function T o T ' o T and lie in T'(D5), where

—(14++V5)z +2

20+1++5
The function T5(z) has the property that y = T5(z) is the unique solution
in K5(v/5) of the equation g(x,y) = 0, for any = € K5(v/5) for which x # 2
(mod /5). Thus, T(x) is one of the values of g(x), for = € Ds.

In Part II [14] it was shown that the conjugates over Q of the values
n = r(w/5) of the Rogers-Ramanujan continued fraction are periodic points
of the algebraic function g(z), for specific elements w in the imaginary qua-
dratic field K = Q(v/—d). In this part it will be shown that these values
are, together with 0 and %‘/5, the only periodic points of g(z). Let dx

denote the discriminant of K = Q(+v/—d), where (%d) = +1, and let p5
denote a prime divisor of (5) = pspf in K. Recall that pg(x) is the minimal

T(x)=
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polynomial over Q of the value r(wq/5), where w, is given by equation (2)
below.

Theorem 1.1. (a) The set of periodic points in Q (or Qs or C) of the
multi-valued algebraic function g(z) defined by the equation g(z,g(z)) = 0
consists of 0, %\/5, and the roots of the polynomials py(x), for negative
quadratic discriminants —d = dg f? satisfying (%d) = +1.

(b) Over C the latter values coincide with the values n = r(wq/5) and their
conjugates over Q, where r(7) is the Rogers-Ramanujan continued fraction
and the argument wy € K = Q(v/—d) satisfies

v+ v—d
2

wy = € Rk, @2 |wg, and (N(wy),f) = 1. (1.2)

(c) Over Qs, all the periodic points of g(z) lie in Ks(\/5). Moreover, the
periodic points of g(z) in Ky are periodic points in Ds of the single-valued
5-adic function Ts(x).

From this theorem and the results of Part II we can assert the following.
Let Fy denote the abelian extension Fy = ¥5Q; (d # 4f%) or Fy = Y585
(d=4f?>4) of K = Q(v/—d), where 35 is the ray class field of conductor
f = (5) over K and €y is the ring class field of conductor f over K. Since
(f,5) = 1 and Q5 = Q5Qf when d # 4% (see [9, Satz 3]), then F, =
Y5Q5¢ in either case. Furthermore, Fy coincides with what Cox [4] calls the
extended ring class field Lo for the order O = R_g4 of discriminant —d
in K. Cox refers to Cho [3], who denotes this field by K(s5) 0, but these
fields are already discussed in Séhngen [20, see p. 318], who shows they are
generated by division values of the 7-function, together with suitable values
of the j-function. See also Stevenhagen [21] and the monograph of Schertz
19, p. 108].

Theorem 1.2. Let K = Q(v/—d), with (%d) = +1 and —d = di f?, as
above. If O = R_g is the order of discriminant —d in K, the extended
ring class field Fy = X585 over K is generated over Q by a periodic point
n = r(wq/5) of the function g(z) (wq is as in (1.2)), together with a primitive
5-th root of unity (5:

Fy = 35057 = Q(n, ¢5)- (1.3)
Conversely, if n # 0, %‘/5 is any periodic point of g(z), then for some
—d = dg f? for which (%d) = +1, the field Q(n,(s) = Fy. Furthermore, the
field Q(n) generated by n alone is the inertia field for the prime divisor ps
or for its conjugate ©f in the field Fy.

This theorem provides explicit examples of Satz 22 in Hasse’s Zahlbericht
[8], according to which any abelian extension of K is obtained from ¥ =
Q4(¢n), for some integer f > 1 and some n-th root of unity ¢,, by adjoining
square-roots of elements of ¥. This holds because n = r(wy/5) satisfies a
quadratic equation over Q((5). See [14, Prop. 4.3, Cor. 4.7, Thm. 4.8].
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Here the method of Part I [13] and [16], which yielded an interpreta-
tion and alternate derivation of special cases of a class number formula of
Deuring, leads to the following new class number formula.

Theorem 1.3. Let ©,5 be the set of discriminants —d = drf? = +1
(mod 5) of orders in imaginary quadratic fields K = Q(v/—d) for which the

Fd;%) has order n in the Galois group Gal(Fgs5/K),

where Fy5 is the inertia field for ps in the abelian extension Fy/K. If h(—d)
is the class number of the order R_q C K, then forn > 1,

automorphism 15 = (

S h(—d) = %Zu(n/mk. (1.4)

—d€Dy 5 kin

Based on this theorem and numerical calculations, I make the following

Conjecture 1. Let ¢ > 5 be a prime number. Let Lo, = Lgr ,4 be the
extended ring class field over K = Kq = Q(v/—d) for the order O = R_4
of discriminant —d = dg f* in K, and let h(—d) denote the class number
of the order O. Also, let Fyq4 be the inertia field for the prime divisor pg
(dividing q in Kg) in the abelian extension Lo, of K4. Then the following
class number formula holds:

> hd) = = S /B n> 1,

—d€Dp q kln

where ©,, 4 is the set of discriminants —d = di f? for which (_Td) =41

and the Frobenius automorphism 1, = (%{]Kd) has order n.

As was shown in [14] for the prime ¢ = 5, the extension Lgr_, 4 is equal to
Y, /K, if d # 3f? or 4f%; and is equal to $,Q,s/K, if ¢ =1 (mod 4) and
d=4f%* or ¢ =1 (mod 3) and d = 3f2. The field F,, has degree (¢ — 1)/2
and is cyclic over the ring class field 2; of conductor f over K.

One naturally expects that this conjecture describes an aspect of a much
more general phenomenon. For example, one could consider families of
quadratic fields K = Q(v/—d) for which the prime divisors ¢ of a given
fixed integer @ all split in K. These are the Q-admissible quadratic fields.
Analogous formulas should hold for certain sets of class fields over the family
of (imaginary?) abelian extensions of a fixed degree over Q, whose Galois
groups belong to a fixed isomorphism type, and in which a given rational
prime ¢ splits.
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In Section 6 I show that a similar situation exists for the algebraic function
w = f(z) whose minimal polynomial over Q(z) is h(z,w), where

h(z,w) = w® — (6 + 52 4 52° + 25)w* + (21 + 52 + 523 + 25)w?
— (56 + 302 + 3023 + 62°)w?® + (71 + 302 + 302° + 62°)w
— 120 — 552 — 552° — 112°.

I showed in Part II (Theorem 5.4) that any ring class field 2y over the
imaginary quadratic field K, whose conductor is relatively prime to 5, is
generated over K by a periodic point v of f(z), which satisfies v = n — %,
for a certain periodic point 1 of g(z). In Theorem 6.2 of this paper I show
that any periodic point v # —1 of §(z) is related to a periodic point of g(z)

by v=mn-— % = ¢(n), and that the 5-adic function

Ts(z) =poTs00 ' (z), 2€Ds=0¢(DsN{z€Ks:|z]5=1}),

plays the same role for f(z) that T5(x) plays for g(z). In particular, Theorems
6.2 and 6.3 show that Conjecture 1 of Part I is true for the prime p = 5.
This leads to a proof of Deuring’s formula for the prime 5 in Theorem 6.5
and its corollary, analogous to the proof given in Part I and in [16] for the
prime 2 and in [12] for the prime 3.

2. Iterated resultants
Set
g(X,Y) = (Y 42V 344V 243V + )XY (Y1 —3Y3 +4Y2—2Y +1). (2.1)

In Part II [14] it was shown that (X,Y") = (n,77), with n = r(wq/5) and wg

given by (1.2), is a point on the curve g(X,Y) = 0. Here 75 = (Q(Z%) is

the Frobenius automorphism for the prime divisor g5 of K = Q(v/—d). This
fact implies that r(wy/5) and its conjugates over QQ are periodic points of the
function g(z) defined by g(z,g(z)) = 0. (See Part II, Theorem 5.3.) In this
section and Sections 3-4 it will be shown that these values, together with

the fixed points 0, _%‘/5, represent all the periodic points of the algebraic
function g(z). To do this we begin by considering a sequence of iterated
resultants defined using the polynomial g(z,y), as in Part I, Section 3.

We start by defining RV (z, 1) := g(z,21), and note that
RW(z,21) = (21 + 3)*(2® — 1) (mod 5).

Then we define the polynomial R™ (z, z,) inductively by
R™(z,2,) := Resultant,, ,(R™ Y(z,2,_1), g(zn_1,2,)), n>2.
It is easily seen using induction that

R™ (2, 2,) = (—=1)" Yan +3)°" (=" — ) (mod 5),
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so that the polynomial R, (x) := R (z,z) satisfies
Ru(z) = (-1)" 243" 12" —z) (mod5), n>1. (2.2)

The roots of R, (z) are all the periodic points of the multi-valued function
g(z) in any algebraically closed field containing Q, whose periods are divisors
of the integer n. (See Part I, p. 727.)

From this we deduce, by a similar argument as in the Lemma of Part 1
(pp. 727-728), that

deg(R,(z))=2-5"—-1, n>1.
As in Part I, we define the expression P, (z) by

Po(2) = [ [ Re(a) /P, (2.3)
kln
and show that P,(z) € Z[z]. From (2.2) it is clear that Ry, (z), for n > 1, is
divisible (mod 5) by the N irreducible (monic) polynomials f;(z) of degree
n over 5, where

1 k
N == un/k)s,
k|n
and that these polynomials are simple factors of R, (x) (mod 5). It follows
from Hensel’s Lemma that R, (z) is divisible by distinct irreducible polyno-
mials f;(x) of degree n over Zs, the ring of integers in Qs, for 1 <i < N,
with fi(x) = fi(x) (mod 5). In addition, all the roots of f;(z) are periodic
of minimal period n and lie in the unramified extension Ks. Furthermore, n
is the smallest index for which f;(x) | R, (x).
Now we make use of the following identity for g(x,y):

5 5 5
(cv+ ! +2\£> <y+ ! +2\/5> 9(T'(z), T(y)) = (5 +2\/5> 9(y, ),

where
— 2
() = (1+V5)z + .
20 4+1++5
We have
2r — 1
T(e)— 2= - 5+5 )\ 2z +\/5.
2 2z +1++5

If the periodic point a of g(z), with minimal period n > 1, is a root of one
of the polynomials f;(x), then a is a unit in Kj, and for some ay,...,a,—1
we have

g(a,a1) = g(ar,a2) = -+~ = g(an—1,a) = 0. (2.4)
Furthermore a # 2 (mod v/5), since otherwise @ = 2 (mod 5) would have
degree 1 over F5 (using that Ks is unramified over Qs). Hence, 2a + 1+ /5
is a unit and b = T'(a) = 2 (mod v/5). All the a; satisfy a; Z 2 (mod v/5),
as well, since the congruence g(2,y) = 4(y + 3)° (mod 5) has only y = 2 as
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a solution. Hence, if some a; = 2, then a; = 2 for j > 4, which would imply
that a = 2, as well. The elements b; = T'(a;) are distinct and lie in Ks(1/5),
and the above identity implies that

g(b, bnfl) = g(bnfl,bnfg) == g(bl,b) =0 (25)

in K5(v/5). Thus, all the b; = 2 (mod v/5), and the orbit {b,b,_1,...,b1} is
distinct from all the orbits in (2.4). Now the map T'(x) has order 2, so it is
clear that b = T'(a) has minimal period n in (2.5), since otherwise a = T'(b)
would have period smaller than n. It follows that there are at least 2N
periodic orbits of minimal period n > 1. Noting that

Ri(z) = g(z,2) = 2(2* +1)(2* + 2 — 1) (a* + 2° + 322 — 2 + 1),
these distinct orbits and factors account for at least
2:5—1+ > 2) wd/k)5") =-1+42> O u(d/k)sF) =2-5"—1
dn,d>1  k|d dn  k|d

roots, and therefore all the roots, of R,(x). This shows that the roots of
R, (z) are distinct and the expressions P, (x) are polynomials. Furthermore,
over Ks5(v/5) we have the factorization

Pu(x) =% [[ fi@)fi(x), n>1, (2:6)
1<i<N
where fl(?) = ¢;(2x + 1 + /5)%9U3) £,(T(x)), and the constant ¢; is chosen
to make f;(x) monic. Finally, the periodic points of g(z) of minimal period
n are the roots of P, (z) and

deg(Pn(2)) =2 u(n/k)5*, n> 1. (2.7)
k|n

This discussion proves the following.

Theorem 2.1. All the periodic points of g(z) in Qg lie in Ks5(v/5). The
periodic points of minimal period n coincide with the roots of the polynomial
P, (z) defined by (2.3), and have degree n over Qs(v/5). For n > 1, exactly
half of the periodic points of g(z) of minimal period n lie in Ks.

The last assertion in this theorem follows from the fact that T'(z) is a
linear fractional expression in the quantity v/5:
7= YO E2
V5 + 2z +1
with determinant —2(z%+1). If it were the case that a € K5 and T'(a) € Ks,
for n > 1, then the last fact would imply that /5 € Ks, which is not the
case. Therefore, for n > 1, the only roots of P, (x) which lie in K5 are the
roots of the factors f;(x), in the above notation. Furthermore, the factors
fi(z) are irreducible over Qs(+/5), since this field is purely ramified over Qs,
which implies that the factors f;(x) are irreducible over Qs(v/5), as well.
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3. A 5-adic function

Lemma 3.1. Any root /' of the polynomial py(x) which is conjugate to
n = r(wg/5) over K = Q(v/—d) satisfies ' # 2 (mod p), for any prime
divisor p of g5 in F1 = Q(n).

Proof. It suffices to prove this for ' = 7. Assume n = 2 (mod p), where
p | o5 in Fi. Then the element z = n° — n% satisfies 2 = 2° —27% = —1 (mod
p). Hence the proof of [14, Theorem 4.6] implies that d can only be one of
the values d = 11,16,19. In these three cases h(—d) = 1, so 7 satisfies a
quadratic polynomial over K = Q(v/—d). We have

pll(x):x4—m3+x2+x+1

-1 —11 -1 —+/—-11
(o4 YT, (o T, ),

po(z) =zt — 22° 4 22 + 1
= (2® + (-1 =Dz - 1)(@® + (-1 + i)z — 1);
pro(z) =2t + 23 + 322 —x 41

In each case n = r(wy/5), where, respectively:

33+ +v/—11
wi = %, N(wy) = 5% 11,
wig = 11 + 24, N(wig) = 5°,

41 ++/—19
w19 = +2 s N(wlg) = 52 -17.

Since F; = K(n) is unramified over ps and ramified over gf, the minimal
polynomial mg4(x) over K of n in each case is the first factor listed above.
Since p% | wg, we conclude that

Vv=11=2, =2, v—-19=4
modulo g5 in Rg. Then
mi(z) = 22 + 324+ 4, mig(z) = 22 + 224+ 4, myg(z) = (x4 1)(x + 4)

modulo ps, where the first two polynomials are irreducible mod 5. It follows
that n cannot be congruent to 2 modulo any prime divisor of p5. In each
case we also have mg(r) = (z + 3)? (mod gf). O

Computing the partial derivative

9
gf;’ v) _ (45 + 6y + 8y + 3)2® — 5y* + 12y° — 12% + 4y — 1
y

= 4(z +3)°(y +3)* (mod 5),
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we see that the points (z,y) = (n,17™) on the curve g(x,y) = 0 satisfy the
condition

9g(z,y)
ay ’(x,y):(n,nfs) 7_é 0 mod P,

for any prime divisor p of 5. Hence, the p-adic implicit function theorem
implies that n™ can be written as a single-valued function of 7 in a suitable
neighborhood of x = 7. (See [18, p. 334].) We shall now derive an explicit
expression for this single-valued function.

To do this, we consider g(X,Y) = 0 as a quintic equation in Y. Us-
ing Watson’s method of solving a quintic equation from the paper [10] of
Lavallee, Spearman and Williams, we find that the roots Y of ¢(X,Y) =0
are

Z+3 ¢
y=2""4 >
5 10

2
+ %0(22 +11+5V5)%5(2Z + 11 — 5v/5)%/°

(2Z + 11 + 5V5)*%(2Z 4+ 11 — 5v/5) /5

3

+ 1522+ 11+ 5vV5)¥5(2Z + 11 — 5v5)3/°
4
+ 522+ 11+ 5V5)15(2Z + 11 — 5V5)4/5,

where ( is any fifth root of unity and Z = X°. This can also be written in
the form

2
Yz%+%(2—55)4/5(2—55)1/54—%(Z—§5)3/5(Z—55)2/5
3 4
+ %(Z _ 55)2/5(Z _ 65)3/5 + %(Z _ 55)1/5(2 _ 55)4/57
o\ 1/5
Z+3 1 5\(774 1 773 o 772 1 (Z-8
2=V U U), U=

NOW,55:%5‘/55_7152(mod5),sof0r(zlandZ§é2(mod5),

the functions U7 can be expanded into a convergent series:

, 7 _ N\ 5 =5\J/> o ,j
Ui — 5 _ (14 e’ —¢ _ Z £ 5v'5 '
Z —¢ed Z —¢ed — k Z —¢gd
This series converges for all Z # 2 (mod v/5) in the field K5(v/5). The terms
in this series tend to 0 in the 5-adic valuation, because

k() _ 36 =5 —10)---( —5(k — 1))
k k!
and because the additive 5-adic valuation of k! satisfies
k — s < ﬁv
4 — 4

U5(k') =
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where sy, is the sum of the 5-adic digits of k. Thus, for all x # 2 (mod V/5)
in K5(v/5) the expression

z° ’ 11
y = Ts(z) = 5—1—3 1 :U b Zak< —55) , ak:Z(Ii), (3.1)

represents a root of the equation g(x,3) = 0 in the field K5(+/5). This
formula for T5(z) simplifies to:

T():x+5+fzak< ‘C) . (3.2)

Note that
Ts(z) = 2° (mod 5), |z]5 < 1. (3.3)
This follows from the fact that 5 divides the individual terms
by = 5"a(V5)" 2

(ignoring the unit denominators) in the series (3.2), for 2 < k < 7, as can be
checked by direct computation, and from the following estimate for vs(bg),

the normalized additive valuation of by, in Ks(v/5):
k kk
vs(5%ar(V5)F2) > g l-3=7- 121 fork>s

It follows from this that the function 75(x) can be iterated on the set
Ds ={z e Ks(V5):|z|s <1 A z#2 (mod V5)}. (3.4)

I claim now that (3.1) (or (3.2)) gives the only root of g(x,y) = 0 in
the field K5(v/5), for a fixed x #Z 2 (mod v/5). From the above formulas, a
second root of this equation must have the form

5
1
v ;3+5(x5—55)(U4+U3+U2+U),
5 _ =5\ 1/
_1 JJ—E
U=¢ (x5_€5) ,

for some fifth root of unity ¢ # 1. But then

Y1 =

where

Us—1
U-1
so U € Ks5(v/5); and since (U is also in Ks(1/5), it follows that ¢ € K5(v/5).

This is impossible, since the ramification index of 5 in K5(() is e = 4, while
the ramification index of 5 in K5(+/5) is only e = 2.

U+ U+ U+ U =

—1le€ K5(\/S)
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Proposition 3.2. If x € Ds, the subset of K5(v/5) defined by (3.4), then
the series

a2 - (4
y=T5(x)= 2°+5+ 5Zak Kk ;(k_)v (3.5)
gives the unique solution of the equation g(x,y) = 0 in the field Ks(\/5).
Moreover, the image Ts(x) also lies in D5, so the map Ts can be iterated on
this set.

Corollary 3.3. The function Ts(x) satisfies Ts(Ds N Ks) € D5 N K.

Proof. Let o denote the non-trivial automorphism of K5(v/5)/Ks. If z €
D5NKs, then g(z, T5(z)) = 0 and T5(z) € K5(+v/5) imply that g(x, Ty(z)?) =
g(x,T5(x)?) = 0. The theorem gives that T5(z)” = T5(x), implying that
Ts ($) € Ks. O

Now the completion (F1), of the field F; = Q(n) with respect to a prime
divisor p of Ry, dividing ps is a subfield of K5(v/5). This is because F} is
unramified at the prime p and is abelian over K, so that (F), is unramified
and abelian over K, = Q5.

By Lemma 3.1, we can substitute z = 7 in (3.5), and since 7™ is a
solution of ¢(n,Y) = 0 in Ks, we conclude that n™ = T5(n). Letting ¢ =1
and U = —u gives

5 5_ 55 1/5
m_M+3 1 5 504 3, 2 _ (m=c 1
which agrees with the result of [14, Theorem 3.3] (see the second line in the
proof of that theorem). The automorphism 75 is canonically defined on the

unramified extension Qs(n); defining 75 to be trivial on Qs5(v/5), we have
that T5(n™) = T5(n)"™, and hence that

N =T3(n), n>1. (3.6)
This also follows inductively from
n—1 n n—1 n—1 n—1
g™ n™)=gM™ Ts(n™ ) =g0n™ T3 (n) =0.

Therefore, n = r(w/5) is a periodic point of 75 in Dj, and the minimal
period of n with respect to 75 is equal to the order of the automorphism
_ (R/K
T5 — < 05 )
By Theorem 2.1, the periodic points of g(z) lie in K5(v/5). In particular,

the minimal period of n = r(wy/5) with respect to g(z) is the order n of the
automorphism 75. This is because any values n;, for which

gm,m) =g, m2) == g(Nm-1,n) =0,

must themselves be periodic points with 7; # 2 (mod /5). This implies that
n; € D5, and then n; = T¢(n) follows from Proposition 3.2, so that m must
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be a multiple of n. Hence, n = r(wq/5) must be a root of the polynomial
Pn(x).

Theorem 3.4. For any discriminant —d = +1 (mod 5), for which the
/K

o ) has order n, the polynomial pg(x) divides P, (x).

automorphism 5 = (

4. Identifying the factors of P, (x)

We will now show that the polynomials pg(z) in Theorem 3.4 are the only
irreducible factors of P, (z) over Q. The argument is similar to the argument
in [12, pp. 877-878], with added complexity due to the nontrivial nature of
the points in E5[5] — ((0,0)), plus the necessity of dealing with the action of
the icosahedral group in this case.

To motivate the calculation below, we prove the following lemma. As in
Part II, F; denotes the field F; = Q(n), where n = r(wq/5).

Lemma 4.1. If w = wy is defined as in (1.2), and 15 = (%), then for

some 5-th root of unity (¢, we have
-1
—1 W\ s : w
Ts ey — = 4 _ .
s (5) ¢ (25)

Proof. Define 75 on F1(v/5) = Q(n,V/5) so that it fixes /5. This is possible
since I} and K (v/5) are disjoint, abelian extensions of K. (See the discussion
in Sections 5.2 and 5.3 of [14], where 75 = 01¢|F, and both o1 and ¢ fix the
field L = Q(¢).) Recall the linear fractional expression from Part II that

was denoted .
—b+e

b) = ————.

7(b) b+ 1

From 7(£°%) = n® and T'(n™) = ¢ (Part II, Thms. 3.3 and 5.1) we then obtain
-1 -1 -1
W = (@)% =7 (€% )) = 1(Tm)°) = t(),

where
24 =323 4422 —22+1
t(z) =z )
244223 4422 + 32+ 1
as in the Introduction to Part II. On the other hand,

=e(e(2) = (£).

by Ramanujan’s modular equation. Thus, 7°7 = r3(w/25), and the asser-
tion follows. O

By (3.3), we have f;(T5(x)) = fi(2®) (mod 5), and since T5(a) is an
"unramified” periodic point in D5 whenever a is, it follows that o :  — T5(x)
is a lift of the Frobenius automorphism on the roots of f;(x), for each i with
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1 < i < N. We may assume that o fixes V5, since Ky and Q5(\/5) are
linearly disjoint over Q5. In order to apply o to all the maps occurring in

the proof below, we also extend o to the field Ky <\/ _5;‘/5>, so that it

fixes elements of the field Qs <\/ _5‘2“/5), this is a cyclic quartic and totally

ramified extension of Q5 (the minimal polynomial of the square-root being
the Eisenstein polynomial z* + 522 + 5).
Theorem 4.2. Forn > 1 the polynomial P,(x) is a product of polynomials
pa(z):

Pn('x) == H pd(x)a (41>

7d€©n,5

where Dy, 5 is the set of discriminants —d = dg f* of imaginary quadratic
orders R_g C K = Q(v/—d) for which (%d) = +1 and the corresponding au-
tomorphism 15 = <%) has order n in Gal(F1/K). Here F1 = Q(r(wq/5))
is the inertia field for the prime divisor ps = (5,wq) in the abelian extension
S5 (d £ 4f?) or X5Qs5 (d = 4f? > 4) of K; and py(x) is the minimal
polynomial of the value r(wq/5) over Q.
Proof. Let {n = no,m1,...,Mn-1}, n > 2, be a periodic orbit of T;(x)
contained in D5, where T3'(n) = 7, and let

§=T(m)=T(Ts(n) =T{").
Then the relation g(n,m) = g(n,T(£)) = 0 implies that (n,£) is a point on
the curve

Cs: X5 +Y5=¢£51-X5Y9).
Rewrite this relation as
e

o T EE —b+¢e° b
65775+1

(%), 7(b) = Shr1 T m-
Let
Es(b): Y?+(1+b0)XY +bY = X3 4 bX?
be the Tate normal form for a point of order 5; and let Es5(b) be the
isogenous curve

Ess5(b): Y24+ (1+D0)XY +5bY = X + 7X* +6(b° + bv* — b)X
+b° 4+ b* — 106° — 290* — b.
The X-coordinate of the map v : E5(b) — Es55(b) is given by

b+ (363 + b x + (362 + b3)z? + (b — b2 — b3) 23 + 2P
X(W(P)) = 2@ 1 b)? ;

with z = X (P). Note that ker(¢)) = ((0,0)), and 1) is defined over Q(b).
(See [11, p. 259].)

b=n’,
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The relation €% = 7(n°) implies that there is an isogeny ¢ : E5(n°) —
Es5(1(n°)) = E5(¢°). This is because the j-invariant of E5(£°) is
(11285 + 14610 4 12615 4 £20)3
o F(1- 11 - ¢1)
(1 + 228n° + 494710 — 228,15 4+ 720)3
7]5(1 _ 11775 _ 7]10)5 ?
where the latter value is j(Es5(n°)). Thus, Es5(n°) = E5(£°) by an iso-
morphism 1. Composing ¢ (for b = 7°) with this isomorphism gives the
isogeny ¢ = 11 0 ¢. Furthermore, j(E55(n°)) is invariant under the substi-
tution n — T(n) = £7 ', so

[+ 22865 4 494¢10 — 228¢15 4 ¢20)3 ot
Je = ( £5(1 — 1165 — €10)5 )

—1
(1 _ 12775 4 147710 4 12,,715 4 ,'720)3 o
n*(1 = 11n> —n'o)

= j770'71 .
It follows that Es5(£°) = E5((17‘771)5) by an isomorphism ty. Composing
t2 with ¢ gives an isogeny 12 0 ¢ = ¢ : Es(n®) — E5(’I’]5)071 of degree 5.
Applying ~*! to the coefficients of ¢ gives an isogeny

¢i: Es()” TV = Es()7 ", 1<i<n,

which also has degree 5. Hence, t = ¢, 0 1 0+ -- 0 ¢1 is an isogeny from
Es5(n°) to E5(n®)° " of degree 5". But ¢” is trivial on Qs(n,v/5), since
T (n) = n. Hence, ¢ : E5(n°) — E5(n°).

We will show that ¢ is a cyclic isogeny by showing that some point P €
E5(n°)[5] is not in ker(:). The following formula from [15] gives the X-
coordinate on F5(b) for a point P of order 5, which does not lie in ((0,0)):

—et (=2u® + (1 + V5)u — 3v5 — 7)(2u® + (2VE+ 4)u+3V5+7)

X(P) =

2 (—2u2 4 (V5 + Du — 2)(u + 1)2 ’
where
u5:—b_7§5 b=’ 5:—1+\/g.
b—ed’ ’ 2
A calculation on Maple shows that
X0 = X(@(P) = g ), po

This is the X-coordinate of the point P’ = )(P) on E55(b). On the other
hand, an isomorphism ¢; : E55(b) — Es(7(b)) is given by ¢1(X1,Y7) =
(X27 }/2)7 where

\2 b2 +30b+1  7(b)2+67(b) +1
2 _

Xy = A2X
2 141+ 9 9 )
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and
2 VB B
TGer poer
Under this isomorphism, X; = X (¢(P)) maps to Xy = 0, whence ¢(P) =
11 0(P) = £(0,0) on E5(7(b)) = E5(£%). Note that the map ¢ is defined

over A =Q (77, Vi \/5€> =Q (n, _55\@), since A1 lies in this field.

Now we find an explicit formula for the isomorphism iy between FEj(£°)
and E5(n> ). The Weierstrass normal form Y2 = 4X3 — g, X — g3 of E5(b)
has coefficients

1
ga(b) = E(b‘1 + 120 + 146% — 12b + 1),

-1
g3(b) = %(62 +1)(b* 4 186> + 74b* — 18b + 1).

An isomorphism tg : E5(€%) — E5(n° ') is determined by a number A
satisfying the equations

-1 -1
g2 ) = X5 02(€%), @) = A5+ g3(€).
We now use computations analogous to those in Lemma 4.1, obtaining
-1 -1 -1
P = (@) = (€)= (@) = x().
Then we solve for A3 from

\2 _ 93(x(m)ga(r ()
2=

and find that
(115 — 25)(2n + 1 +v5)2(—=2n* + (3 + V/5)n — 3 — /5)?
40(=2n2 — 2n — 3+ /5)? '

Here, Ao lies in the field Q (77, iV —\/55) =Q (n, A/ _5‘2“/5>, which coincides

with the field A above. Hence, the desired isomorphism is given on X-
coordinates by

A3 =

()2 +67(n°) +1  t(n)? +6e(n) +1
Xy = 12(Xa) = A2X + 2270 () + 1 x(m)” +6c(m) + 1

12 12
if (Xo,Y3) are the coordinates on E5(£°%) and (X3,Y3) are the coordinates

on E5(n5"_1). Therefore, the points with X5 = 0 map to points with

(=5 + VB) (V5 + 21° — Vb — 30 + 3)(nv/5 — 2° — V5 + 37 — 3)
20(—2n2 + /5 — 21 — 3)

Finally, we choose u = 5—15 € K5(v/5), so that

X3 =

gl el g
£5¢5 —p + &b PR
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as required above for the formula X (P). Then we compute that
1 1 1

u? =

T

which implies that n =T <€_lu_"_l). Substituting this expression for 7 in

X3 gives

—et (=2u? + (1 +V5)ur — 3v/5 — 7)(2u? + (2v5 + 4)us + 3v5 +7)
2 (—2uf + (V5 + Dur — 2)(ur + 1)

g

X3 =

i

with w3 = v? . Comparing with the above formula for X (P) shows that
X3 = X(P)° " and therefore the points +(0,0) on E5(£%) map to =P
on E5(n ).
This discussion shows that the isogeny ¢1 = t9 0 11 09 from Es5(n°) to
E5(n?)° " satisfies
o (P) = £P7 .
Applying o~ to this gives ¢;(P° ) = +P7

i

, and therefore
L(P)=¢po¢p_10---0¢ (P)=+P° " ==+P.
Since P is a point of order 5 on E5(n°), and P does not lie in ker(s), we see
that ¢ is indeed a cyclic isogeny.
From this and the fact that deg(¢) = 5" we conclude that the j-invariant
Jn = 7(Es5(n°)) satisfies the modular equation

Psn (s Jn) = 0.
On the other hand, from [4, p. 263],
Do (X, X) = ¢ [ [ H-a(X)"45"),
—d
where the product is over the discriminants of orders R_; of imaginary
quadratic fields and
r(d,5") = {a € R_g : « primitive, N(a)=>5"}/R*|.

Thus, r(d,5") is nonzero only when the equation 4% - 5" = 2% + dy?, (k =
0,1), has a primitive solution. Now the polynomial P,(x) € Z[z| splits
completely in K5(v/5), and its “unramified” roots all lie in Ks. Furthermore

the “ramified” roots all have the form & = T'(n?) for some unramified root
71, and the corresponding j-invariants have the form

(1 =128 + 1410 + 12615 4 ¢20)3
J¢ = 525(1 — 1165 — 510) ,

which equals

e = (14 228n° 4 494n*0 — 22815 + 7?0)3
3 (1 — 111> — n10)5 :




SOLUTIONS OF DIOPHANTINE EQUATIONS, III 803

It follows that all the j-invariants jy,, je lie in K5. Hence, the value d for
which H_4(j,) = 0 is not divisible by 5. Thus, (5,zyd) = 1, and therefore

(52) = +1.
From H_4(j,) = H_d((jn)"il) = H_4(je) = 0 we see that the periodic
point 7 is a root of both polynomials Fy(x°), G4(x”), where
ot + 1223 + 1422 — 122+ 1)3
z°(1 — 11z — 2?) ]

Fy(z) = 2" (1 — 112 — 22D H_, [(

and

4 _ 99803 1 49422 4+ 29 1)3
Ga(x) :xh(_d)(1—11$—$2)5h(_d)H_d |:($ 8x° + 4942° 4 228z + 1) :| ‘

z(1— 11z — 22)3

Now the roots of the polynomial Gy4(z°) are invariant under the action of
the icosahedral group Ggo = (S,T), where T is as before and S(z) = (z,
with ¢ = €2™/5. (See [11], [17].) Since H_4(X) is irreducible over the field
L = Q((¢), containing the coefficients of all the maps in Ggp, the polynomial
G4(x%) factors over L into a product of irreducible polynomials of the same
degree. (See the similar argument in [12, p. 864].) By the results of [14,
pp. 1193, 1202], one of these irreducible factors is pg(x), whose degree is
4h(—d), and pg(z) is invariant under the action of the subgroup

H=(UT), U)= _71

a Klein group of order 4. The normalizer of H in Ggo is N = (A, H) = Ay,
where A = STS~2 is the map
(1+Q)z+1
z2—1-¢*
of order 3, and ATA™' = U, AUA™' = T, = TU. The distinct left cosets of
H in Ggg are represented by the elements
M =87A" 0<i<2 0<j<4.

(See [17, Prop. 3.3].) We would like to show that 7 is a root of the factor

pa(x).
Since all the roots of G4(x°) have the form M;;j(«a), for some root o of
pa(z) ([14, p. 1203]), the factors of G4(z®) over L have the form

pij() = (cx + d)""Dpy(A'S (2)),

where A'SY(z) = %. The stabilizer of this polynomial in Ggg is
(A'SHTHA'ST = STHS,
2j

which contains the map S™1USI(z) = =, If pij(n) = 0, where j # 0,

T

Az)=¢

then both 1 and 747;% are roots of p; j(x), which would imply that (=% is
contained in the splitting field of P, (z) over Q, and is therefore contained
in K5(v/5), which is not the case. Hence, 1 can only be a root of p;o(z) =
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(cix + d;)*"=Dpy(A(z)), for some i. But then the elements in HA*(n)
are roots of pg(z). Assume ¢ = 1. Since A(n) is a root of py(z), so is
AP’ (1), where p is the automorphism of K5(¢)/Ks for which ¢ = ¢2. But
AP = A7U, so that AP° = A=PU = UAU and A?" = UAPU = UA~L. Thus,
AP* (1)) being a root of pg(z) and U € H imply that A~(n) is also a root of
pa(x). But then 7 is a common root of p1 o(z) = (c1z + di)*Dpy(A(x))
and pao(z) = (cox + do)=Dpy(A~1(x)), which is impossible, since these
are two of the irreducible factors of Gy4(x%) over L, and the latter polynomial

has no multiple roots, for d # 4. (See [17, §2.2].) A similar argument works
if i =2, since A>=A"!and A =UA"". For d = 4, we have

Gy(2°) = (2® — 2282 4 494210 4 2282° + 1)® — 17282°(1 — 112° — 219)°
= (22 4+ 1) (2 + 223 — 62% — 22+ 1)3(2® — 2% + 2% — 22 + 1)?
x (2% 4 427 + 172% 4+ 2227 + 52t — 2223 + 1727 — 4o + 1)?
x (2% — 627 + 172°% — 182° + 252 + 182° 4+ 1722 + 62 + 1),

and the only periodic point 1 € D5 which is a root of Gy(z®) is the fixed
point

n=i=3+3-5+2-52+3-5 45 +... €Qs.
Thus, d = 4 does not occur when n > 2. (Except for the primitive 20-th
roots of unity, which do not lie in K5(v/5), the other roots of G4(x°) = 0
satisfy © = 2 mod 5, and so do not lie in Ds.)

Hence, the only possibility is that pg(n) = 0. This shows that all periodic
points of T5(z) in Dj are roots of some py(z) for which (—d/5) = +1. Since
T5(n) = n™ for such a root by (3.6), it is clear that 75 has order n in the
corresponding Galois group Gal(F;/Q), as well. All the roots of P,,(x) which
do not lie in D5 have the form 7'(n), for n € Ds, by the discussion in Section
2, and are also roots of py(x) for one of these integers d, since T'(x) stabilizes
the roots of p4(z).

Thus, if n > 2, the only irreducible factors of P,(z) over Q are the
polynomials pg(x) for which (—d/5) = +1 and 75 € Gal(F1/Q) has order n.
This proves (4.1). O

For use in the following corollary, note that the substitution (X,Y) —
(771, 771) represents an automorphism of the curve g(X,Y) = 0, since

X5Y5g (;{1 ;) =g(X,Y). (4.2)
As in [14], put
(X, Y)=Y?g (X, ;) . (4.3)

In the following corollary, we prove the claim stated in the last paragraph
of [14, p. 1212]. In that paragraph, the polynomial 22 + z — 1 should have
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also been listed along with z,2? 4+ 1 and p4(x) as factors of the resultants
R, (7). As we will see below, however, 22 4+ z — 1 never divides R, ().

Corollary 4.3. Let R, (x) be the (n — 1)-fold iterated resultant
Resy, ((...(Resg, (Resz, (9(x, 1), g(x1,22)), 9g(x2,23)), .oy g1 (Tn—1,))

forn >2. If a # 0 is a root of Rn(fn), then « is either i or a root of some
polynomial pg(x), where py(z) | Ron(x).

Proof. A root o # 0 of Rn(az) satisfies the simultaneous equations

g(Oé, O[l) = g(ala OZQ) == g(an72) Oénfl) = gl(anflva) = 07
for some elements «; in Q, the algebraic closure of Q. Note that a; # 0,
for 1 <i <n —1, because g(X,0) = X°, so that o; = 0 implies o;_1 = 0.
But the definition of g1(X,Y) and the final equation in the above chain
give that g (an,l, _Fl) = 0. Now the identity (4.2) implies, using the above
simultaneous equations, that

-1 -1 -1 -1 -1
g _— — :g —_— — ... :g ,Oé :O
a a1 a1 Qo Op—1

Tacking this chain of equations onto the first chain following the equation
g (an—1,=L) = 0 shows that « is a oot of Ro,(z) = 0. Setting ps(z) = 2%+1
(see below), we only have to verify that « is not a root of z2+xz—1 to conclude
that « is a root of some polynomial py(z), because

Pi(z) = x(z®+1)(z® +2—1) (2 + 234322 —x+1) = 2(2> +2—1)ps(x)pio(z).
For in that case « is either a root of py(x)p19(z) or a root of some P,,(z),

for m > 1. But if o = %‘/5, then « is a fixed point, g(a,y) =0 =y = «,
but

_, 625—-275V5
g1(a, @) = a°g(a,a) = — # 0.
Thus, o cannot be a root of R, (x) for any n > 1. O

Remark. This justifies the claims made in Section 5 of Part II about the
resultant R,(z). In particular, all its irreducible factors are 2 4+ 1 and
polynomials of the form pg(x). This shows also that the polynomial in Ex-
ample 2 of that section (pp. 1210-1211) is indeed p491 (). The computation
of the degree Rg(l’) was in error, however, at the beginning of that exam-
ple. In fact the degree is 250, and there are five factors of degree 12, not
three, as was claimed before: these factors are the polynomials py(z) for
d=31,44,124,211, 331.

Note that the root —i = r (_ 5‘”), s0 p4(z) is the minimal polynomial of
a value 7(w4/5), with wy = —7+i € Q(v/—4) and p2 = (—=2+1i)? | ws. This
justifies the notation py(z). See [7, p. 139].

The following theorem is immediate from Theorem 4.2 and the computa-

tions of Section 2.
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Theorem 4.4. The set of periodic points in Q (or Qs or C) of the multi-
valued algebraic function g(z) defined by the equation g(z,g(z)) = 0 consists
of 0, =155

, and the roots of the polynomials pg(x), for negative discrim-

inants —d satisfying (%d) = +1. Over Q or C the latter values coincide
with the values n = r(wq/5) and their conjugates over Q, where r(T) is the
Rogers-Ramanujan continued fraction and the argument wg € K = Q(v/—d)
satisfies

wq =

v+ v—d
TERK’ @g ‘wda and (N(’U)d),f):].

The fixed points 0, %‘/5 come from the factors z, 22 +  — 1 of the
polynomial P;(z).
Equating degrees in the formula (4.1) yields

deg(Pp(x)) = > 4h(—d), n> 1.
—d€Dy 5

From (2.7) we get the following class number formula.

Theorem 4.5. For n > 1 we have
1 !
Y. h(=d) =353 un/k)s,
—d€Dn 5 k|n

where ®,, 5 has the meaning given in Theorem 1.3.

This proves Theorem 1.3, where the field F7 has been denoted as Fy s,
to indicate its dependence on d. Note that the corresponding formula for
n = 1 reads

> h(—d)=h(—4) + h(-19) =2 = %(5 —1).
—deDi 5

5. Ramanujan’s modular equations for r(7)

In this section we take a slight detour to show how the polynomials
P1d(), poa(z) and pyoq(x) can be computed, if the polynomial py(x) is known.

From Berndt’s book [2, p. 17] we take the following identity relating
u=r(7) and v =r(37):

(v —u®)(1 + uv?) = 3u?. (5.1)
Let
Psy(u,v) = (v —u®)(1 4+ uwv®) — 3u?v?.

This polynomial satisfies the identity

-1
viPy <u, ) = P3(v,u).
v
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The following theorem gives a simple method of calculating pgg(x) from
pa(x).

Theorem 5.1. For any negative discriminant —d = +1 (mod 5), the poly-
nomial pog(x) divides the resultant

Resy(Ps(y, ), pa(y))-

Proof. Let —d = dg f?, where d is the discriminant of K = Q(v/—d). One
of the roots Ofp92d(33) is 7' = r(woq/5), where wyy = Y= Vz_gd € R_gg, 02 | woq
and N (wgq) = “+2¢ is prime to 3f. Let f = 3°f, with (/,3) = 1. For some

integer k, wgg + 25f'k = % V=94 gatisfies v + 50’k = v — 4f'k = 3
mod 9. Furthermore,
25k
o (B = () = ()

Thus, we may assume 3 || v, and then 9 | N(wgq). In that case wg = =52 €
R_g4, where (N(wyg), f) = 1, even when 3 | f. Furthermore, p2 | wg. Hence,
n =r(wg/5) is a root of pg(x). From (5.1) we have

P3(n,n') = P3(r(wq/5), r(wea/5)) = Ps(r(wa/5),r(3wa/5)) = 0.

Hence, 1’ is a root of the resultant, which therefore has its minimal polyno-
mial pg4(x) as a factor. O

Example 1. We compute
Res, (Ps(y, ), pa(y)) = Resy(P3(y, 2), y*+1) = 28425 —62°+92* +-62° +22+1.
Since the latter polynomial is irreducible, the theorem shows that it equals
P36 (2):

p36(z) = 2® + 2% — 625 + 921 + 623 + 2% 4 1.

This verifies once again the entry for d = 36 in Table 1 of [14], which we
used in Example 1 of that paper (p. 1208). In the same way, we compute

Res, (Ps(y, ), p36(y)) = (2% + 1)*(2** — 182% + 81272 — 602* + 5942
+ 10742 + 1182 — 100227 — 26126 4 68822'° 4- 120782
+ 10142 — 185852 — 10142t 4 1207820 — 68822 — 26148
+ 100227 + 1182° — 10742° + 5942 + 6023 4 812% 4 182 + 1)
= pa(z)*psaa(2).
There is also the identity from [2, p. 12] relating u = r(7) and v = r(27):
(v —u?) = (v +u?) - uv®. (5.2)

Setting
Py(u,v) = (v +u?) - uv? — (v —u?),
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we have the following identity, analogous to the identity for Ps(u,v).

-1
V3P (u, > = Pa(v,u).
v
An argument similar to the proof of Theorem 5.1 yields

Theorem 5.2. For any negative discriminant —d = +1 (mod 5), the poly-
nomial pyq(x) divides the resultant

Resy(Pa(y, ), pa(y))-

Proof. Again, let —d = dif?, where di is the discriminant of K =
Q(v/—d). One of the roots of pyg(x) is ' = r(wygq/5), where wyg = LL=2¢ {4d €
R 44, 92 | wag and N(wyq) = % is prime to 2f. Thus, v = 2d + 2 (mod
4). If f is odd, we set

w' = wyq +25f = (%+25f) +vV—=d=1v ++vV—=d.

w'\ | fwyg o (Wad\ _
7"<5>_T<5+5f>_r<5)_”‘
Moreover, v' = § +1 = d (mod 2). Now let wy = “’7/ = %j € R_g4, where
(N(wgq), f) = 1. Then p? | wg and n = r(wy/5) is a root of py(x). From
(5.2) we have

Py(n,n') = Pa(r(wa/5),m(waa/5)) = Pa(r(wa/5),7(2wa/5)) = 0.

Hence, i’ is a root of the resultant, which therefore has its minimal polyno-
mial pyg(z) as a factor.

On the other hand, if f is even, let f = 2°f’, with f’ odd. Then d is even,
so v/2 is odd. In this case we choose k so that

Then,

U/:g—|—25f/]{75

{ommd@,ﬁ4H¢
2

2 (mod 4), if8|d.

With this choice of k£ we have v" = d (mod 2), so letting w’ = v' ++/—d =
wyq + 25f'k and wy = %’, we have wy € R_4 and

N(wq) =

vV2+d _ [4=1(mod?2), if4|ld;
4 |% =1 (mod?2), if8|d.

In either case, we get that (N(wy), f) = 1. We have r(w'/5) = r(w4q/5), as
before, and letting n = r(wg/5) be a root of pg(x), we obtain Py(n,n’) =0
as above, and the assertion of the theorem follows. O
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Example 2. We have

Resy (Pa(y, ), p3s(y)) = (2% + 25 — 62° + 92* + 62% + 22 + 1)
x (210 — 221 4 182 + 242 + 83212 + 782 + 7420 + 402°
+ 92% — 4027 4 7425 — 7825 + 83z — 2423 + 1822 4+ 22 + 1)
= p36(2)praa(z)

and

Resy (Pa(y, ), p1aa(y)) = (2% + 2% — 62° 4+ 92* + 623 + 22 + 1)?
x (3% — 3223 + 586230 — 285627 + 5818x% — 1602%7 — 234082
+ 419642 — 65732 — 63520273 + 64426272 + 127362 — 3874622
— 114642 + 5541628 — 38148217 — 5743210 4 3814821 + 5541624
+ 1146423 — 38746212 — 127362 + 64426210 4 635202° — 657328
— 4196427 — 234082° 4 1602° + 5818z + 285623 4 58622 + 32z + 1)
= p36(7)*psr6(T).

We can use Theorems 5.1 and 5.2 to construct polynomials pg(z) for which
the Conjecture (1) in [14, p. 1199] does not hold. For example, starting with
psi(z) =a® + 2" + 25 — 720 41220 + 7P 42 — 2 41,

applying Theorem 5.2 once gives that

pooa(z) = 2°4 — 223 + 38222 + 36221 4 1662°° + 332'% + 5728 + 22217
+57321% + 16032 4 246524 + 1225213 + 1768212 — 122521
+ 24652 — 16032 + 5732% — 2227 + 572% — 332° + 166z — 362°
+3822 +x+1,

whose discriminant is exactly divisible by 172, in accordance with Conjec-

ture (1). Applying Theorem 5.2 to this polynomial yields the polynomial
ps16(), of degree 48, whose discriminant is exactly divisible by 1740:

disc(pgig(z)) = 2160312052767407 74031244 787981791191122418491854186918;

whereas Conjecture (1) predicts that 1724 should be the power of 17 dividing
disc(pgie(x)).

Note that the period of the roots of psi(x) is 4, whereas the period of the
roots of paga(x) and pgie(x) is 12.

We modify the statement of Conjecture (1) in [14, p. 1199] as follows.

Conjecture 2. If ¢ > 5 is a prime which divides the field discriminant dg
of K = Q(v/—d), then ¢*"=4x) exactly divides disc(pq, ()).
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Now define the polynomial Pr(u,v) by
Pr(u,v) = ubo” + (=70° + D)u’ + Tub® + 7(—0° + v)u® + 35utv?
+ 70" + v*)ud — Tu?0® — (V8 + TP )u — v,
Note that Pr(u,v) satisfies the polynomial identity

-1
Ve Py (u, > = Pr(v,u).
v
From [22, Thm. 3.3] we have the following fact.

Proposition (Yi). The Rogers-Ramanujan continued fraction r(7) satisfies
the equation P;(r(7),r(77)) = 0.

Theorem 5.3. For any negative discriminant —d = +1 (mod 5), the poly-
nomial pyoq(x) divides the resultant

Resy(Pr(y,x), pa(y))-

The proof is the same, mutatis mutandis, as the proof of Theorem 5.1,
on replacing the prime 3 by 7.

Example 3. We compute that
Resy(Pr(y, x), p4(y)) = p1os(z)
= %0 4 1421 + 642! + 84213 — 35212 — 1421t 4 196210
+ 67227 + 102928 — 67227 + 19620 + 1425 — 352*
— 842° + 6422 — 14z + 1.
As a check, note that h(—4 - 7?) = 4 and the discriminant of pjgg(2) is
disc(prog(z)) = 232 - 312. 528 . 714 . 19% . 718,

all of whose prime factors are less than d = 196 = 4 - 72,

6. Periodic points for h(t,u)

6.1. Reduction to periodic points of g(x,y). From [14] the equation

connecting t = X — % and u =Y — % in the function field of the curve

g(X,Y)=0is
h(t,u) = u® — (6 4 5t + 5% + t9)u? + (21 + 5t + 5t 4 £°)u?
— (56 + 30t + 30> + 6t°)u? + (71 + 30t 4 30t + 6t°)u
— 120 — 55t — 55t — 11¢°.
On this curve v =n — % € Qy, with n = r(wq/5), satisfies

ﬂf/@w:z)) |

h(v,v™) =0, 15=
e, e (12
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This yielded the following theorem.

Theorem 6.1. If Q1 is the ring class field of conductor f (relatively prime
to 5) over the field K = Q(v/—d), where —d = d f? and (%d) = +1, then
Qf = K(v), where v =1 — % is a periodic point of the algebraic function
f(z) defined by h(z,§(z)) = 0.
Note the identity
1 1

X°Y5h <X -V - Y) =—g(X,Y)q1(X,Y), (6.1)

where g(X,Y) is given by (2.1) and ¢1(X,Y) is defined in (4.3). Also, recall
that

1 -1 1 -1
X°Y®g (X> =g(X,Y), X°Y5g <X> =qa(X,Y), (6.2

where the second identity is an easy consequence of the first. Using these
facts we can prove the following.

Theorem 6.2. Ifv # —1 is any periodic point of the algebraic function f(z)

in Theorem 6.1, then
1
v=n-—-,
n

for some periodic point 1 of g(z), and v generates a ring class field Qf over
some field K = Q(v/—d), where —d = d f* and (%d) = +1.
Proof. Assume that there exist elements v; for which
h(v,v1) = h(v1,v2) = - -+ = h(vp—1,v) = 0. (6.3)
Since the substitution x =y — % transforms the polynomial
h(z,2) = —(z + 1) (2 + 4)(2* — z + 3)(2* — 22 + 2)(2® + 2 + 5),
(after multiplying by 3°) into the product
(W +y =Dy -y D 207 2y + 1)
x (P + 37 —y+1)
= —(y* +y — Dpa(y)’pur(W)p1s(y)p1a(y),
we may assume n > 2. Set go(X,Y) = g(X,Y) and write v = n — % and
v =M — % By (6.1), equation (6.3) is equivalent to a set of simultaneous
equations
i (1,m) = gin (M, m2) = -+ = giy(Mn—-1,m) = 0, (6.4)
where each i, = 0 or 1. Using the same idea as in the proof of Corollary 4.3,

we will transform this set of equations into a set of equations which only
involve the polynomial g = gg. Assume first that iy = 1. Then

-1
0= 91(777771) =g <777 > .
m
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Now we use (6.2) to rewrite the remaining equations, so that we have

-1 -1 -1 -1 -1
0:g nW—1=Gix\ —>— | = =G, PR
m m n2 -1 7

with the same subscripts 4, for » > 2, as before. Now assume we have
transformed the first £k — 1 equations so that only the polynomial g(X,Y)
appears. Then, on renaming the elements ingﬂ as 1;, we have the simulta-
neous equations

0=g(mm)="-=g0m—2,m1) = gi (M—1,M) = - = gins (M1, 7).
If i, = 0 we replace k by k+1 and continue. If i, = 1 we replace g;, (k—1, k)

by g(nk—1,—1/n) and use (6.2) to replace 7, in the remaining equations by
—1/ny,r > k. Then, on renaming the n’s again, we get a chain of equations

0=gmm)="=gM—1,05) =+ = gin, (M1, E=").

Thus, by induction, we see that (6.4) is equivalent to a chain of equations

0=g(mm)="= g1, xn"")

only involving the polynomial g. If the final n is simply n, then 7 is a periodic
point of g having period n. On the other hand, if the final 1 appearing in
these equations is —n~!, then we use the same argument as in Corollary 4.3
to show that 7 is a periodic point of period 2n. Then we know 7 is not 0 or a
root of 22 +x — 1, and therefore must be a root of some py(z). By Theorem
6.1, this implies that K(v) = Qf, for K = Q(v/—d) and —d = d f?. This

proves the theorem. O

Taken together, Theorems 6.1 and 6.2 verify Conjecture 1(b) of Part I for
the case p = 5. To verify Conjecture 1(a), we define the function

1 2+ V22 +4

TS(Z) = T5(77) - T5(77)’ n 9

We can also write

To(x) = doTr067(2), dlz) =2 -,

z
where ¢~ 1(2) € {ZEVEH V222+4} is two-valued. Since

(2,T5(2) =0 = T

g y 45 - g P 7T5(Z) -

it follows from Proposition 3.2 that

-1 -1
Ts (z) =T for z € Ds N {z: [z]5 = 1}

Since the two solutions (), n(=) of ¢(n*)) = z satisty n(F)n(=) = —1, the
value taken for ¢~1(2) does not affect the value of T5(z). In other words,
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we have the symmetric formula

_ z+Vz22+4
Ts(z) = Ts(n™) + T5(n ), &) ==

Then from T5(nt)) - T5(n(~)) = —1 and (3.3) it follows that T5(z) € (D5 N
{z : |z|5 = 1}), which implies that
zE V22 +4

T2(2) = T2 (™)) + TR (), n > 1, n™*) = ;

Furthermore, g(z,T5(z)) = 0 implies that

h(z = 1/2,Ts(z — 1/2)) = —g(2, T5(2))g1(2, T5(2)) = 0.
We deduce the following.

Theorem 6.3. For any negative discriminant —d = dg f? with (%d) = +1,
and for n = r(wq/5), as in Part II, the h(—d) distinct conjugate values

1
v =n" — 77—7, T € Gal(F1/K),

lying in the ring class field Qf of K = Q(v/'—d), are periodic points of the
5-adic algebraic function Ts(z) in the 5-adic domain

Ds = ¢(DsN{z € Ky : |2]5 = 1}).

The period of v™ is equal to the order of the automorphism 75 = (Qf/K).

5

Proof. This is immediate from
1 1 1
™) = [—— e ) — — 775 _ ), TT:
T5('U )—TS <77 77T> = T5(77 ) T5(7’]7—) =1 g 7777'5 =v 57
where the third equality above follows from ¢g(n™,n"™) = 0. The fact that
the period is the order of 7 is a consequence of the fact that Q(v) = Q0 and

that
F/K )
5 '

s = Tsla,, T5= (
([

Corollary 6.4. Conjecture 1(a) of [13] holds for the prime p = 5: Every
ring class field QO over K = Q(v/—d), with (%d) =41 and (f,5) =1, is
generated over Q by a periodic point of the 5-adic algebraic function Ts(2)
which is contained in the domain Ds = ¢(Ds N {z € Ks : |25 = 1}) C Ks.

Note: it is clear that T5(Ds) C Ds, since Ts(z) maps the set Ds N {z €
Ks : |z]s = 1} into itself, by Corollary 3.3 and equation (3.3).

The values v™ and their complex conjugates coincide with the roots of the
polynomial ¢4(x), for which

1
2=, (z - x) =p4(x), d>4. (6.5)



814 PATRICK MORTON

Theorem 6.2 shows that every periodic point v # —1,42i of f(z) is a root
of some polynomial t4(x) with d > 4.

6.2. Deuring’s class number formula. Let
SW(t, ) == h(t,t1) =4t + D*(° — 1) (mod 5)
and
S™ (¢ t,) := Resultant,, (ST V(t,t, 1), h(tn_1,tn)), n > 2.

Then it follows by induction that

SO (¢ t,) = 4ty + 1) 1" — t,) (mod 5), n> 1.
Hence, the polynomial S, (t) := S (t,t) satisfies the congruence

Sn(t) =4t +1)>" 71" — ) (mod 5). (6.6)
It follows that
deg(Sp(t)) =2-5"—1, n>1

(See the Lemma on pp. 727-728 of Part I, [13].)
Let L(z) = =4, Then

z+1
1 —z?+4z+1 1
Ller—=-)=""T"""T" _7(g) - ——
<$ x) w2 +x—1 (=) T(z)’
and we have the identity
(z+1)°(y + 1)°h(L(2), L(y)) = 5°h(y, ). (6.7)
Moreover,
5
L 1= . 6.8
() +1=—— (638)

Using (6.6), (6.7) and (6.8), it follows by the same reasoning as in Section
2 that S, (z) has distinct roots and that

Qu(z) = [ [ Su(x)*/M (6.9)
kln

is a polynomial. Furthermore, all of the roots of Q,(x) lie in Ks. From
Theorem 6.3 we see that the polynomial t4(z) divides Q,(x) whenever the
automorphism 75 has order n, and from Theorem 6.2, we see that these are
the only irreducible factors of Q,(z) over Q. This gives

Theorem 6.5. For n > 1, the polynomial Q,(x) is given by the product

Qn(x):i H td($)7

—dea’Y

where tq(x) is defined by (6.5) and 2P is the set of negative quadratic
discriminants —d with (%d) = +1, for which the automorphism 75 4 = 75 =

(Q{p/sK) has order n in Gal(Qdy/K), the Galois group of the ring class field

Qy over K = Q(v/—d).
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For Q(z) we have the factorization
Quz)= —(z+ D22+ )@ -z +3) (2 —22+2) (2> + 2 +5)
= — ({L‘ + 1)t4(1’)t11(iU)th({E)tlg(l‘),

where t4(x) satisfies
1
2ty <:17 — x) = (2% +1)? = py(x)*.

Since deg(tq(z)) = 2h(—d), Theorem 6.3 shows that half of the roots of ¢4(x)
lie in the domain Dg, while the other roots & satisfy £ = —1 (mod 5) in Ks,
a fact which follows from (6.7) and (6.8). Also see eq. (32) in [14].

The fact that deg(tq4(x)) = 2h(—d) now implies the following class number
formula.

Corollary 6.6. For n > 1 we have

> h(=d) =) uln/k)5".

—ded? kln

This formula is equivalent to Deuring’s formula for the prime p = 5 from
[5], [6], as in [16].
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