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Zero Products of Toeplitz operators on the
Hardy and Bergman spaces over an annulus

Susmita Das and E. K. Narayanan

ABSTRACT. We study the zero product problem of Toeplitz operators on the
Hardy space and Bergman space over an annulus. Assuming a condition on
the Fourier expansion of the symbols, we show that there are no zero divisors
in the class of Toeplitz operators on the Hardy space of the annulus. Using the
reduction theorem due to Abrahamse, we characterize compact Hankel op-
erators on the Hardy space of the annulus, which also leads to a zero product
result. Similar results are proved for the Bergman space over the annulus.
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1. Introduction

Let D be the open unit disc in C and H?(D) be the Hardy space over D. For
@ € L®(T) (where T is the unit circle), the Toeplitz operator T, with symbol ¢
is defined to be

quf =P (@f )

where P is the orthogonal projection from L?(T) onto H*(D). The algebraic
properties of these operators were studied by Brown and Halmos in their sem-
inal paper [4]. Among other results, one of the important results they estab-
lished was that there are no zero divisors for the class of Toeplitz operators. In
other words, if T,Ty =0, then either ¢ or ¥ is identically zero. This result has
attracted a lot of attention in the past. In particular, there have been attempts
to extend this result to other spaces, like the Bergman space over the D, and
to spaces over domains in higher dimensions. See, for example, [5] [6] and [7].
Interestingly, the zero product theorem for the Bergman space in full generality
is still open even for the unit disc. In [2], Ahern and Cuckovi¢ proved that if
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the symbols are bounded harmonic functions on the disc, then the zero product
theorem is true. Notice that if ¢ is a bounded function on D, it admits a polar
decomposition

§0(}"€i9) — Z ¢k(r) eike’

k=—o00

where ¢ (r) are the Fourier coefficients of the function e® — ¢(re®). A zero
product theorem for Toeplitz operators on the Bergman space over the disc was
proved in [11] under some assumptions on the polar decomposition of one of
the symbols. More precisely, assume that ) € L*(D) and ¢ € L*(D), with the
polar decomposition

N
pre®) = D, pi(r) e
k=—o0
where N is a positive integer. Assume that n, is the smallest integer such that
on(2n+ N +2) # 0 for all n > ny, where @y is the Mellin transform defined by

1
on(2) =/ pn(r) ¥t dr,
0

then Ty T, = 0 implies § = 0.

Our aim in this paper is to prove similar results for the Toeplitz operators
defined on the Hardy space and the Bergman space over the annulus

A=Ag={z€C: R<|z| <1}

While we follow the methods in [11], we also bring in a powerful theorem,
namely the reduction theorem due to Abrahamse [1], to deal with these ques-
tions. The reduction theorem allows us to reduce some of the problems for
Toeplitz operators on general multi-connected domains to that of the unit disc.
Crucially, using this theorem we also provide a characterization of the com-
pactness of Hankel operators on the annulus, thus establishing an analogue of
Hartman’s theorem.

To state the main results of the paper we begin by recalling the Hardy space
over A = Ajp ={z € C . R < |z| < 1}, and some necessary details. This
space was introduced and studied in detail by Sarason in [13]. We denote by
0A the boundary of the annulus A. Then A = C U C,, where C = {z €
C :|z| = 1}and Cy = {z € C : |z| = R}. While viewing the unit circle
as a boundary component of the annulus, we use C and otherwise we use the
standard notation T. To define the Hardy space H?(3A) as a subspace of L?(3 A),
we need to introduce the measure, norm, and inner product on L(6A).

Definition 1.1. A subset E of 0A is called measurable if {a €[0,27) : e* € E}
and {b € [0,27) : Re'® € E} are both Borel subsets of R.
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Let o be the measure defined on 0A obtained by summing the Lebesgue mea-
sure on each component of dA and normalised so that (6A) = 2. More pre-
cisely, for E C A measurable, we define

o(E) = %((,u{a €[0.27) : ¢ € E}) + (uib € [0,27) : Re € E})),

where u denotes the Lebesgue measure on R.
With this measure o, we will define the space L?(A), as the space of all o-
measurable square integrable functions as follows:
L*(0A) ={f : 0A —> C : ||fllsa < oo}

where
27
1

27
I8, = 57 [ IrePae o [ 1rmepae,

and for f, g € L?(3A), the corresponding inner product is given by

(frg)on = f fgdo
0A

1 27 1 2
- L fo Fle et + = fo F(Reg(ReVd:.

The Hardy space H?(3A) is deﬁrEd to be the closure in L?>(3A) of rational
functions on C, having no poles in A. Recall that (see [10]), the set {e,(2)},c7
forms an orthonormal basis for H2(6A) where

e (2) = —— 2" 7€ 3A. )

V1+ R

The orthogonal complement of H2(3A) in L*(8A) (see [10]) is the closed sub-
space, span{f,,n € Z}, where the functions f, are defined by

R, .

=__zn, if|z] =1
)= ——2 if |z| @
" R\/;Tz”, if |z| = R.

n + n

To study the Toeplitz operator Ty on H 2(0A), we need the following defini-
tion of Fourier coefficients of f for the outer and inner components C and C,,
respectively of A.

Definition 1.2. Let f € L*(3A). For n € Z, the n-th pair of Fourier coefficients
of f denoted by fc(n) and f¢ (n) respectively and are defined by

e 1 27
Fam =5 [ fenemar
0

27
fom = % f F(Reityeintds.
0
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Let Py denote the orthogonal projection of L?(dA) onto H*(9A). For [ €
L*®(3A), the Toeplitz operator T; : H*(A) — H?*(3A) is defined by T/h =
Pr(fh), for all h € H?(dA). We have the following zero product theorem for
Toeplitz operators on H2(dA). See Section 2 for a proof.

Theorem 1.3. Let g(re'®) = ij:_oo 2. (re*® and f(re®) = ij:_oo Fr()ek®,
forr =R,1and N,N' € Z, be two functions of L°(0A). Then T Ty = 0 implies
f=0o0rg=0.

Our next theorem is a characterization of compact Hankel operators on the
annulus, which uses the reduction theorem due to Abrahamse. The reduction
theorem is a powerful tool which connects Toeplitz operators on the Hardy
space over a multiply connected domain to Toeplitz operators on the direct sum
of copies of H?(D) modulo compact operators. We prove a characterization of
compact Hankel operators on the annulus using the reduction theorem and
deduce a zero product theorem for Toeplitz operators.

Let the domain D stand for D or A,  and let 3D be its boundary. Let ¢ €
L®(@D) and Py : L?>(dD) — H?(dD) be the orthogonal projection. Then the
Hankel operator Hy, with symbol ¢ is defined by Hy : H3(D) — H*(8D)™,

Hy(f)=U —Pr)pf, forallfe H?*(0D).
In Section 3, we prove an analogue of Hartman’s theorem, characterizing com-
pact Hankel operators. For ¢ € L®(0A), let ¢-(z) = ¢(z) for z € T, and
¢c,(2) = p(R/z) forz € T.
Theorem 1.4. The operator Hy : H?(0A) — H?*(QA)* with ¢ € L®(3A) is
compact if and only if the functions ¢¢, o, € H* + C.

As an immediate corollary, we deduce a zero product theorem. See Section
3 for the proof.

Theorem 1.5. Let ¢, € L*(0A) be such thatac and ECO (oryc andpc,) belong
to H® + C. Then TyTy, = 0 on H*(3A), ifand only if ¢ = 0 or g = 0.

Next, we move on to a similar problem on the Bergman space on the annulus.
Recall that, the Bergman space B*(A, ) is the space of all square integrable
holomorphic functions on A, i.e.,

B*(A,g) ={f : ALg = C, holomorphic and / |f(2)|? dA(z) < oo},

AR
where dA(z) = dxdy is the area measure. For f,g € B*(A, ), the norm and
inner product of the space are given by

T fA F@IPdAR),

1R
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o - f(g)g(z)dA(z).

It is easy to see that B%(A, ) is a closed subspace of L*(A, i, dA). Let L(A, r)
denote the algebra of all essentially bounded functions on A, and Ppz(4, )
be the orthogonal projection from L?(A; ) onto B*(4, z). Corresponding to
f € L®(A; ), the Toeplitz operator Ty : B*(A;g) — B*(A;y) is defined by
Trp = Ppy AI,R)( f®). For Toeplitz operators on B*(A, ), we prove the following
zero product theorem in Section 4.

Theorem 1.6. Let f,g € L*(A, ) such that f(re®) = Zf:_oo fe()e*® and

g(rel®) = Zg:_oo g, (Ne*® for some M,N € Z. Assumen, € Z to be the smallest
integer such that gy(2n + N + 2) # 0 (where gy is the Mellin transform of gy) for
alln > ny. If TyTg = O then f = 0.

f> g>BZ(A1_R) =

2. Toeplitz operators on H%(3A)

In this section, we prove Theorem 1.3. Recall that, for f € L®(3A), the
Toeplitz operator T s is defined on H*(3A) by T¢h = Pi(fh),forallh € H*(3A)
where Py, is the orthogonal projection from L*(3A) onto H2(3A).

For f € L*(dA), T is always bounded ([10]). A simple computation reveals
([10], page 51),

(T ek e))on = - (Feli =)+ R -K). ()
V1 + R24/1 + R
Equation (3) helps us to write the matrix representation [T ;] of the Toeplitz

operator Ty with respect to the orthonormal basis {e,,},cz on H 2(0A). Indeed,
[T¢]= [aj,k];?"k:_oo is the following matrx:

Fc©+R™7c, (0) 4 . . .
e 421 -2,0 -2,1 -22
a fe©@+R2fc,(0) a a a
—1,-2 1+R-2 N —1/,0\ —-1,1 —1,2
FeO)+7cy©) .
Qo,—2 Qo1 - Qo1 Qo2 N K
Fc(0)+R?fc, (0)
a,— a,—1 aio R - a1,2/\
Fe@+R*Fcy(0)
az—2 a1 azo a1 BT
where 1
aji = : (feG = k) + R fe,(j = k). €y
V1 + R24/1 + R
. .. . Fe(@+R¥ fc (0
Forn € Z,werefer to the subdiagonal containing the entries a, , = %

as the main diagonal of [T s ]. Based on this matrix representation, we now prove
the following lemma:
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Lemma 2.1. T is zero if and only if any two columns of [T ] are zero.

Proof. It suffices to prove the “if" part. Let p € Z, and C,, denote p-th column
(that is the column whose entries are ayp, N € Z). Forp € Z, let D, denote
the p-th subdiagonal (that is the subdiagonal whose entries are a,, ., ,) of [T].
Now, consider two columns C, and C of [T f] forr # s. Then, foreachn € Z,
there exist m,t € Z such thata,,, € D, N C, and a,; € D, N C, such that

m-—r=t—s=n
and by (4), we can write
1

mr = fe(m) + R™ f (n),
‘ \/1+R2m\/1+R2r(fC " e )
and

0, . (Fa(n) + R Fo (m).

V1+R24/1 + R
Since r # s, we have m + r # ¢ + s, and since a,,, = a;; = 0, we get from
the above that f;(n) = f/c\o(n) = 0 foreverynandso f = 0. O

Remark 2.2. Clearly, similar proof works if any two rows are zero.
Now, we are ready to prove Theorem 1.3.

Proof. Let g # 0 and assume without loss of generality, at least one of the
Fourier coefficients gc(N) or g¢ (N) is nonzero. Then, with respect to {e,},cz,
the matrix [T, ] of T has an upper triangular form, as the (j, k)-thentry a;, isa
combination of g¢(j—k) and g¢, (j—k) which is zero provided j—k > N. Notice
that the first nonzero subdiagonal from the bottom left corner has entries

| G(N) + R (N)

A

V1+R2m\[1 4+ R2n
with N = m — n. Moreover, in this subdiagonal, a,, , can vanish at most at one
position. Because, if there exist distinct (m,, n,), (my, n,) such that a,, , =
A, n, = 0, where m, = m; + k; and n, = n; + k; for some k;(# 0) € Z, then

gc(N) + R™MTMga (N) = 0 (5)
gc(N) + R™* g (N) = 0. (6)

Since m, +n, = my +n, +2k; # m; +ny, itfollows that go(N) = g¢ (N) =0,
which contradicts our assumption. Hence, we can choose n, € N such that,

gc(N) + R*"Nga (N) #0  foralln > n,. (7)
Now, for any n € Z (using the equation (4) for g),

ge(N) + R2"+NgAc0(N>Zn+N . Nf golk) + R*"*egg, (k)
1+ R2(n+N)) a1+ Rz(n+k))

k=—o0

Tg(z") = Zkn.(8)
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Let T¢T, = 0. Then for all n € Z, the equation (8) reduces to

o(N) + R2”+Ng/EO(N)T (V)4 Ni go(k) + R ge (k)
(1 4+ R2n+N)) f (1 + R+

k=—c0

Tz =0 (9)

Then for n = n,, the relation (7) and equation (9) together yield
T(z™*N) € span{T ;(2"0*N 1), T (20N =2), .} (10)
Similarly, for n = n, + 1 it follows by (7) and (9)
Tp(z™*NH) € spanf{T p(2"0*N), T (20N =1), T (20N 72), ..}, (11)
and further (10) and (11) together imply
T (z*N+1) € Span{T (2"t =1), T p(z0+N=2), .}, (12)
Claim: For [ > 0,

Ty(z"0tN*t) € "span{T ;(zN=1), T p(z"0N2), .}, (13)

We prove the claim by induction on I > 0. The proof when | = 0,1 follows by
the equations (10) and (12). For the induction step, assume the claim to be true
for all 0 < I < m, for some m > 2. Then for [ = m, it follows by (7), and (9)

Tf(z"0+N+’") S W{Tf(z”O“LN“L’”_l), . Tf(z"0+N), Tf(z"0+N_1), ) (14)
and hence the claim follows as by the induction hypothesis,
Tf(zn0+N+m—1)’ o Tf(Zn0+N) c W{Tf(zn(ﬁN—l), Tf(ZnO+N—2), s
Suppose f # 0 (equivalently, Ty # 0). Then
Span{T (270N ), Tp(z"0N2), .} # 0,
otherwise the matrix of T will have two columns equal to zero implying f = 0

(see Lemma 2.1). Since f # 0, there exists an integer k, < N’ such that at
least one of f (ko) or f¢ (ko) is nonzero. Note that the matrix of T, also has

an upper triangular form, and the subdiagonal involving f;(ko), fc\o(ko) can
vanish at most at one position. Since

N k)+R2n+k/\ k)
Tf(Zn): Z fC( fCO(
1 4+ R2(n+k)

k=—o0

Zk+n’ (15)

we have
W{Tf(zn(ﬁN—l)’ Tf(Z”0+N_2), = W{Z”O"'N"'N,_l, Zn0+N+N’—2, .} (16)
Now corresponding to ky, there exists n such that
ng, >ng+N and m +ky>ng+N+N -1
By (15), we can write

.\ Felko) + Rznk°+k°fco(ko)z
1 + R, tko)

ngtko 4oL ... ] (17)
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More generally (again by (15)), for all I > 1

+ fz(ko) + RZ(nkOH,HkOfgo(ko)z

T f(znk0+l Y= e TR gt +ko 4L . (18)
Clearly, for any I’ > 1
ng, +ko+1 >n +ky>ng+N+N —1. (19)
Now (13) and (15)—(19) altogether imply
Felko) + BP0 fe (k) = 0 (20)
Felko) + R¥Mot Mo fo (k) = o, (21)

which yield ]/”E(ko) = fco(ko) = 0, contradicting our assumption. Hence, we
must have f = 0.

For the other case, assume T Ty =0 and f is nonzero. If g # 0, then as we
have just shown, f must be zero—which is a contradiction. Hence, g must be
Zero. O

3. Compactness of Hankel operators

In this section, we prove Theorem 1.4 and Theorem 1.5. We begin with the
following lemma (see Lemma 2.18 in [1]).

Lemma 3.1. If ¢ € L*®(0A) vanishes on a set of positive measure, but is not
identically zero, then Ker T, =0.

With the help of above lemma, we now prove the following result which will
be used later.

Lemma 3.2. Let 3 € L*(0A) and TyTy, = 0. If ¢ = O on a set B C 0A of
positive measure, then either ¢ or 1 is identically zero.

Proof. If $3p = 0 on B C JA with o(B) > 0, then there exists B" C B with
o(B’) > 0 such that at least one of ¢ or 3 vanishes on B’. Two cases can arise:
Case1: ¢ = 0on B'. If ¢ # 0 on dA, then by Lemma 3.1, ker Ty = {0}. Now
T4Ty = 0implies RanTy C kerT, = {0}. Hence, Ty = 0 and consequently
p =0.
Case 2: = 0 on B'. Since (TyTy)" = TyTj, it follows by case 1, p=¢=
0. O

For the domain D either D or A, we know that for ¢ € L*°(9D), the Hankel
operator Hy is bounded. We need the following lemma from [14] (see Lemma
1in [14] ) and [10] (see the proof of Lemma 3.2.1 in [10]).

Lemma 3.3. For ¢,1 € L*(0D), Tgy = TyTy + H%Hz/,.

We also need the following theorem of Hartman (see [9] and [3]) on compact
Hankel operators for the disc, which will be used.
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Theorem 3.4. H; : H*(D) — H*(D)* is compact if and only if ¢ € H® + C on
T, where

H*+C={f+g: feH*)geC()
C(T) being the set of all continuous functions on T.

Now, we move towards proving the main results using the reduction theo-
rem. To state the reduction theorem, we briefly recall the settings in [1] (see Part
III). As earlier, let A = A, ¢ stand for the annulus {z : R < |z| < 1}. Boundary,
JA consist of the two circlesC = {z : |z| = 1}and C, = {z : |z| = R}. Interior
of C is the unit disc D, and let us denote the exterior of C,, including the point
oo by Dy. Thus Dy = {z : |z| > R} U {oo}. Then, by the Caratheodory exten-
sion of the Riemann mapping theorem, we get two homeomorphisms 7 and
o, mapping D U T onto D U C and D, U C respectively, which are conformal
equivalences between the interiors. Clearly, we can take

n(z) = z, and my(z) = R/z.
Associated with the function ¢ € L*(JA) are the functions ¢-(z) = pom(z) =
¢(z) and ¢ (z) = pomy(z) = $(R/z), in L*(T). The reduction theorem relates
the Toeplitz operator Ty with the Toeplitz operators T, and T’y e, ON H?(D). Let
J(H?*(3A)) be the C*-algebra generated by {Ts : ¢ € L*(3A)}, and let J(H*(D))
be the C*-algebra on H*(D) generated by {T ¢+ f € L®(T)}. For any Hilbert
space J(, let B(J() be the Banach algebra of all bounded operators, K (F) be the
closed ideal of compact operators, and for T € B(F'), [T] be the coset T+K (F().
Two operators S and T in the same coset are said to be equivalent modulo the

compact operators, denoted S = T. We now state the reduction theorem for
Toeplitz operators on annulus as follows ([1], see Theorem 3.1):

Theorem 3.5. There is a x-isometric isomorphism between the C*-algebras
I(H*(0A))/K(H?*(0A)) and I(H*(D))/ K (H*(D)) & I(H*(D))/ K (H*(D))
which takes [Tg4] to [T4.] ® [Ty co]'

To prove the main results of this section, we need some lemmas.

— 2R" 1-R2"
Lemma 3.6. ¢, = —¢_, + mf‘" on L*(0A).

Proof. Since the set {e,, [, },ez is an orthonormal basis of L*(0A), it follows
foranyn € Z,

a = Z <a’ em)dA em + Z (5, fm)dA fm- (22)

meZ meZ
The proof now follows by a direct computation after substituting e,, and f,,
(from (1), (2)) in the above relation (22). ([

Lemma 3.7. For ¢, € L*(0A),
[Teyl = [Tg oy ] ® [Ty ye,]
if and only ifH;_Hd,C and H;—Hnbco are compact.
c Co
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Proof. Note that, for ¢,1 € L*(dA) we have ¢¢, ¢¢,, P, Pc, € L*(T). By
Theorem 3.5 above

[Tyl — [Te 1@ [Ty, 1, [Tyl — [Ty 1@ [Ty, |and

[Tel[Ty] = [TeTy] = [Ty Ty 1 @ [Te, Ty, |- (23)
By Lemma 3.3, the relation (23) further reduces to
[TeTy] = [Tocye = Hy-Hyc I @ [Toepye, - H;TOH¢C°]' 24

Again for Ty, with ¢,9 € L®(3A), [Tyl = [Tgy) ] © [T(gy) CO] (by Theorem
3.5) and hence

[Topl = [Toeyc ] & [Tgeype, (25)
where the second relation follows from (¢)c = ¢ctpc, and (¢P)c, = P, Pc,-
Now by (24) and (25), [T4Ty] = [T4y] if and only ifH;_CH¢C and H;TOH¢CO are

compact. ]

To achieve our goal, we now investigate the compactness of the Hankel op-
erators on A; g. Recall that the boundary dA of A  consist of the circles C and
C,with D and D, being corresponding interior, and exterior including the point
at oo respectively.

Let A and A, be the algebra of continuous functions on D U C and D, U C
which are holomorphic in D and D, respectively. Also, let Y and Y, be the
closure of A and A, in L?(C) and L?(C,) respectively. Clearly, Y = H?(C) and
Y, = H?(C,). Since L*(C),L*(C,) C L*(A) are closed, the subspaces Y, and
Y, are also closed in L*(3A). Note that, L2(0A) = H*(0A) @ H*(dA)* and for
¢ € L*®(8A), Hy : H*(9A) - H*(3A)"* is compact if and only if the operator

Hy= (1%5 8) on H2(0A) @ H?*(dA)* is compact. Note by Lemma 3.10 in [1],

H?(A) = Y + Y, and hence by Lemma 3.9 in [1], ﬁ; is compact if ﬁ;PY and

ﬁ;PYO are compact, where Py, Py, are orthogonal projections of L*(dA)onto Y

and Y, respectively. This is equivalent to HyPy and HyPy, being compact.
For ¢ € L*(0A), porm,porry € L*(T) and so one can consider the Hankel

operators HI Y - YH(=L*(C)B Y)and H;O 1Yy = Yi(= LA(Cy) © Yy)

defined byHg(f) =Pyi¢pf,fEY andH;/O(g) = PY0i¢gg €Yy PyJ_,Py(J)_ being
the orthogonal projections of L?(C), L?*(C,) onto Y+ and Y(f respectively. Our
goal is to relate the components HyPy, HyPy, with HZ and H;O respectively

and find the criteria for compactness of H;f and HIO.

Yo

Lemma3.8. H s

and H; arecompactifand only if o, and ¢ belong to H* +C.

Proof. We will deal with the components HyPy,, and H;," only, as HyPy, H;’

can be dealt with exactly in the same way. Corresponding to the homeomor-
phisms 7, 7, define the maps 7 and 77, from L?(C) and L?(C,) respectively to
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LA(T) by Z(f) = fom and 7o(g) = gom. Then {0~ '},cz and {€, 07 }nez
form orthonormal bases for L?(C) and L?(C,) respectively, where {¢; },c7, with
¢,(z) = z", z € T, is the standard orthonormal basis for L>(T). Note that,
the sets {¢,07™ '}, , and {€ o7y ez, form orthonormal bases for Y and Y,
respectively.

Letus define U : Y+ — H*(D)* and U, : Y; — H*(D)* by

U( Y, (f, romepon ™) = D (fom, )6, fEY (26)

n<-1 n<-1
Uo( D) (f, epomygheponyt) = > (fomp,é)én, fEYy — (27)
n<-1 n<-1

Clearly, U and U, are unitary maps. We show that the following diagram is
commutative.

Y, —% HX(D)
H;O J/Hqsco (=Hgor,)

L _W 2L

Y: —% HA(D)

Indeed, for f € Y, 7o(f) = fory = f (say), and hence

H' % () = H}'(f) = Py 1 (6f). (28)
Since {6,075 '},<_; is an orthonormal basis of Y,
Prp @D = 3 @ Gom Nromy'. (29)
By equations (27), (28) and (29), o
UpH,'%5 (f) = n;1<(¢f)°7ro, &), (30)

Since ¢ fory = (pomy)(fomy) and pomy = ¢c,, (30) becomes

Yom1, & P\~ x
UOH¢07T0 (f) = Z <¢C0f’ en>en = H¢C0(f)- (31)

n<-1
Since U, and 7?“0_1 are invertible, by (31) H:‘) is compact if and only if H, o 1
compact, which is, by the result of Hartman (see Theorem 3.4) equivalent to
¢c, € H* + C.

O

We now establish the following relation between Hy Py, , HyPy and H I", H ;
Lemma 3.9. HyPy, is compact if and only if H;O is compact. HyPy is compact

if and only ifH; is compact.
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Proof. We will prove the first statement. The second one can be proved simi-
larly. Note that, ¢ € L*(3A) implies ¢ € L*(C,) and recall

LX(Cy) =Y, ® Y} = H*(Cy) ® H*(Co)* € H*(0A) @ H*(3A)*.
Then for f € Yy and ¢ € L®(0A), ¢f € L*(C,) and one can write
¢f=y,®y, forsomey, €Y, )y, € Yol. (32)

Again,as Yy C HX(3A)®H?(8A)", there existx; € H*(3A)and x, € H*(3A)*
such that

H;Of =Y, =X D x;. (33)
On the other hand, for the same f in Y, it follows by equation (32)
HyPy (f) = Hy(f) = Prpaay () = Przgay (V1 @ ¥2)- (34)
Since y; € Y, € H2(dA), equations (33) and (34) together imply
H¢PY0(f) = X, (35)
and finally by (33) and (35)
P A)lH:O = HyPy,. (36)
Note that, HIO can be decomposed as
Y, Y, Y,
H¢0 =PH2(6A)H¢0 ®PH2(5A)lH¢O' (37)

We now show that the component Py 4 A)HZO can be written as the product

TP A)LH:O, for some suitable T : H?(dA)* — H?(0A). Then the conclusion
of the theorem will follow by (36) and (37).

Since y, € Yy = L*(Co)©H?(Cy), we have y,om, € H*(D)* (see the diagram
above) and hence y,omr, € H%(D). Since 7, is a homeomorphism, y, € Y, C
H?(0A) and one can write

V2= D (V2 endrzeaen: (38)
nez
where {e,,},c7 is as in (1). Then by (33) and (38)
— — Y,
Yo = Z <ena y2>L2(6A)en = H¢Of- (39)
nez

Clearly by Lemma 3.6 , the equation (39) further reduces to
1-R™

— 2R"
y2 = é(eni y2>L2(6A)[1 + Rzn e—n + 1 + Rz"f—n]- (40)
Again by (39) and (40),

2R"

m )e_n , and (41)

Y, —
PraeamHy'f = Pragayys = Z(en’y2>L2(aA)(

nezZ
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1_R2n

Y, _
PHZ(BA)lH¢0f = Prp@gayys = Igz(en,yzhz(am(m)f_n. (42)
Let us now define T : H?>(dA)* — H?*(3A) by
2R"
f—n — me_n, foralln € Z. (43)

ThenwehaveT = T,T;,whereT; : H>(A)* — H*(0A)tand T, : H>(0A)*+ —
H?(3A) are defined by

2R"
Tl(fn) = mfn foralln € Z,
and T,(f,) = e, Vn € Z. Then by (41), (42), and (43)
Y, Y,
PreamyHy'f = Praayys = TP Y2 = TP2oa Hy' f - (44)
Since f € Y, is arbitrary, we finally have
Y, Y,
PHZ(aA)H¢O = TPHZ(aA)J_H¢O. (45)

O

Note that T, and T in the above proof are compact. As we mentioned earlier,
one can proceed similarly to conclude that HyPy is compact if and only if Hg

is compact. Now, we are in a position to complete the proof of Theorem 1.4.

Proof. We know that Hy is compact if and only if HyPy and HgPy, are com-
pact. This, by Lemma 3.9, is equivalent to the compactness of H;O and Hg. By
Lemma 3.8, this is equivalent to ¢, and ¢¢ belonging to H* + C. (]

The proof of Theorem 1.5 is now easy.

Proof. Assume that ¢ and ¢ are as in the statement of Theorem 1.5. If Ty T, =
0, it follows from Lemma 3.7 that Ty, is compact. Since the only compact
Toeplitz operators on the Hardy space over any domain are the zero operators
([1], Corollary 2.12), we have ¢p = 0 on A and further by Lemma 3.2, either
¢=0o0ry =0. ]

4. Toeplitz operators on the Bergman space of the annulus

Recall that, the Bergman space B%(A ) is the space of all square integrable
holomorphic functionson A, i.e.,

B*(A,r) ={f : A1z — C, holomorphic and f |f(2)]? dA(z) < oo},
AI,R
where dA(z) = dxdy is the area measure. For f,g € B*(A, z), the norm and
inner product of the space are given by

T— fA F@IPdAR),

1R
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o - f(g)g(z)dA(z).

It is well-known that B(A; g) is a closed subspace of L*(A; g, dA) and an or-
thonormal basis of the space is given by the following lemma.

f> g>BZ(A1_R) =

Lemma 4.1. The set{ 13?2;131) Z"}ez\(-1} U{ )1/2 } is an orthonormal basis
of B(Ay p)-
Proof. Follows by an easy and straightforward computation. O

We now introduce the Mellin transform, radial, and quasi-homogeneous func-
tions that will be useful in our context.

Definition 4.2. The Mellin transform f of of a function f € L ([R,1],rdr) is
defined by

1
mhffWHw
R

In fact, the Mellin transform is defined for suitable functions defined on
(0, 00). In the above, the function is considered to be zero on (0,R) U (1, o0).
For a function 3 € L*([0, 1], rdr) (considered to be zero on (1, c0)), the Mellin

transform 1,3 is well-defined on {z € C : Rez > 2} and analyticon {z € C :
Re z > 2} (see [8],[11],[12]). Also, it is shown in ([8]) that, a function can be
determined by the values of a certain number of its Mellin coefficients. We state
it as the following lemma:

Lemma 4.3. Let f € L'([0, 1], rdr). If there exist ny, p € Z such that
f(no +pk)=0 forallk €N,
then f = 0.
Definition 4.4. A function f € L'(A, g, dA) is called radial if
f@)=filz) R<|z| <1,
fora function f, on [R,1]. A function f defined on A, g is said to be quasi-homo-
geneous of degree p € Z if we can write it as e'P° ¢, where ¢ is a radial function.

Clearly, a radial function is a quasi-homogeneous function of degree zero.
Note that, any function f € L*(4, ;) has the polar decomposition

fre) = 3 fir)e?,

kez
where f) are radial in L?([R, 1], rdr). Below, we define the Toeplitz operator on
B2(A; ).
A Toeplitz operator T s called a quasi-homogeneous, if its symbol f quasi-

homogeneous. We show that a quasi-homogeneous Toeplitz operator on B*(A4, g)
is either a weighted shift or a diagonal operator.
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Let f(re’®) = f,(r)e'P?, where f, is radial and p € Z. Set

—— ifn=-1
<log§)1/21 "

2(n+1) .
\/ D ifn #-1.

Then, we have the following lemma:

Iy = (46)

Lemma 4.5. Forn € Z,

Tp(z") = 12, f1(p + 2n + 2)zP*".

Proof. Note by Lemma4.1, and equation (46), an orthonormal basis of BZ(AL z)
is given by {t,,z"*},c7. Thenfor f = P f,(r) with p € Z, itfollows thatVn € Z,

Tp(2") = Praga, o(f2") = D, (f2" tyZ™)a, 2™, Where (47)
me”Z

1

—m
N A
1,

1 1 2
- Etm / fl(r)rm+n+1dr/ ei(p+n—m)de
R 0

27
=tpfr(n+m+ 2)E f eilp+n=mPdg  and hence
0

tp+n]/"\1(p+2n+2), ifm=p+n

l’l’t m -
VESLER {o, ifm#p+n.

Therefore, it follows by (47)
Tp(z") = t;_mfl(p + 2n 4 2)zP*,
O

Remark 4.6. T is a forward (backward) shiftif p > 0 (p < 0), and a diagonal
operator if p = 0, i.e., f is radial.

We are now ready to prove Theorem 1.6

Proof. By Lemma 4.5, foralln € Z

N-1
To(z") = 3, GN(N +2n+2)z2"*N + > 2 Gk +2n+2)zKn  (48)
k=—00
Since gy(2ny + N + 2) # 0,
2" N € span{T,(z"), z"tN -1, ZntN=2 1. (49)

Similarly for n = (ny + 1), gv(2ny + N + 4) # 0, and equation (48) implies

Z"0tN*L g Tspan{T,(z"0™1), 210Nz N=1 ZnotN=2_ 3, (50)
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Hence, (49) and (50) together yield

ZhtN+1L e W{Tg(znoﬂ)a Tg(zno)a ZMotN=1 ZhotN=2_ 1. (51)
Proceeding exactly in the same way, it follows by induction that, for all I > 0
z"0tNH € span{Ty(2"0H), ..., Ty(z"), 20N =1 ZmotN=2 3 (52)

Let T;T, = 0. Then the relation 52 reduces to
Tf(z”0+N+’) € span{T ;(2"0*N=1), T ;(z"0*tN=2), _}foralll > 0.  (53)
We now consider Ty. for all n € Z, Lemma 4.5 implies

M
Tez") = Y, 12, Filk +2n +2)zK+", (54)

k=—co
and hence for alln € Z,
T;(z") € span{z"*", M1, 3 (55)
Now for [ > 0, equations 53 and 55 together imply
Tf(ZnO+N+l) c m{zMﬂnﬁN—l)’ ZM+(”0+N_2), ZM+(”0+N_3), } (56)
For M € Z, there exists l; € N such that
M+2ng+N+;+1)eN

and
M+ny+N+lyy>M+n,+N—1.
Then by 54,
M
T;(zMotN+h) = ti+(n Y i (k+2(ng+ N +1y) +2) k04N +he) - (57)
0 M
k=—o00
Now for any [ > 0, we have
M+ny+N+Ily+I>M+n,+N—-1 (58)
and again by 54, forall [ > 0,
M
Tf(ZnO+N+lM+l) — Z ti-’_(n Nal +l)fk(k+2(l’l0+N+lM+l)+2)Zk+(n°+N+lM+D-
0 M

(59)
Hence, it follows by (56), (58), and (59)

fu(M+2(ng+ N+l +D)+2)=0, VI>o0. (60)

Now for the radial function f,(€ (L'[R,1],rdr)), M +2(ny+N +1,+1),2 € N
such that

M +2(ng+ N+l +1)+2)=0 Vi>0 (by(60)).

Hence by Lemma 4.3, fj; = 0. Similarly, for any k € (—o0, M) and for any
radial function f(r), there exists [; € N such that

k+2(ny+ N+l +1)eN
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and
k+n0+N+lk>M+n0+N—1,

and again, by a similar argument as above, we have
Felk +2(ng+ N+ 1 +1)+2) =0foralll >0,

and hence by Lemma 4.3, f; = 0. Since k € (—o0, M) is an arbitrary integer, it
follows that f;, = 0 for all k € (—o0, M) N Z and hence f = 0. O
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