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ABSTRACT. Werepresent and classify pairs of commuting isometries (V, V)
acting on Hilbert spaces that satisfy the condition

[V],V,] = compact and normal,

where [V},V,] := ViV, — V,V] is the cross-commutator of (V,,V,). The
precise description of such pairs also gives a complete and concrete set of
unitary invariants. The basic building blocks of representations of such pairs
consist of four distinguished pairs of commuting isometries. One of them re-
lies on some peculiar examples of invariant subspaces tracing back to Rudin’s
intricate constructions of analytic functions on the bidisc. Along the way, we
present a rank formula for a general pair of commuting isometries that looks
to be the first of its kind.
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1. Introduction

A linear operator V on a Hilbert space J (all our Hilbert spaces are complex
and separable) is said to be an isometry if

VARl =kl (h € F0).

Isometries are of essential importance in the field of linear analysis. In the con-
text of infinite-dimensional spaces and even in the realm of the basic theory
of linear operators, they serve as a building block for bounded linear opera-
tors as well as in the construction of elementary C*-algebras. The structure
of isometries is simple; they are either shift operators or unitary operators or
direct sums of them. More specifically, the classical von Neumann-Wold de-
composition theorem says [VN29, Wol38]: If V' is an isometry on J(, then there
exist unique V-reducing closed subspaces H,, and J(; of € (one may be the
zero space) such that

H =3, & I, (1.1)

where V|4 is a unitary and V|, is a shift. Therefore,

V= unitary 0
B 0 shift)’
on I = ¥, @ J,. We recall that an isometry V is said to be a shift if V does
not have a unitary summand, equivalently
SOT — lim V** = 0. 1.2)
n—oo
It is now natural to look into the structure of pairs of commuting isometries.
A pair of commuting isometries, or simply an isometric pair, refers to isometries
V, and V, acting on some Hilbert space such that

V1V2 = Vle.

We write this as (V;, V). Despite the fact that this programme was initiated a
long time ago, progress on this problem has been rather sluggish, due in part to
the vastly more convoluted structure of such objects. In terms of situations, we
note that the C*-algebras generated by isometric pairs are uncharted territory
(however, see [BCL78, Dou72, JPS05, Muh72, Set04]). Second, the structure
of isometric pairs would also disclose the complex and mysterious structure
of shift-invariant subspaces of the Hardy space over the bidisc [Yang19, Theo-
rem 3.1]. Finally, isometric pairs represent all contractive linear operators on
Hilbert spaces, which is a notoriously complex and year-old field of research.
Because of this, it is desirable to set conditions on isometric pairs and look into
the classification and computable invariants that can be found between them.
In this paper, we identify a large class of isometric pairs and then represent and
classify them in terms of concrete (or model) isometric pairs. The model also
exhibits complete unitary invariants that are numerical in nature.

To demonstrate the conditions we will put on the isometric pairs under
lookup, it is necessary to explain one of the simplest examples of isometric pairs,
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namely, doubly commuting pairs. A doubly commuting pair is an isometric pair
(V1,V,) such that
V.Vl =0,

where

[V, Vo] i:= ViV, =V,V7,
is the cross-commutator of the pair (V1,V,). These pairs are notably among
the most accessible, as a precise analogue of the Wold decomposition theorem
is applicable to them: Let (V1,V,) be a doubly commuting pair on . Then
there exist four closed subspaces {7(;;}; j=, s of J (some of the spaces might
potentially be zero) such that

I = Fyy @ Fys @ Iy © H, (1.3)

where J(;; reduces V for all i, j = u,s, and k = 1,2, and Vllﬂpq is a shift
if p = s and unitary if p = u, and V,| Hpg is a shift if ¢ = s and unitary if
g = u. This result is due to Stocinski [S1o80] (also, see [JS14] for a more recent
account). We will refer to this as the Wold decomposition for doubly commuting
pairs. Evidently, similar to the case of single isometries, the structure of doubly
commuting pairs is explicit and simple (compare (1.3) with (1.1)).

The objective of this paper is to examine the structure of the next-best iso-
metric pairs that are more nontrivial in nature. Particularly, we obtain explicit
representations as well as a complete set of unitary invariants (numerical in
nature) of isometric pairs (V;, V,) for which

[V}, V>] = compact and normal.

At this point it is worth mentioning that even the characterization of submod-
ules M of the Hardy space over the bidisc H*(D?), for which the cross com-
mutator [(MZ |2e)*, My, | M] has rank one, is still unknown and remains an open
problem-let alone for cases involving finite rank or general compact cross com-
mutators (see Problem 9 in [Yang19, Page 246]). In the process of our study,
we acquire precise surgery of the delicate structure of isometric pairs as well
as many results of independent interest. The outcomes of this paper will not
only provide a complete understanding of the above class but also highlight the
intricate nature of isometric pairs.

Animmediate simplification of the aforementioned class of isometric pairs is
achieved by assuming, without any loss of generality, that the products of these
pairs are shift operators (see the end of Section 2 for justification). We note that
Berger, Coburn, and Lebow [BCL78, BCL75] also looked into such pairs in the
context of Fredholm theory and C*-algebras. We formalise the pairs examined
by them for future reference:

Definition 1.1. A BCL pair is an isometric pair (V,V,) such that the product
V1V, is a shift operator.

After this reduction, the following subcategory of isometric pairs emerges as
especially compelling in terms of representations and complete unitary invari-
ants.
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Definition 1.2. A compact normal pair is an isometric pair (V,V,) such that
(1) (V4,V,)isa BCL pair, and
(2) [V, V1] = compact and normal.

In the above definition, we consider [V, V] instead of [V, V,]. Without
question, this is an unimportant alteration. Our revised objective now is to
represent and then compute a complete set of unitary invariants of compact
normal pairs. To that end, we show how compact normal pairs are made up
of four distinguished building blocks. Each of the four building blocks is non-
unitarily equivalent to the others. However, there is a common hallmark; they
bear some connection to the Hardy space over the bidisc. Denote by D = {z €
C : |z| < 1} the open unit disc in C. The Hardy space H*(D?) over the bidisc
D? is defined by
L2(T?)

H*[D*) =Clz,w]

where T2 = 0D? is the distinguished boundary of D2. In view of radial lim-
its, square-summable analytic functions on D? can be identified with functions
in H%(D?). Moreover, the pair of multiplication operators (M,, M) by the co-
ordinate functions z and w, respectively, on H*(D?) satisfy the following key
properties:

(1) (M,,M,,) is a BCL pair.

(2) [M},M,]=0.

(3) Denote by P the orthogonal projection onto the space of constant func-

tions of H?(D?). Then

I — M,M} — MM}, + M,M,M:M;, = Pc.

The first and second properties of (M, M,,) above already appeared in the
definition of compact normal pairs (see Definition 1.2). The final identity is also
an inherent characteristic of (M,, M,,) and serves as the driving force behind
the concept of defect operators [GY04]:

Definition 1.3. The defect operator of an isometric pair (V,V,) is the operator
C(V4,V,) defined by

C(Vy,Vy) =1 =V Vi =V, Vi + V V,VIVE,

We are now ready to elucidate the main results of this paper. Our first main
resultis rather general and related to compact self-adjoint operators that are the
differences of two projections. This is a subject in its own right [DJS16]. Within
this context, in Theorem 2.4, we prove the following result, which is a substan-
tial generalization of the central result of the paper by He et. al. [HQY15, Theo-
rem 4.3]. Given a bounded linear operator T on some Hilbert space, we denote
by o(T) the spectrum of T.

Theorem 1.4. Let A be a compact self-adjoint contraction on a Hilbert space J<.
Suppose A is the difference of two projections. If 1 € a(A) \ {0, £1}, then

-1 €o(A),
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and
dim ker(A — Aly) = dimker(A + Aly).

Now we turn to a rank formula for isometric pairs. Let (V,V,) be an iso-
metric pair. We note that, as a difference of two projections, C(V1, V) is a self-
adjoint contraction (see (2.2)). Let #(,, be generic part of C(V, V) (in the sense
of Halmos [Hal69]; see Section 3 for more details). Then H, is known to reduce
C(V1,V3). Consider the spectral decomposition of C(V1, V)|, as

CV1,V)ly, = f AdE;,
U(C(V1,V2)|7{O)

where E denotes the spectral measure of C(V,,V,). The positive generic part
of (V1,V,) is the closed subspace X, defined by (see Definition 3.3 for more
details)
jC+ = E[O, 1]}(0
Also, we define the eigenspaces E, ; by
Eil = ker(C(Vl, V2) 1 Ij{)

Now we are ready to state the rank theorem (see Theorem 3.5).
Theorem 1.5. Let (V,V,) be an isometric pair. Then

rankC(V,,V,) = rank[V},V,] + dim E; + dim X,
If, in addition, dim E_; < oo, then

rankC(V,,V,) = 2rank[V}, V] + dimE; —dimE_;.

The above rank formula is at the centre of the paper and will be one of the
most effective tools for describing compact normal pairs. In fact, the above
theorem will be mostly used for isometric pairs with compact defect operators.
And note that the condition dim E_; < oo is automatically satisfied for isomet-
ric pairs with compact defects (see Corollary 3.6). Given that the rank formula
applies to any isometric pair, we believe that the above result is independently
relevant.

Now we turn to representations of compact normal pairs. Our strategy is to
split a compact normal pair into smaller pieces of distinguished building blocks.
Unquestionably, and at the very least, a distinguished building block must pos-
sess the property of irreducibility:

Definition 1.6. Let (T, T,) be a pair of bounded linear operators on ¥, and
let 8 C J( be a closed subspace. We say that 8 reduces (T, T,) (or 8 is (T;,T,)-
reducing) if

T,8,T'SC8  (i=1,2).

We say that (T,,T,) is irreducible if there is no non-trivial (that is, nonzero and
proper) (T, T,)-reducing subspace of H.
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Our distinguished building blocks are irreducible (except for shift-unitary
pairs; see Definition 1.9 below) and also compact normal pairs. They exhibit
a correlation with property (3) from the list that came before Definition 1.3,
which concerns the finite rank of the defect operator. This correlation also
serves as a motivation to introduce the following class of isometric pairs:

Definition 1.7. Let n € N. An n-finite pair is an isometric pair (V,V,) acting
on some Hilbert space that meets the following conditions:

(1) (V,V,) is a compact normal pair, and
(2) rankC(V{,V,) = n.

We remark that the above definition and Definition 1.1 also have some bear-
ing on some classical theories as well as relatively contemporary results of in-
dependent interest. We will explain these connections at the end of this section
(see the discussion following Theorem 1.14).

We prove that irreducible n-finite pairs are the fundamental building blocks
of compact normal pairs. Even more strongly, the following is a fact (see Corol-
lary 8.12):

Theorem 1.8. An irreducible n-finite pair is either 1, 2, or 3-finite.

Subsequently, irreducible n-finite pairs, n = 1, 2, 3, serve as the fundamental
building blocks for compact normal pairs. This observation, along with numer-
ous others, is a result of the robust rank formula that is found in Theorem 1.5.
There will be, however, one more building block (not necessarily irreducible)
made up of a simpler class of doubly commuting pairs. To explain this, we recall
from (1.3) that there are four summands in the Wold decomposition of doubly
commuting pairs. In the present situation, there will be only two summands.
More formally:

Definition 1.9. An isometric pair (V,,V,) on J is said to be shift-unitary if
(V1,V,) is doubly commuting and the Wold decomposition (1.3) of the pair re-
duces to

H =T, D FHg,.

In Remark 9.3, we argued that the shift-unitary pairs are indeed simple. There,
we will also observe that unitary operators fairly parameterize shift-unitary
pairs.

Among n-finite pairs, invariant subspaces of H?(D?) will also play an impor-
tant role. A closed subspace 8 of H2(D?) is an invariant subspace if

M,8,M,S C 8. (1.4)

Before delving into the representations of compact normal pairs, we note that
the equality in the category of isometric pairs that we observe will be unitary
equivalent. Two isometric pairs (S;, S,) on #(; and (T, T,) on K, are said to be
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unitarily equivalent if there exists a unitary operator U : J; — H, such that
US; = T;U for all i = 1,2. We often denote this by

(81,82) = (T4, T5). (1.5)

The following result yields concrete representations of compact normal pairs
(see Theorem 8.11):

Theorem 1.10. Let (V,V,) be a compact normal pair on JC. Define
k :=dim [ ker (C(Vl, V,) — I}[)] e [0, o).

Then there exist closed (V,V,)-reducing subspaces {J i}fzo of K such that

k
o=@,
i=0
If we define
(V1 Vaj) = (V1|ﬂj’ V2|}f.,-) (j=0,1,..,k),

then (V1;,V,;) on H; is irreducible for all i = 1,...,k. Moreover, we have the
following:
(1) (V10,V2p) on F( is a shift-unitary type.
(2) Foreachi = 1,...,k, the pair (V;,V,;) on J; is unitarily equivalent to
one of the following three pairs:
(@) (M, M,,) on HX(D?).
(b) (M,,aM,) on H*(D) for some unimodular constant a.
(C) (Vle‘S,l’Mwlsl) on 8/1’ where

5, = o(120) @) Jgézfspan{ﬁ})), (16)

forsome A € (0, 1), unimodular constant y, and some inner function
¢ € H*(D?).

The pairs in (a), (b), and (c) in the above theorem represent irreducible n-
finite pairs, for n = 1, 2, and 3, respectively. First, we comment on irreducible
3-finite pairs. The invariant subspace S; mentioned in part (c) above is attrib-
uted to Izuchi and Izuchi [1106]. This particular invariant subspace leans more
towards the existential than the construction. In this case, the inner function ¢,
which solely depends on 4, is derived from Rudin’s construction [Rud69, Theo-
rem 5.4.5]. We prove that pairs of type (c) above, that is, the Izuchi-Izuchi-Ohno
examples, are all irreducible 3-finite pairs (see Theorem 4.9 as well as Theorem
5.6):

Theorem 1.11. Let (V,, V) be an irreducible 3-finite pair on a Hilbert space J(.
Then the following hold:

(1) There exists A € (0,1) such that
o(C(V,V))n(0,1) = {4}
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(2) There exists a unimodular constant y such that
a([V3, V1D \ {0} = {ra}.
(3) There exists an inner function ¢ € H®(D?) (depending on A) such that
V1, V) 2 (M, s, Myls,)
where 8; is the invariant subspace of H*(D?) as in (1.6).

In this case, one can prove that (see Proposition 4.3)
dimE,(C(V,,V5)) =1,
and
dimE_,(C(V1,V3)) =0,
and hence, Theorem 1.5 implies that
rank[V3, V] = 1.

Moreover, part (2) of the above theorem says that
B =74,
is the unique nonzero eigenvalue of the cross-commutator [V}, V,]. Clearly
0<|B8] <1.

We prove that this number is a complete unitary invariant (see Theorem 5.3):
Let (V1,V,) on J and (V1,V,) on J be irreducible 3-finite pairs. Then

(V1,Vy) = (V, V),

if and only if
B =4,
where 8 and f are the unique nonzero eigenvalues of [V3, V1l and [V}, V4],
respectively.
Next, we turn to irreducible 2-finite pairs. As in the 3-finite case, here also

we have precise spectral synthesis and a complete representation (see Theorem
6.3):

Theorem 1.12. Let (V,V,) be an irreducible 2-finite pair. Then the following
hold:

(1) {£1} are the only nonzero eigenvalues of C(V, V).

(2) rank[V3,V] =1

(3) There exists a unimodular constant o such that

a([V3, VD \ {0} = {a}.

4) (V1,V3) = (M, aMy).
Conversely, if a is unimodular constant, then (M,,aM,) on H*(D) is an irre-
ducible 2-finite pair with {+1} as the only nonzero eigenvalues of C(M,, aM,).
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As in the case of 3-finite pairs, the nonzero eigenvalue « in part (3) above is
also a complete unitary invariant. More specifically, if (V;, V,) on H is another
irreducible 2-finite pair, then

(V,Vy) = (V,Vy),

if and only if
oa=a,
where & is the unique nonzero eigenvalue of [V~2*, V1] (see Theorem 6.4).
Finally, we discuss irreducible 1-finite pairs. This class, in contrast to irre-

ducible 3 and 2-finite pairs, is relatively simple and precisely one in nature (see
Theorem 7.1):

Theorem 1.13. Let (V,V,) be an irreducible isometric pair. Then (V1,V,) is
1-finite if and only if

(V1,Vy) = (M,, M,,) on HX(D?).
In this case, it is trivial that
rank[VZ*, Vil=0,

because (V, V) in particular is a doubly commuting pair.

As pointed out in Theorem 1.8, this exhausts the inventory of irreducible n-
finite pairs. The representations of all irreducible n-finite pairs also yield an
explicit set of unitary invariants for compact normal pairs: Let (V,V,) on H
be a compact normal pair. For simplicity, assume that

We follow the outcome of Theorem 1.10 and call the pair (V;,, V) on (,
obtained there the shift-unitary part of (V1,V,). We show that (see, for instance,
Section 9) for each i = 1, ..., k, the cross-commutator [V;‘,l., V1] is normal and
has rank 0 or 1. We define the fundamental sequence corresponding to the pair
(V1,V,) to be the sequence of scalars {cxl-}i.‘:l constructed as follows:

0 if rank[V;"l.,VU] =0

o([Via Vi D\ {0} ifrank[V .V, ] =1.

a; =

In Theorem 9.2, we prove that the above sequence, along with the shift-unitary
part (which is simple; see Remark 9.3), is essentially a complete set of unitary
invariants. In fact, we prove much more (see Theorem 9.2 for more details and
the complete version):

Theorem 1.14. Let (V, V) be a compact normal pair on J with (V1 ,V, ) on
H,y as the shift-unitary part. We have the following:

O |%$, VzlﬂoL) =~ M, @& M, @ M3, where M; is a direct sum of irreducible
i-finite pairs, i = 1,2, 3.
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(ii) Let (V1,V,) on J be another compact normal pair with the shift-unitary
part (V14,V ) on H,. Suppose {di}i-;l is the associated fundamental sequence
with

IE = dlmEl(C(Vl, Vz)) > 0.
Then the following are equivalent:

1) (Vy,Vy) = (V1,~V~2)- B L

(2) (V10 V20) = (V1p,Vap) and [V, V1]|g(0L = [V7, V1]|ﬁé-

(3) V10, Vao) & (V10,Vap), k = k, and there exists a permutation o of
{1,2,---,k} such that

a; = 5(0(1') (l = 1,2, ,k)

Let us comment on part (3) above. The verification of the unitary equiva-
lence of the shift-unitary part is simple to do (cf. Remark 9.3). Hence, the de-
termination of the numerical invariant, specifically the fundamental sequence,
constitutes the most intricate aspect of the complete unitary invariant.

Now we provide an analysis of the historical context and relevant connec-
tions that also underpin the assumptions of n-finite pairs and compact normal
pairs. As pointed out prior to Definition 1.1, BCL pairs were studied by Berger,
Coburn, and Lebow [BCL78] in the context of C*-algebras generated by iso-
metric pairs. One of the keys to their approach was identifying BCL pairs with
triples

(&, U,P),

where € is a Hilbert space, U is a unitary, and P is a projection on £. The work
pointed out the difficulties of the structure of isometric pairs while answering
a number of questions along the lines of C*-algebras. While unitary and pro-
jection operators are individually among the simplest operators and lack direct
interdependence, their interplay gives rise to considerable generality. As such,
the structural challenges inherent in isometric pairs persist, though in a trans-
formed guise. Classifying isometric pairs and figuring out computable invari-
ants can still be done with the Berger, Coburn, and Lebow model, but it does
so by delving considerably deeper into the realm of linear operator theory and
function theory. In this paper, we specifically do so.

Condition (2) in Definition 1.2 bears some historical resonance. Let L, and
L, denote (following Laurent operators) the multiplication by the coordinate
functions z and w on L?(T?), respectively. As in (1.4), an invariant subspace of
L%(T?) is a closed subspace M C L?(T?) that is invariant under both L, and L,
Let M be an invariant subspace of L(T?). Clearly, (L,| ¢, Ly |2¢) is an isometric
pair on M. Nakazi speculated in [Nak94] that

[(LwlM)*’Lle] = [(LwlM)*stlM]*a
if and only if
[(Lwla)*s Lzlac] = 0.
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However, in [I094], Izuchi and Ohno provided concrete examples (and hence
repudiate Nakazi’s conjecture) of invariant subspaces M of L(T?) for which

[(Lwla)s Lzlae] = [(Lwlae)™, Lzl ac]* # 0.
In fact, they fully characterized invariant subspaces of L2(T?) with these charac-
teristics in the same paper. Then Nakazi restricted his question to the analytic
part of L?(T?). This time, M is an invariant subspace of H?(D?) (see Definition
1.4 for the notion of invariant subspaces). Set

RZ =MZ|.7V[ ande =Mw|M (17)

Then (R,, R,,) is a BCL pair on M (see the closing remark in Section 3). Nakazi
refined his question in terms of the existence of invariant subspaces M of H>(D?)
for which
[RZ)’RZ] = [RZZ)’RZTIF # 0.

Eventually, K. J. Izuchi and K. H. Izuchi showed intricate examples of such
invariant subspaces in [II06]. Their construction relied heavily on Rudin’s de-
scription of a specific class of inner functions [Rud69, Theorem 5.4.5]. Curi-
ously, all of the cross-commutators provided as examples by Izuchi-Ohno and
Izuchi-Izuchi are rank one. In our case, condition (2) is more broad; it needs the
cross-commutator to be compact normal rather than rank-one self-adjoint. On
the other hand, as demonstrated in Theorem 1.10, the representations of irre-
ducible 3-finite pairs and the construction of examples by Izuchi and Izuchi
serve as one of the fundamental building blocks in the representation of com-
pact normal pairs. For more on not-so-standard invariant subspaces of H>(D?),
we refer the reader to [ACDS86, AC70, Rud85].

We now make some remarks about defect operators (see Definition 1.3). In
the context of isometric dilations for pairs of commuting contractions, defect
operators were studied decades ago. However, in the context of Beurling-type
properties of invariant subspaces of H2(D?) this was analyzed more closely in
[GY04]. Defect operators have been a useful tool in the theory of invariant sub-
spaces of H%(D?). However, see [ACDS86] for some deviations.

The remaining part of the paper is organized as follows: Section 2 collects
some well-known results and fixes notations for future uses of the paper. In
this section, we briefly recall the analytic models of BCL pairs. The model that
is presented here [MSS19], which will also be extensively used, differs slightly
from the original model of Berger, Coburn, and Lebow. The present model is
more explicit and, hence, more useful. Here we also prove a result concerning
the eigenspaces of compact self-adjoint contractions that are the differences
of two projections. This yields a generalization of one of the main results of
[HQY15]. Section 3 is the heart of this paper, in which we establish a very use-
ful rank formula for isometric pairs.

As previously mentioned, there are only three irreducible n-finite pairs: n =
1,2, and 3. Out of all the pairs, irreducible 3-finite pairs are the most complex.
Section 4 presents an overview of the characteristics of irreducible 3-finite pairs.
This encompasses an extensive spectral synthesis of irreducible 3-finite pairs.
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In Section 5, we proceed with irreducible 3-finite pairs and explicitly represent
them by using the results from the previous section, coupled with additional ob-
servations. We also point out that a certain scalar, namely, the unique nonzero
eigenvalue of the pairs’ cross-commutator, is the complete unitary invariant of
3-finite pairs. In Section 6, we represent and classify irreducible 2-finite pairs.
The representation of irreducible 1-finite pairs is the easiest, and that has been
completely explored in the short section, namely Section 7.

Section 8 provides an in-depth description of compact normal pairs. This
section compiles all of the machinery developed in previous sections and cre-
ates the building blocks required for constructing compact normal pairs. The
representation also requires some structural results that have also been devel-
oped in this section. Section 9 uses the representations of compact normal pairs
obtained in the preceding section to present a complete set of unitary invariants.
This section, and hence the paper, concludes with some natural questions for
future investigation.

2. Preliminaries

This section serves to establish some notation and refresh the reader’s mem-
ory of some well-known results that will be applied throughout the remainder
of the paper. Along the way, in Theorem 2.4, we prove a result concerning the
eigenspace of certain compact self-adjoint operators that generalizes a result
earlier proved in [HQY15, Theorem 4.3]. We begin with the analytic represen-
tations of shift operators. The defect operator of an isometry T acting on some
Hilbert space is defined by the operator I — TT*. Observe that the defect oper-
ator of T is a measure of T not being unitary. Let T be an isometry on J(. The
wandering subspace of T is defined by

E i=kerT*.
Clearly, & = ran(I — TT*). It is easy to see that
™E L T"E,

for all m # n, m,n € Z,. If, in addition, T is a shift (that is, 7" — 0 in SOT;
cf. (1.2)), then we have the orthogonal decomposition of # as

3 = Prre. (2.1)
n=0

This amounts to saying that T is unitarily equivalent to M, on H é([D), where
M, is the operator of multiplication by the coordinate function z, and H f:([[]))
denotes the £-valued Hardy space over D. We will often identify H f:([D) with

the Hilbert space tensor product H%(D) ® . Bearing this in mind, we will also
often identify M, on H3(D) with M, ® I on H*(D) ® &.
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Now we turn to isometric pairs. Given an isometric pair (V,V,) on J, we
will use the following notational convention throughout this paper:

V =V,V,,
and
W; = ker Vl.*,
foralli = 1,2. We also set
W = kerV*.

Therefore, W and W, are wandering subspaces corresponding to the isometries
VandV;,i = 1,2, respectively. Recall that the defect operator is defined by (see
Definition 1.3)

C(Vl, Vz) =1—- VIVik - ‘/2‘/;< + VIVZV;‘V;
Since the right side of the above equals
I =ViVH) =V, = ViVOVE =T = V,V3) = Vi = VoVEVE,

it follows that

C(V1,V3) = Py, — Py,w, = Pw, — Py, w,- (2.2)
Given a Hilbert space X and a closed subspace S, denote by Pg the orthogonal
projection onto 8. It is useful to note that C(V,V,) is a self-adjoint operator,
that is

C(Vla VZ)* = C(V15 VZ)'

Furthermore, as a difference of projections, it is readily apparent that C(V, V)
is a contraction.

We will now discuss the analytic structure of BCL pairs (see Definition 1.1).
We start with a definition:

Definition 2.1. A BCL triple is an ordered triple (€, U, P) consisting of a Hilbert
space &, and a unitary U and a projection P acting on E.

BCL pairs and BCL triples are interchangeable; the explanation is as follows:
Let (€, U, P) be a BCL triple. Consider Toeplitz operators My, and Mg, with
polynomial analytic symbols

®,(z) = (P + zP)U*, and ®,(z) = U(P + zPt)  (z € D),

where P+ := I — P. It s easy to see that (Mg, Mg, ) is a BCL pair on H;(D).
Since, up to unitary equivalence, a shift operator is the multiplication operator
M, on some vector-valued Hardy space (see (2.1) above), an application of the
Beurling-Lax-Halmos theorem yields the converse of the above construction.
That is, if (V, V) is a BCL pair on K, then there exist a BCL triple (&, U, P)
and a unitary ny : H — Hg([D) such that nV; = Mg foralli = 1,2. The
notation for this is (see (1.5))

(Vl’ VZ) = (M(I)I’ M(DZ)'

This provides an analytic representation of the class of BCL pairs (see [BCL78]
for complete details).
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Theorem 2.2. Up to joint unitary equivalence, BCL pairs are of the form
(Mg, , Mg,) on H(D) for BCL triples (€, U, P).

Given a BCL pair, following [MSS19], one can construct the corresponding
BCL triple more explicitly. The analytic model of BCL pairs presented below is
an explicit reformulation of the original result of Berger, Coburn, and Lebow,
which will play an influential role in our analysis.

Theorem 2.3. [MSS19, Lemma 3.1 and Theorem 3.3] Let (V, V) be an isomet-
ric pair. Then

W = Wl @ V1W2 = Wz @ V2W1,
and the operator

U= V2|W1 V* . W1®V1W2—)V2W1®W2,
1 |V1 W,
defines a unitary on W. Moreover, if (V1,V) is a BCL pair, then (W, U, Pyy,) is
the BCL triple corresponding to (V1,V,). In particular, (V1,V,,V,V,) on K and
Mg,,My,, M,) on HiV(D) are unitarily equivalent, where

®,(2) = (P;,1 + 2Py )U*, and ®,(z) = U(Pyy, + zP%) (z € D).

Because of this, in what follows, given a BCL pair (V, V), we will use the
representation (Mg, Mg,) of (V4,V,), which corresponds to the BCL triple
(W, U, Py)).

Let (V1,V3) = (Mg, Mg,) be a BCL pair on H 12/‘7([[1)). A simple computation
yields

I—Mq)lM:;] :PC ®PW1’

and

I— My M

— L
_=Pc®UP;, U*.
With respect to the orthogonal decomposition H 12/‘,([[])) =W®:zH 12/‘,([[])), it also
follows that
Py —UPyw U* 0
C(V1,Vy) = C(Mg,, Mg,) = |1 7707 1.
Consequently
(ker C(Vla VZ))J- c W’

and hence, it suffices to study C(V,V,) only on W.

At this moment, we need to pause and relook at (2.2), which says that the
defect operator of an isometric pair is a difference of two projections. We also
pointed out that the defect operator is a contraction and a self-adjoint opera-
tor. This viewpoint was employed in [HQY15, Theorem 4.3] to examine the
eigenspace structure of defect operators of isometric pairs. With this as motiva-
tion, we now explore the eigenspace structure of compact self-adjoint contrac-
tions that can be represented as a difference of pairs of projections. First, we set
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up a notation for eigenspace. For each u € C and bounded linear operator X
on some Hilbert space &, we define the eigenspace

E, (X) :=ker (X — ulx). (2.3)

Suppose A is a self-adjoint contraction acting on a Hilbert space . Then ker A,
E;(A), and E_;(A) reduce A, and hence there exists a closed A-reducing sub-
space J(, C H such that [Hal69]

The part A, := Ay, is known as the generic part of A (see Halmos [Hal69] for
more details). Let E denote the spectral measure of A. Then

AO = f /‘ldEll,
a(4o)

is the spectral representation of A,. Define closed A,-reducing subspaces X,
and X_ by
X, = E[0,1]F,,

and

XK_ = E[-1,0]%,.
Now, we prove the eigenspace property for A by assuming that it is the differ-
ence of two projections. Although this resultis a consequence of [DJS16, Propo-
sition 2.1], we provide a proof here for the sake of completeness and readers
convenience. The spectral theorem of compact self-adjoint operators, certain
projection methods from [DJS16], and the above-mentioned Halmos construc-
tions provide the foundation of the proof.

Theorem 2.4. Let A be a compact self-adjoint contraction on a Hilbert space J<.
Suppose A is the difference of two projections. If 1 € a(A) \ {0, £1}, then

-1 ea(Ah),
and

Proof. We proceed with the orthogonal decomposition of J, the spectral rep-
resentation of A, and the notations X, and X _ introduced prior to stating this
theorem. Define the restriction operators

Ao, = Aolx,

Ao_ = —Aolx_.
Observe that A, and A,_ are the positive and negative parts of Ay, respectively.
We have the matrix representation

A
ol

0 —Ao_
on

Ho=K, D XK_.
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Suppose further that A is a difference of two projections. By [DJS16, Proposition
2.1] and [DJS16, Remark 3.1], there is a unitary operator u : X, — K_ such
that

Ao_ = uA0+u*.
We also define Hilbert spaces
:]{_'_ = kerA @ EI(A) @ E_l(A) @ .7<:+ @ .7C+,

and
H_=kerAGE(A)BPE_(A)DK, D I_.
Then
U = Iern ® I (a) D Ip_ ) ® I, D u,
defines a unitary operator U : H, — H _. Therefore, the operator

A :=U*AU : ¥, — ¥,,
admits the following block-diagonal operator matrix representation
0

A= —I . (2.5)

—Ag,

Since A is compact, it then follows from the spectral theorem for compact self-
adjoint operators that the spectrum

o(4) € [-1,1],
is a countable set, and
o(Ap) = o(A) N (-1, D\ {0}
From the definitions of K, and X_, it follows that

X,= @ EA,

Aea(Ap)n(0,1)

and
xX_= @ E.
A€a(Ap)N(-1,0)
Therefore,
X, = @ E;(A),
Aea(A)N(0,1)
and

.= P EW.
Aeac(A)N(-1,0)
Also, it follows from the unitary equivalence of A, on X, and A_ on X _ that

a(Ap,) = a(Ag_);
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and consequently
a(Ag) = 0(Aolx,) U a(Aglx_)
= 0(Ap,)VUa(—4y_)
=0(Ap,)U—0(4_)
=0(Ap,) U—0(Ag,)
We conclude that
A € g(4Ap)if and only if — 4 € g(Ay). (2.6)
Moreover, for each 4 € (A, ), the unitary equivalence of Ay, on X, and A,_
on X _ yields
dim E; (Ao, ) = dim E;(Ay_).
Therefore, for 1 € g(Ay, ), we have
dim Ey(A) = dim E; (A )
=dimE;(Ay_)
= dim E;(—Aolx_)
=dimE_;(Aolx_)

= dim E—A (A)
This completes the proof of the theorem. O
Note that using (2.6), we also have that
Ki=_ @ EyA) (2.7)
A€a(A)N(0,1)
and
X_ = @ E_;(A). (2.8)

A€a(A)N(0,1)

Theorem 2.4 significantly unifies a result previously established in [HQY15,
Theorem 4.3] within the framework of isometric pairs. Since we will be need-
ing the particular version of [HQY15, Theorem 4.3], we elaborate on it in full
detail. Let (V,V,) be a BCL pair on J(. Assume, in addition, that C(V,V,) is
a compact operator. Note that C(V;,V,) is a self-adjoint contraction since it is
the difference of two projections (see the remarks following (2.2)). Therefore,
as observed earlier

G(C(Vli VZ)) c [_15 1]
Recall from (2.3), for a bounded linear operator X on a Hilbert space X, the
eigenspace corresponding to u € C is denoted by

E, (X) :=ker (X — uly).
In the case of our isometric pair (V;, V), we simplify the notation as
E, :=E,(C(V,V3)) = ker (C(Vl’ Vy) - /ﬂ)- (2.9)

Set
A =a(C(V,,V5)N(0,1).
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Note that A is at most a countable set. Let 1 € (0, 1). By Theorem 2.4, it follows
thatif A € A, then —1 € o(C(V4,V>)), and

dlmE/l = dimE_,l.
Since C(V,V,) is a compact self-adjoint operator, this implies

(kerC(vV, V)t =EL P E. P E_ P E. (2.10)

AEA AEA
and C(V'1, V)| kerc(v,,v,))~ 18 unitarily equivalent to the diagonal block matrix:

Ie 0 0 0

0 D 0 0
C(Vla V2)|(kerC(V1,V2))l = 0 0 _It[:l—l 0 s (2'11)
0 O 0 -D

where |, = dimEy, l_; = dimE_;, D = @, Al¢x, , and
k/l = dlmE/l = dimE_,l.

Note that l;,I_; € Z,. Combining the results mentioned above yields the fol-
lowing, which recovers [HQY15, Theorem 4.3]. This result will be another im-
portant tool for what we do in the next sections.

Theorem 2.5. Let (V,V,) be a BCL pair with a compact defect operator. Then
foreach
A€ a(C(Vy, V) \ {0, +1},
we have —A € o(C(V1,V,)), and
dlmE;t = dimE_,l.

Moreover, the nonzero part of the defect operator C(V,,V,) is unitarily equivalent
to a block diagonal matrix of the form (2.11).

We conclude this section by elucidating the rationale behind the study of
BCL pairs among the set of isometric pairs. In fact, the primary obstacle to
the characterization problem of isometric pairs is the characterization of BCL
pairs. For if (V1, V,) is an isometric pair on J(, then applying the von Neumann-
Wold theorem to

%4 = V1V2,
one finds unique orthogonal decomposition (see (1.1))
H =TI, & H,,

where J(,, and J(; are closed V-reducing subspaces, and V|4 is a unitary, and
V|4, is a shift. One can easily show that 7, and J(; are (V;, V,)-reducing sub-
spaces [MSS19, Lemma 6.1]. Therefore, (V1|4,, V>|s,) is a commuting pair of
unitaries and (V1 ]4,, V2| 4,) is @ BCL pair. As we have a fair understanding of
pairs of commuting unitaries (like a definite spectral theorem for tuples of com-
muting unitaries or even normal operators), it is natural to shift our attention
solely to the category of BCL pairs.
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3. A rank formula

The goal of this section is to link the ranks of defect operators and cross-
commutators of isometric pairs. This result will be extensively used thereafter.
The rank result might be interesting by itself.

First, we again consider the problem of representing self-adjoint contrac-
tions, which are the differences of two projections. Recall from the proof of
Theorem 2.4 that if A is a self-adjoint contraction on a Hilbert space J(, which
is the difference of two projections, then up to unitary equivalence,  admits
the orthogonal decomposition

H=kerA@ker(A—-I)DkerA+1) DK D X,
for some closed subspace X of K, and with respect to this decomposition of F,
A admits the block-diagonal operator matrix representation (see (2.5))
0

where D is a positive contraction on K. In other words, the operator A is an
example of an operator that can be represented as the difference of pairs of pro-
jections. Moreover, the pair of projections can be completely parameterized.
More specifically [DJS16, Theorem 3.2]:

Theorem 3.1. With notations as above, the diagonal operator A is a difference of
two projections. Moreover, if A = P — Q for some projections P and Q, then there
exist a projection R defined on ker A and a unitary U on KX commuting with D on
X such that

P=R®IBGODPy; and Q=ROODIDQy,
where Py and Qg are projections on K @ X defined by

1
1 I+D U(I — D?)2
PU = 5 1 ’
| U*(I - D?): I-D |
and _ LA
1 I-D U(I — D?)2
Qu=73 1
| U*(I - D?): I+D

The above result is one of the tools that will be utilized for proving the rank
formula. We also need to compute the ranks of P;; and Qg that we do in the
following lemma. Part of the proof of the lemma is motivated by [DSPS24, The-
orem 3.3].

Lemma 3.2. In the setting of Theorem 3.1, we have the following identity:
rank Py = rank Qy = dim X.
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Proof. For each x € X, the representations of Py; and Qy imply

1
I —D?):
Py(x @ 0) = #x (4> U*%x,
and X
I —D?): I+D
QU(0®X)=U( 5 )Zx —; X.
Note that D is a positive contraction, and hence
x=0,
whenever
Py(x @ 0) =0,
or
Qu(o @ X) =0.
Consequently
and

Qulipex 1O K > XKD K,
are injective operators. Therefore, if
dim X = oo,
we clearly have
rank Py; = rank Qp = dim X (= o).
Now assume that
dim X < oo.

In this case, D as well as I — D are positive and invertible operators. If x € X,
then, as in the first part of the proof of this lemma, we compute

1
I+D (I -D?):>
PU(X®0)=TX@U*%X

-roar T2,

and by duality
1
I —D?)2 I+D
Qoex=v"2V e 2L,
I+D
=QU(U I_Dxeao).
So we find
ranPy = {Py(x @ 0) : x € X},
and

ranQpy = {Qy(0 P x) : x € X}.
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Moreover, the vectors on the right-hand sides of Py;(x @ 0) and Q¢ (0 @ x) in
the above pair of equalities readily imply that t : ranP;; — ranQy defined by

TPy(x@®0)=Qu0®x) (x€X),
is a linear isomorphism. In particular
rankPy; = rankQy;.
Also, the map
K 3 x = Py(x ®0) € ranPy,

is clearly a linear isomorphism, which yields
dim X = rankPy;.

Thus, we have proved that dim X = rankP;; = rankQy. This completes the
proof of the lemma. O

Now we return to isometric pairs. Let (V,V,) be an isometric pair on H.
In the upcoming discussion, we will closely adhere to the strategy laid out in
the proof of Theorem 2.4. Additionally, we will use all the notations that were
presented at the outset of Section 2 for isometric pairs. As an example, recall
that W = ker(V;V,)*. Let

N =Wo (ker C(Vl,Vz))l,
and also set
Hoy=WONDE DE_,).
Therefore,
W=N®E, ®E_, ® H,.

This decomposition is comparable with (2.4). Therefore, following the discus-
sion preceding Theorem 2.4, we recognize that C(V1, V)|, is the generic part
of C(V1,V3), and then we consider the spectral decomposition of C(V, V)|,
as

Wi Valli, = [ AdE,.
U(C(V1,V2)|jf0)

Similarly, we also set
X, = E[0,1]H,,
and
X_ = E[-1,0]%,.

We take a brief break in order to offer a definition for later usage.

Definition 3.3. Let (V,V,) be an isometric pair. The positive generic part of
(V1,V,) is the closed subspace X, defined by

X, = E[0,1]%,.
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In other words, the generic part of (V1, V,) is the closed subspace correspond-
ing to the positive part of the generic part of C(V,V5).
Returning to our setting of isometric pair (V1,V,), we therefore have

W=N®E DPE_ K, DXK_. (3.1)
With respect to this decomposition, we represent C(V,, V,)|w as

O
IEl
CV,V)lw = —Ig_ . (32
C(V17 V2)|5C+
C(Vl’ VZ)l.'K_

As C(V,,V,) is a difference of two projections, as in the proof of Theorem 2.4,
there is a unitary u : &, — K_ such that

uC(Vy, Vo)l u* = —C(Vy, Vy)lx_- (3.3)
Define

E=NO®E BE K, DX,. (3.4)
Consequently, we have the unitary operator (recall the representation of W in
(3.1)) )
U:=Iy®Ip @Iz, Olyx, u: &— W. (3.5)
Set
C:=U*C(V,V,)U : €= &.
With respect to the decomposition of £ as in (3.4), we have

Oy
Ig

1
—Ig

™
Il

D
—-D

where

D= C(V1,V2)|ﬂc+.
Now, by (2.2), we know that C(V'{, V) can be expressed as a difference of pro-
jections:

C(V1,V3) = Py, — Py,w, = Py, — Py w,,
and hence
C = U*Py,U — U*Py 1y U = U*Pyy, U — U*Py y, U.

By the difference of projection formulae, Theorem 3.1, there exist a projection
Ron N and a unitary w on X, that commutes with D such that

o D
U*PyU=R® I, ®0D ) — 2|, (3.6)
w

2 2
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and
-0 VD2
* — 2 2
UPV2W1U—R®O®IE_1® *m ﬂ . (3-7)
2 2

Using the definition of the unitary U in (3.5), we also obtain from the above
that:

o VD

Py, =R®I; ®0@| 20 2 (38)
uw — u—u
2
and
L B [

PVZWI =R®p0D IE_1 (<3) . 21—D2 21+D . . (3.9)

u > HTU

Moreover, since W = W, @V W,, we have that Iy = Py, + Py, y,, and hence
U*Py, w,U = I5—U*Py, U. Similarly, U*Py,, U = I — U*Py,yy, U. Therefore,
we conclude, by using (3.6) and (3.7), that

=b _yr=p2

k —_ pl

UPy w,U=R-®0@Ip & _wﬁm é , (3.10)

2 2
and
I+D _yr=n2

* — pl

UPpU=R"®I; 0P _w*ZI_DZ i ) (3.11)

2 2

Remark 3.4. Particular attention must be paid to isometric pairs with compact
defect operators, as they will be utilized frequently in the subsequent sections. Let
(V1,V,) be an isometric pair. Suppose that C(V,V,) is compact. By (2.7) and
(2.8), it follows that

Ky = © Ey,
A€a(C(V1,V2))N(0,1)
and
X_= @ E_
A€a(C(V1,V3))N(0,1)
Consequently

D= 4y Mg,
A€a(C(V1,V2))N(0,1)
Moreover, in this case, it is evident from the description of the unitaryu : X, —
XK_ (see (3.3)) that
u(kEy) =E_;
forall A € o(C(V,,V,))N(0,1).
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We are now ready to establish the desired relation between the rank of
C(V4,V5) and the rank of the cross-commutator [V, V4] (see (2.9) for the def-
inition of E,; and Definition 3.3 for the meaning of K ,).

Theorem 3.5. If (V,V,) is an isometric pair, then

rankC(V,V,) = rank[V},V,] + dim E; + dim X,
where X, C I is the positive generic part of (V1,V,). If, in addition

dimE_; < oo,

then

rankC(V,,V,) = 2rank[V3, V] + dimE; —dimE_;.
Proof. Observe that

[V;, Vi]viV, = V;‘VlVle - V1V;V2V1
=0,
and similarly
ViviIvi, Vil =o.
Since V' = V,V,, we conclude that
[V;‘, V1] = 0onranV,

and
ran[V3, V] C W.

Since (ranV)* = W, it follows that
rank[V3, V] = rank[V, V1]|w
By Theorem 2.3, W = W, @ V, W, and hence
ran([vg, V1]|W) = [V, V1I(W)

= [V, Vil(W, & VW)

= V; Vi(W,)

= ran(V;PVIWZ),
so that

rank([V;‘, V1]|w) = rank(V;kPV1 Wz)'

Since V, is an isometry, it is clear that

rank(V’;PV1 w, ) = rank( VoViPy w, )
= I'al'lk(l)ranVZ])V1 Wz)'
Again, by Theorem 2.3, we know that W = W, @ V, W, and hence

V2V;W == VzV;(WZ @ V2W1)
=V, Wy,
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so that

rank(V;Pvlwz) = rank(Pyzwlpvlwz).
On one hand, by (3.7) and (3.10), we have

I-D 1-D2
* * T 2 w
(U*Py,w, U)(U*Py,w,U) = (R ©0®I, ® «NI-D2  I+D )
v 2
I-D VI-D?2
L 0 I fa>) T B 2 w
X (R D0 I, L D7 14D
2 2

I-D [-D2
— - w
X 2 2
VS [ I )
2 2
Since D is injective, it follows that
b _yED
rank((U*Pvzw1 U)(U*Py, , U)) = dim E_; +rank _w*f/m IfD

On the other hand, we know that C = U*Pyy, U — U*Py,,U. Then (3.10) and
(3.11) yield

I+D 1-D2

S—(RLepI 06 T2 T w )
C—(R @ Ip & e VP b

2 2
I- I-D2
1 ER v
_(R SO, & —w*m I+D )
2 2

This leads us to the setting of Theorem 3.1, and hence by Lemma 3.2, we con-
clude

1-D 1-D2
dim % k 2 .
im = ran
* o Vi-p2 I+D
2 2

Therefore,
rank[V3,V,] = rank(Py_ 1 Py, y,)

rank((U*Pvzwl [J)(U*l‘)v1 W, U))
=dimE_; +dimX,,
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and hence
rank[VZ, V] =dimE_; + dim X,. (3.12)

Since C(V1, V5)|x, and C(V1, V)|« _ are injective, in view of the representation
of C(V1,V,) as in (3.2), we have

rankC(Vy,V,) =dimE; + dimE_; + dim X, + dim X _.

As X, and X_ are unitarily equivalent (see the remark preceding (3.3)), we
have

dim ¥, = dim X_,

and hence

rankC(V4,V,) =dimE; + dimE_; + 2dim X,. (3.13)
It now follows immediately from (3.12) that

rankC(V,V,) = rank[V3, V] + dim E; + dim X,
This completes the proof of the first part of the theorem. Suppose further that
dimE_; < co.
From (3.12), it follows that
2rank[V},V ] = 2dimE_; +2dim X,

and hence

2rank[V3, V] —dimE_; = dimE_; + 2dim X,.

Finally, it follows from (3.13) that, by substituting the value of dim E_; +2 dim X,
obtained above

rankC(V4,V,) = 2rank[V3,V;] + dimE; —dim E_;.
This completes the proof of the theorem. O

From the spectral theorem for compact self-adjoint operators and the second
part of the preceding theorem, it follows immediately that:

Corollary 3.6. Let (V,V,) be an isometric pair such that C(V,,V,) is compact.
Then

rankC(V1,V,) = 2rank[V;, V] + dimE; —dimE_;.

We will apply this particular version of the rank formula in the upcoming
analysis. As an immediate consequence of the above theorem, we also obtain
that:

Corollary 3.7. Let (V,V,) be an isometric pair such that
dim EI(C(VI’ Vz)) < 0.

Assume that [V, V4] is a finite-rank operator. Then C(V4,V,) is a finite-rank
operator.



1028 SANDIPAN DE, JAYDEB SARKAR, P SHANKAR AND SANKAR T.R.

Proof. Since rank[V7,V;] < oo, it follows from (3.12) that
dimE_;,dim X, < .
Moreover, since, by assumption, dim E; < oo, it follows from Theorem 3.5 that
rankC(V,V,) = rank[V}, V] + dim E; + dim X, < oo,
which completes the proof of the corollary. O

We conclude the section with a dimension formula that is of independent
interest.

Proposition 3.8. Let (V,,V,) be an isometric pair. Suppose
1
(ker C(Vl, Vz)) = W
Then
dimW, = dimW,

where W; = ker V' for i = 1,2. In particular, if W is finite-dimensional, then
dimW is even.

L L
Proof. As(kerC(V,V,)) = W, wehave that N = W (kerC(V,V,)) =
0, and consequently, by (3.6) and (3.11), it follows that

b ViD?
U*Py,U =15 ®0P B *ZI_DZ é ,
2 2
and
o VD
U'PywU=1I5 ®060 i 21—D2 12_ ,

2
where w is a unitary on &, that commutes with D. By Lemma 3.2, we have

)

1+D \/I—D2w
dim X, = rank 2 2
+ w* VI-D2 I-D
| 2 2
I+D 1-D2
k 2 v
= ran
«VI-D? I-D ’
_w —_—
| 2 2

and hence
dimW; = rank(U* Py U)
=dimE; + dim X,
= rank(U*Pyy,U)
=dim W,.
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In particular, if dimW < oo, then
dim W = dim W, + dim W,
=2 xdim W,
=2 X dim W,,

which completes the proof of the proposition. O

The challenge of formulating rank identities for invariant subspaces is well
recognized as a complex and difficult field of study. It not only reveals the struc-
ture of invariant subspaces but also entails identities involving numbers. We
anticipate that the rank formula established in Theorem 3.5 possesses inherent
value and will be applicable in various different contexts. For instance, con-
sider a closed invariant subspace M of H?(D?) (see (1.4)). As in (1.7), define
the restriction operators

R, = M, |5 and Ry, = My |-
Clearly, (R,, R,,) is an isometric pair on M. Moreover
R,Ry, = M My |,
and hence (R,, R,,) is a BCL pair on M. Consequently, Theorem 3.5 applies to
M and hence invariant subspaces of H2(D?). In the present context, the rank
formula in Theorem 3.5 should be compared with the rank formula of Yang
[Yang05, Theorem 2.7].
In the literature, there appear to be very intricate rank formulae for Hilbert-

Schmidt invariant (as well as co-invariant) subspaces of H?(D?) (see [CDS14]
and references therein).

4. On 3-finite pairs

The purpose of this section is to isolate key properties of irreducible 3-finite
pairs. Some of the results do not require all the assumptions of 3-finite pairs,
and we will point out the needed properties for such results. For the conve-
nience of the subsequent discussion, we shall include an additional stratum of
notation: Given a separable Hilbert space JH, denote by B4, the set of all ordered
orthonormal bases of . That is

By ={{ej : j€ A} :{ej : j € Alis an orthonormal basis of 1,
where A denotes a countable set. Let (V/;,V,) be an isometric pair. For the
reader’s convenience, we recall that V = V;V,, and

W = ker V* and W; = ker Vl.*,
fori =1, 2. Recall also that
E) :={f eI : C(V,Vo)f =4f},

forall 1 € C (see (2.9)). We begin with a useful property of BCL pairs, stated in
the following well-known lemma (see, for instance, [HQY15, Proposition 4.1]
for a proof).
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Lemma 4.1. Let (V,V,) be a BCL pair. Then
Wl N W2 = El‘

The following lemma, in particular, shows that the range of [V}, V] is con-
tained in W, n W, whenever [V, V] is normal.

Lemma 4.2. Let (V1,V,) be a BCL pair. If [V}, V] is normal, then
ran[V3,V,] = ran [V}, V,] C Ey,

and

V3 Villge = V3 Vallg = 0.
Proof. The normality of [V}, V] yields

ran[V3,V;] = ran[V},V,]* = ran[V], V,].
Observe that
VI(VIV, = VoV = 0= VE(VIV, = V4VD),

that is

VIV, Vol =0=V][V], V4]

Clearly ran[V7,V,] C W, and ran[V},V,] C W,, and hence, by Lemma 4.1,
we conclude that

ran[V}, V] = ran[V],V,] C W, n'W, = E;.
For the second assertion, suppose g € Ell and set

Note that
[|Rl1? =V}, V2IV3, V1g, 8)-
But by the first assertion of this lemma, it is clear that

[VT’ VZ][V;a Vl]g € Ela

and consequently, ||h||> = 0, that is, h = 0. This completes the proof of the
lemma. ]

From now on, throughout the section, we will deal with irreducible 3-finite
pairs (see Definition 1.6 for irreducible pairs).

Proposition 4.3. Let (V1,V,) be an irreducible 3-finite pair. Then
dimE, =1and dimE_; = 0.
Proof. By virtue of Lemmas 4.1 and 4.2, we already know that
ran[V3,V ]| = ran[V],V,] C W, n W, = E,

and
[V;,V1]|E1l = [V;’Vl]*lEf- =0.
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In particular, [V, V1]|g, is a normal operator on E;. If possible, let
dimE; > 1,

and let {f, g} be an orthonormal set in E; consisting of eigen vectors of the nor-
mal operator [V, V]|, . Set

8 =span{V{'VIf : m,n > 0}

We claim that S reduces (V, V). This would contradict the fact that (V,V,)
is irreducible. Clearly, S is invariant under V; and V,. Therefore, to prove the
claim, it suffices to show that

VIiVif,VVIf €S,
for all n > 1. We only prove that V;V f € §forall n > 1 (the proof of the

remaining case is similar). We prove this by induction. For n = 1, since f €
Wi N W, and f is an eigen vector of [V}, V4], it follows that

V;Vlf = [V;’Vl]f =af,

for some scalar «, and hence V;Vl f € 8. Thus, the result is true for n = 1.
Now, suppose that the result is true for m > 1, that is, VZ* V{" f € 8. Write

VIV f = [V, VI + ViVEVIRS.

Since m > 1, it is clear, in particular, that VI"f € (W; n W,)*. Note that
Lemma 4.2 also implies that

V3, Villow,aw,)r = 0.

Therefore, [V, V,]V]"f = 0, and hence
VIV f = viVEVIS. (4.1)

Since § is invariant under V5, and by the induction hypothesis VSV f € 8, it
follows that

Vi\VIVIf €S,
that is,

Vivitifes.
Thus, the result is true for n = m + 1. Hence, by the principle of mathematical
induction, the result is true for all n > 1. This proves the claim and then the fact
that dim E; < 1. Since rankC(V;,V,) = 3, the desired equality dim E; = 1 fol-
lows immediately by an appeal to Lemma 4.2 and the rank formula in Corollary
3.6.

Now we prove that dimE_; = 0. Since dimE; = 1 and ran[V},V;] C E, it
follows that

rank[V7, V] < 1.
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As rankC(V4,V,) = 3, it follows by the rank formula in Corollary 3.6 that
3 =rankC(V,V3)
= 2rank[V},V ] + dimE; — E_;
<24+1—-dimE_,
=3—-dimE_;.
This proves that dimE_; = 0. (]

The following observation is now straight:
Corollary 4.4. Let (V1,V,) be an irreducible 3-finite pair. Then
rank[V3, V1] = 1.
In particular, ran[V}, V] = E;.

We continue with an irreducible 3-finite pair (V1, V). Recall that the symbol
=~ stands for unitary equivalence of operators.

Proposition 4.5. Let (V1,V,) be an irreducible 3-finite pair. Then there is a
unique Ay, v,) € (0, 1) such that

a(C(V1, V)N (0,1) = {Aw, v}
Moreover

CV1, VIlaercvy, vyt = Day )

where D Avivy is the diagonal matrix

1

D/1(V1,V2) = /I(Vl’Vz)
_A(Vsz)

Proof. By Proposition 4.3, we know that dimE; = 1,dimE_; = 0. Since
rankC(Vy,V,) = 3, it is evident from Theorem 2.5 that there exists Ay, y,) €
(0,1) such that

S(C(V V)N (0,1 = g vyh
and C(V1, V)| (kerc(v,,v,)* 18 unitarily equivalent to D/1<v1,v2>' O
Let (V1,V,) be an irreducible 3-finite pair. Then
L_
ker(C(V1, V)" =E1 @ E;, ,  ®E_, ,
where o(C(V1,V3)) N (0,1) = {4, v,)}- As usual, we set
N =W S ker(C(V,, V).

Then

W=E1 ®EA(V1,V2)®E @N’

~Awv1.vy)
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and with respect to this decomposition, we have
1

A
C(V1,V)lw = Pw, —Py,w, = v v
1.V 2

Oy

On the other hand, since [V}, V] is normal, and by Corollary 4.4, rank[ V7, V] =
1 with ran[V7, V] = Ey, there exist a nonzero scalar By, v, such that

ao([V3, ViD\{0} = {Bw,vph
and
V3 Valf =B, vyf  (f €E.
Fix a unit vector f(y, v,) € E;. Clearly
{fw,v,)} € Bg,.

Thus, in summary, we have the following:

a(C(V1, V)N (0,1) = {Aw, v}
o([V3, ViD\ {0} = {Bw,v,)}
{fov,v,} € Bg,.
At this juncture, we standardize some notation that will be used throughout
the rest of the paper. Given an irreducible 3-finite pair (V,V,), we set
B, v,y = unique nonzero eigenvalue of [V}, V]
A, v,) = unique eigenvalue of C(V,V>) in (0,1) 4.2)
fw, v, = aunit vector in E;.

Furthermore, for notational convenience, if the pair (V,V,) is clear from the
context, then we simply write

A=Ay, vy B=Bw, vy and f = f, v, (4.3)
Also, for any g, h in J{, we denote by g ® h the rank one operator on JH where
(g®h)k) =(k,h)g (k€ F0).
Thus, in the case of the present scenario, we can write

Vi, Vil =B8f® [,
and hence
ViVl =Bf ® f. (4.4)
Thus, we have
V3. Vilf =ViVif =81,
and
Vi VoIf = ViV, f = Bf.
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Therefore,
ViVif = Bf
Vf Vof =Bf.
Since f € W; N W,, it follows that C(V,,V,)f = f, and hence,

{f.ere_1} € B, gp,0E._,>

(4.5)

where
{ea} € B, and{e_;} € Bg_,.
Set
E')=E,®E_;.
Now we follow the construction as given in Section 3. By applying Remark 3.4,
in this particular situation, we find

Ke=Es
and
D = Al,.
Therefore, following the representation of W as in (3.1), we have
W=E QFE'®N,
and so, by (3.8) and (3.9), it follows that

I+D -D2
- —wu
Py =1
w, = 1p, @ NI-D2 I-D_, ®Q
w*——  u—u
and }
I-D -D2
— wu
Py, =00 2 2 ®Q,

wrYI=D: D,

whereu : E; - E_j andw : E; — E; are unitary operators,and Q : N' -> N
is a projection. Consequently

wu* E—/l - E;{,
is a unitary, and so, there exists a unimodular constant a such that

wu*(e_y) = ae;.

Define _ -
I+D I-p2_
— wu
Q= 2 2 ,
L+ VI-D2 I-D_,
w*—— u—u
| 2 2 i
and ) i
I-D Vi-pz
_ — wu
Q= 2
1-D2 I+D
w*—— u—u*
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Therefore, Q; and @, are projections defined on E*. The matrix representations

of Q; and Q; with respect to
{fer,e_1} € B,

are given by

1+1 a(l — /12)2
| a(1- /12)§ 1-2
and )
1 1-2 a(l—212)2
a(l — /12)2 1+2
Thus, with respect to the decomposmon W =E, ® E* 69 N, we have

Iy, 0
Py, = Qa2 Q2 ,
Q Q
where Q; and Q, are given as above. As
W = Wl @ V1W2 = W2 @ V2W1,

it follows that Py, = I,y — Py,yp, and Py, 4y, = Iy — Py, and hence,

Q=

] and Py, =

I 0
sz = Qi‘ Ql and PV] w, = Qi QJ-

Finally, to find a suitable orthonormal basis of E*, we define

fi=a fa—4f1
fa= and f3 =
Vi— a2 Vi1

Then, as easy computation reveals that

fz—\/:e/l \/Ee—/l
fi= \/73/1—05\/Te 2

+l\)

1+41 +a [1-2 and f, = [1+2 o /ﬂ
B e, ra B e_, 4= B e, —a B €_,,

(4.6)

(4.7)

(4.8)

(4.9)

At this point, we recall the following useful result concerning the orthonor-
mal basis of the range of projections of our interest (see [DSPS24, Lemma 3.2]):

Lemma 4.6. Let J and X be Hilbert spaces, U : H — X a unitary operator,

and let A € [-1, 1]. Define the projection P : H @ K — J @ X by
144 V1-22

e Yy
P = \/2/12 2
1—_U I;IK

2 2
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If{ei i e A} S Bg.(, then {‘\/ %ei (<5) 1/ %Uei i e A} S Branp.

Returning to our setting, in particular, we have the following:
Corollary 4.7. Let {f; f=1 be asin (4.8) and (4.9). Then
ranQ; = Cfy,ranQ, = Cf,, ranQ; = Cf;, and ranQ; = Cf,.
In particular
{1, F35{f2 fa} € Bga.

By Theorem 2.3, we know that (W, U, Pwl) is a BCL triple associated to
(V1,V,), where the unitary U on W is given by

U = VZlWl % . Wl @ Vl W2 g V2W1 69 Wz. (4.10)
Vilv,w,
Our goal is now to reveal the action of U on a basis of W. We need some
preparatory calculations. It follows immediately from the representations of
Py, and Py w,s i#j,i,j=1,2(see(4.6) and (4.7)) that
W, = E; @ ranQ, @ ranQ, V, W, = ranQ; @ ranQ,
and
W,=E & raan @ ranQ*, Vi W, = raan @ ranQ-.
Consequently, by Corollary 4.7, we have
Wl = El @ Cfl @ I‘anQ,
VZ Wl = sz @ I‘anQ,
W, = E, ® Cf, ® ranQ*,
Vl W2 = Cf3 @ raan.

(4.11)

Now we are ready to explore the action of the unitary U on 'W.

Lemma 4.8. Let (V,,V,) be an irreducible 3-finite pair. With notations as above,
we have the following:

(a) Uf; € Cf,

(b) Uf € Cfy,

(c) Uf, € ranQ,

(d) U*f4 € ranQ*,

(e) U*(ranQ*) c ranQ*t, and U(ranQ) C ranQ.

Proof. First, we prove part (a). Since f € W, it follows that
Uf = sz (S Vzwl.

By (4.11), we know that V, W, = Cf, @ranQ, and hence, there exists g € ranQ
such that

Vof =(Vof. fof2+ 8
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As ranQ C W, applying V7 to both sides of the preceding equation and then
using (4.5), we see that

Bf = (Vaf, f2)V; fa
Now we compute V7 f,. By Corollary 4.7, we know that {f}, f3} € Bp1. As
f, € EM=E; ® E_;), we have

fa={fa ff1+{f2 [3)f3

By (4.11), we know that f; € W,. Applying V] to both sides of the preceding
identity we obtain that

Vifa= {2 f)V{fs
Since f; € VW, (see (4.11)), the definition of U as given by (4.10) yields
Vikfz = (fz,f3>Uf3,
and hence _
Bf = Vaof, fa)Xf2, f3)U S
It is clear from (4.9) and the fact that « is a unimodular constant that (f5, f3) =
—A. Finally, by the definition of U, it follows that V', f = U f and hence

B
UsE Txorn
For (b), we observe, similarly, that U*f = V,f € V;W,. By (4.11), we know
that
ViW, = Cf; @ ranQ™,
and hence, there exists 4 € ranQ' such that

Vif ={Vif. f3)fs +h

Now we follow the steps in (a) precisely to conclude that

B
Usfy= ———f. (4.12)
L= 2w
Next, we proceed to prove (c). As E;(= Cf) and ranQ, (= Cf) are orthogonal,

we have that (f, f;) = 0. Therefore,

(Uf,Ufy)=0.
Since U f € Cf, (see part (b)), it follows that (U f1, f,) = 0. As f; € Wy, (4.10)
together with (4.11) imply
Ufl (S V2W1 = CfZ @ I'anQ.

Therefore, (U f,, f,) = 0 implies that Uf; € ranQ. Since the proof of (d)
is analogous to that of (c), the specifics are omitted. Finally, we turn to (e).
Clearly (4.11) implies E;(= Cf) and ranQ* are orthogonal subspaces of W,.
Consequently

U*f L U*(ranQ%).
By part (a), U*f € Cf; and hence

f3 L U*(ranQ%).
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The definition of U as in (4.10) together with (4.11) yield that

U*(ranQ*) C U*W, = Vi W, = Cf; @ ranQ",
and consequently, U*(ran Q) C ranQ*. The proof of U(ran Q) C ranQ is
similar. O

The following theorem provides a summary of the major findings concern-
ing irreducible 3-finite pairs of isometries so far. The final claim is an addi-
tion that states that the absolute value of the nonzero eigenvalue of the cross-
commutator is same as the second largest eigenvalue of the defect operator.

Theorem 4.9. Let (V,V,) be an irreducible 3-finite pair of isometries. Then
(1) rank[V3,V1] =1and ran[V},V,]| = E;.

(2) E_; ={0}
(3) There exist unique By, v,y € C \ {0} and a unit vector fy, v,y € E, such
that
E, = G:f(vl,vz),
and

V3. Vilfwivy = B fwiws)-
(4) Thereis a unique Ay, v,y € (0,1) such that
O-(C(Vl’ VZ)) N (05 1) = {A(Vl,Vz)}s
and

1
CV1, V)lkercv vyt & [ Av,v,) ] :
- (Vl’VZ)

3 1Byl = A, vy

Proof. We only need to prove (5). Keeping the foregoing notational conven-
tion, we use 4, 8, and f for A, vy, B, v,), and fy, v,) respectively. It follows
from (4.5) that V;V, f = Bf. Since f is a unit vector in E;, we have

B =(Bf. f)=VVif. [)=U*f,Uf),

where the last equality follows from the definition of U. By parts (a) and (b) of
Lemma 4.8, we then have

B =U*f, f)f3:AUf, f2)f2)
=—U*f, [3Xf2, Uf)4,
as (f3, f2) = —A. The result now follows from the fact that (U*f, f3) and
(f,, Uf) are unimodular constants. O

We record the following particular but useful fact for convenient future re-
trieval:
ran[V3,V ] = E; =Cfy,v,) = WinW,, (4.13)
where E;, = ker(C(V,,V,)—1I4). The final equality is a consequence of Lemma
4.1.
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The purpose of this section is to present a complete classification of irre-
ducible 3-finite pairs in terms of computable unitary invariants. The structural
results of the preceding section will be used thoroughly. Therefore, we continue
with (V1,V5,), an irreducible 3-finite pair on . We adhere to the notational
convention established in Section 4 (more specifically, see (4.2) and (4.3)):

B = Bw,,v,) = unique nonzero eigenvalue of [V, V1],
A = Aw, v, = unique eigenvalue of C(V1,V;) in (0, 1),
f = fw, v, = aunitvector in E;.

Recall that the unitary U of the corresponding BCL triple (W, U, Py, ) is given

by (see Theorem 2.3 or (4.10))

U = V2|W1 . W1®V1W2—)V2W1®W2.

Vilviw,
Also recall from Theorem 4.9 (or see (4.13)) that
ran[V;,Vl] = El = Cf = Wl N Wz,
and [V3,V,]|f = Bf. Foralli =1,2,3,4, set
1
=— f.
<f3’ U*f> l
By (4.12) and the fact (f3, U* f) is a unimodular constant, we have

8i

U f,g) =1 and (U, ) = &
By Corollary 4.7, we also have
{81,83}.{82, 84} € Bps.
Further, it follows from Lemma 4.8 that
U™f, € ranQ,

and
U*mf, € ranQ*,
forall m > 1. Set
W = span{f, U™ f1, U™ f4 : m > O}
We show that:

Lemma 5.1. W reduces (U, Pyy).

(5.1)

(5.2)

Proof. Clearly, f, f1,f4 € W. Recall that {es1} € Bg,gr_,» and then (4.8)

implies
f1+ f4 = ascalar multiple of e, ;,

and consequently
E; @ E_; = span{f, + f4}.
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Thus,
El @E/1®E_A cCW.

First, we claim that W reduces U. We know by Lemma 4.8 that U f € span{f,}
and U*f € span{f;}, and hence, by Corollary 4.7 we conclude that

Uf, U*f €EE,®E_;.

Therefore, Uf,U*f € W. It just remains to show that U* f;,Uf, € W. To
this end, observe that Corollary 4.7 implies

f1 €ranQ; C E; @ E_; = span{f, f4},
and consequently, it follows from Lemma 4.8 that
U*f1 € span{U* f,, U* f,} = span{f, U* f,} C W.
Similarly, by Corollary 4.7, we have
f4a € E; @ E_; = span{f, f3}.
By Lemma 4.8, we have
Ufy € span{Uf,,Uf3} = span{Uf. f} ¢ W.

We have thus proved that W reduces U.
We now show that W reduces Py, . As f € W, we have Py, (f) = f. One
easily observes from (4.11) and Lemma 4.8 that

Uumf, e w,

and hence,
Py, (U™ 1) = U™y,
for all m > 0. By (4.11) and Lemma 4.8
U*mf, € ranQ+ C ViW,,
and consequently
Py (U f4) =0,
for all m > 1. Finally, since
fa €E; @ E_) = span{fy, f3},

and f; € V; W, (by Equation (4.11)), we have that

Py, f3=0,

and therefore
Py f4€Cfi CW.

This shows that W reduces Pyy,. O

Note that a BCL pair (V,V,) on J is irreducible if and only if (U, Pyy,) is
irreducible [DSPS24, Corollary 2.2]. From the above lemma, we obtain:

Corollary 5.2. {f, f1, f5, U™ f1, U™ f, : m > 1} € By.
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Proof. As(V,,V,)isirreducible, there is no non-trivial closed (U, Py, )-reducing
subspace of W and hence, it follows immediately from the above lemma that

W=w.
Since f € E;, and
span{fy, f4} = E; @ E_; = span{fy, f},
and U™ f; € ranQ, U*™f, € ranQ* for all m > 1, it follows that

U fiu f3 UM LU fy tm> 13
is an orthonormal basis for W. (]
We are now ready to prove the main result of this section, which serves as a

foundational component of the article’s overall contribution. Recall (see Theo-
rem 4.9) again that for an irreducible 3-finite pair (V, V),

B, v,) = unique nonzero eigenvalue of [V, V4].
Theorem 5.3. Let (V1,V,) on I and (V1,V,) on I be irreducible 3-finite pairs.
Then (V1,V,) and (V,,V,) are jointly unitarily equivalent if and only if
6(V1,Vz) = B(VI’VZ)'
Proof. If (V,V,) and (V1, V,) are unitarily equivalent, then clearly By, v,) =
B, v,)- For the non-trivial direction, assume that
B = ﬁ(Vlyvz) = 6(171,‘72)'
As usual, we define
W = ker(V,V,)*, W; = ker Vi*,
and
W =ker(V,V)*, W, =kerV},
for alli = 1, 2. Define
A =gl
By Theorem 4.9, we have
o(C(V1,V2)) N (0,1) = o(C(V1, V)N (0,1) = {A}.

In view of Theorem 2.3, we consider the BCL triples (W, U, Pwl) and (W, U, Py, ),
where U is the unitary on W given by

U=[V2|W1 , ] CWLB VLW, - VW, ® W,
V1|V1W2
and U is the unitary on W given by
U= [V2|W1 ] Wy @ VW, — VW, @ Wy
V1|V1W2

It suffices to show that the triples (W, U, Py, ) and W, U,PWI) are unitarily
equivalent, that is, we claim that there is a unitary IT : W — W such that

MU = U and 1Py, I = Py .
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We recall that E, = ker(C(V4, V) — uly) for a scalar u (see (2.9)). Set
E, =ker(C(V1,Vy) — uls).

We know (see (4.13) or Theorem 4.9) that

ran[V;7 Vl] = El = Cf(Vl,Vz) = Wl N WZ,
and

ran[V;, V1] = E; = Cf(p v, = Wi nW,.
As in the construction of Section 4, suppose

{ei/l} S BEAGBE—A and {éil} S BEA®E—/I'

Also, as in Corollary 4.7 (or see (4.8) and (4.9)), define

= [1+2 p [1-2 fi= [1+4  _ [1=2
1= > e ra > €_1 Ja= > e)p—a 2 €_1
nd

-1 -1
fo M g fam A
V1-—42 V1-—A2
for some unimodular constant a. Clearly, f; € W, i = 1,2,3,4. Following
(5.1), define

a

YU ey

foralli =1,2,3,4. By (a) and (b) of Lemma 4.8 and (5.2), we conclude that

B8
Ufwivy = =782
Ugs = f(vl,vz),

(5.3)

where the first equality follows from the fact that
Ufw,vy =Ufw, v, 82)8-
Corollary 5.2 yields
v, 81,83 UMg,U™g, : m > 1} € Byy.
Similarly, we have the vectors f; € W, i = 1,2, 3, 4, defined by

fi= > )+ & 5 e fa= > e —a 52

and

for some unimodular constant &. Also, define

§ = ;f
l (F3 U fvy)) v
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foralli =1,2,3,4. As above, we again have

Ufw,vy = —§§2

= (5.4)
Ug = fw,v,)
and
{fr,v) 81,8, U0"§,U"g, - m > 1} € Byy.
A simple computation shows that
g4:(V1_AZ)g3+/‘Lg1 (5 5)
&= (W1-22)g; + 14;.
Define the unitary IT : W — W by
Hf(Vsz) = f(Vlgvz)’
and
If=10"g iff=U0"g
Umg, iff=U""g,,
for m > 1. It is clear from the definition of IT and the identity (5.5) that
11g4 = &4,
and consequently
-1 6, — A8
Mg, = H(gl g4) _8& 84’
V1-22 V1-22
that is,
Iig; = &,. (5.6)

It is now easy to see that
IunhHg, = Ug.
Moreover
(MU Yg;, =NUg; = fw, v, = fr.v,) = U

where the second and fourth equalities follow by an appeal to (5.3) and (5.4)
respectively. For all m > 1, we also have

MUT=H(0™g,) = (MU)(U™g,) = (U™ *gy) = (0)"*1g, = U(U™),
and similarly,
MUIH(0*"g,) = U*~Vg, = UU*"gy).
Finally, by (5.3), (5.6), and (5.4), it follows that

_ B B
MUY f vy =NUfy,v, =1(- IgZ) =-78= Ufw, v,
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This proves that IIUTI! = U. The verification of ITPyy TI™! = Py;, is easy and
is left to the reader. This completes the proof of the theorem. O

Now it is important to furnish explicit examples of irreducible 3-finite pairs.
We start with invariant subspaces of L?(T?). For each nonzero r in (—1,1) and
unimodular function ¢ € L®(T?), define

(o)

Lo, = o(H0) P (P 2spanf=7751)

j=0
Then £, is (jointly) invariant under (L,, L,,), and
[(Lwle,, ) Lzle,, ] = [(Lwle,, ) Lzl g, I* # 0.

In fact, Izuchi and Ohno proved that £, are the only invariant subspaces of
L?(T?) that satisfies the above self-adjoint condition (see [1094, Theorem 1 ]).
This observation was one of the keys to the construction of invariant subspaces
of H%(D?) with self-adjoint and nonzero cross-commutators [1106].

Example 5.4. For each nonzero r in (—1, 1), there exists an inner function ¢ €
H*(D?) such that [1106, Theorem 2]

5 = go(Hzmz)@(;ézfspan{%})). 57)

is an invariant subspace of H*(D?) (see (1.4) for the definition of invariant sub-
spaces of H*(D?)) and
[(Myls,)*, Mz s, I* = [(Myls,)*, Mels,1 # 0,
and
rank[(My|s,)*, M,|s,] = 1.

A simple computation reveals that (see [1106, proof of Theorem 3)) r is the only
nongzero eigenvalue of [(My|s )", M,|s |. Moreover, the pair (M,|s , My|s ) is an
irreducible 3-finite pair (See [ Yang19, Example 8.9, Page 246], and

a(C(M,ls,, Myls,)) N (0,1) = {|r[}.

That is, |r| is the unique eigenvalue of the defect operator of (M,|s , M, |s, ) lying
in(0,1).

Example 5.5. Lety be a unimodular constant and let r be a nonzero real number
in (—1,1). Consider the submodule S, as in (5.7), and then, consider the isometric
pair (yM;|s ,My|g ) on 8,. It is easy to see that

C(VMz|sr,Mw|s,) = C(Mz|$,,Mw|s,),

and
[(Myls)* Myl ] = 7[(Myls )" M, s |-
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It follows immediately from the discussion of Example 5.4 that (yM,|s , M,|s ) is
an irreducible 3-finite pair with

o(C(yM,|s,, Myls)) N (0,1) = {|r|},
and
o([((Myls,)", ¥M;|s,1) N (0,1) = {yr}.

The above example, together with Theorem 5.3, immediately yields a com-
plete characterization of irreducible 3-finite pairs.

Theorem 5.6. Let (V1,V,) be an irreducible 3-finite pair on a Hilbert space J<.
Then there exist 1 € (0, 1), a unimodular constant y, and an inner function ¢ €
H*(D?) (depending on 1) such that

a(C(V1,V2)n(0,1) = {4},
and
a([V3, ViD \ {0} = {r4},
and
V1, Vo) = (M, s, Myls,)

where 8; is the invariant subspace of H*(D?) of the form

— o H2(D? j w
82 qo(H C )EB(jG:%Z span{l_lzw})).
Proof. The existence of 1 and y follow from Theorem 4.9. Here, note that

V3. Valf = Bf,

and y is the unique unimodular constant such that 8 = y1 (compare with (3)
and (5) of Theorem 4.9). With this particular A and y, we now apply Example
5.5 to conclude that

(Vlﬁ VZ) = (yMZISA’MLUlS,l)’

for some inner function ¢ € H*(D?). This completes the proof of the theorem.
O

The following intriguing and direct ramifications of Theorem 5.3 and Exam-
ple 5.5 are worth highlighting: Let y; and y, be unimodular constants, and let r
be a nonzero number in (—1, 1). Consider the invariant subspace 8, of H*(D?)
as defined in (5.7). Then:

(1) nMzls,;s Myls,) = (r2M;ls,. Myls,) ifand only if y; = y».
(@) 1M, s, Myls,) = (M,|s,,72Myls,) if and only if y; = 7.
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6. Classification of 2-finite pairs

The focus of this section is a complete characterization of irreducible 2-finite
pairs. Let (V,V,) be an irreducible 2-finite pair on . First, we claim the
following crucial spectral property:

a(C(V1, Vo) \ {0} = {£1}.

Indeed, an argument similar to the proof of Proposition 4.3 yields that, in this
case also

dim El =1.
Since rankC(V4, V,) = 2, it follows immediately from Theorem 2.5 that
dlm E—l =1.

We conclude that the only nonzero eigenvalues of C(V, V,) are {+1}, and
dlmEl == 1 - dimE_l.
Therefore,
(kerC(V1, Vo))t =E; @ E_;.

Let e; and e_; denote unit vectors in E; and E_, respectively. Then Corollary
3.6 and Lemmas 4.1 and 4.2 imply that

rank[V3,V;] =dimE; =1,
and
ran[V3, V1] = E,
and
[V;kaV1]|Ell =0.
In particular, there exists a nonzero scalar a such that
[V5, Vil = ae; @e;.

Same computation as in Section 4 (see, in particular, the equality (4.5)) yields
that

ViVie; = aey, and ViVyeq = ae;.
Let
N =Weo (kerC(Vy, V)t
Clearly, with respect to the decomposition W = E; @ E_; & N, we have

CVuLVI)lw = I,

Recall that C(V, V)| = Py, — Py,w,. Hence,

Py, = Py,w, = I,
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Ig,
Pwl = 0 5
Q

0
PV2W1 = IE_1 >
Q

where Q : N — N is a projection. Then

Thus, Theorem 3.1 implies

and

IEl
Py, =1y — Py,w, = 0 o ,

and
0
PV1W2 ZIM]—PM]1 = IE—l .
QJ.

Consider the unitary U on W as given by Theorem 2.3:
W == Wl @ V1W2 == W2 @ V2W1,

and
Vv
U = 2|W1 V*l ] . W1®V1W2—)V2W1®W2.
11ViW,
Since
Wi = E; @ ranQ,
and

V,W, = E_; ®ranQ,
and since U = V, on W, it follows that
Vyep =Ue =(Uep,e_j)e_; +g,

for some g € ranQ. Since ranQ C W, applying V} on both sides of the preced-
ing equation and then using the definition of U, we obtain that

ael = VTVzel == (Uel,e_1>er_1 = <Uel, e_1>Ue_1.

This shows that U(E_;) = E;. Moreover, since (Ue;, e_;) is a unimodular con-
stant, we have || = 1. As

W, = E; @ ranQ*t, Vi W, = E_; @ ranQ*,
and U* = V; on W,, there exists h € ranQ+ such that
V161 = U*el = <U*el,e_1>e_1 + h.

As before, since ranQt C W,, by applying V>, on both sides of the preceding
equality and then using the definition of U we find that

ae| = V;Vlel = <U*el, e_1>V;€_1 = <U*el, e_1>U*e_1.



1048 SANDIPAN DE, JAYDEB SARKAR, P SHANKAR AND SANKAR T.R.

This shows that

U*(E_y) = Ey,
and hence, E; @ E_; reduces U. On the other hand, we know that E; C W, and
E_,(C VW,)is orthogonal to W,. It is now obvious that E; @ E_; reduces Pyy, .
In other words, E; @ E_; C W reduces (U, Py, ). But (V1, V) and equivalently
(U, Pwl) is irreducible. Therefore,

W=E ®E_,.

Then V' = {0} and hence

W) =E =W,.
At this point, we recall the following result from Bercovici, Douglas, and Foias
[BDFO06, Corollary 4.3]:

Theorem 6.1. Let (T, T,) be an irreducible isometric pair. Suppose
dim(ker T}") < oo (i=1,2).
Then each T;, i = 1,2, is either shift, or a constant multiple of the identity.
Returning to our context, we immediately have the following:
Corollary 6.2. V, and V, are unilateral shifts.

Since
W; = ker V] = span{e,},
we conclude that V is a unilateral shift of multiplicity one, that is, V; = M, on
H?(D). More specifically
W(Vie)=2z" (n>0),
defines a unitary W : # — H?(D) such that
WV, = M,W.

Then (V1,V,) on I is jointly unitarily equivalent to (M,, WV,W*) on H(D).
As WV,W* commutes with M,, there exists an inner function 6 € H*(D) such
that
WV,W* = M.
Again it follows from
dim(ker M;) = dim(ker WVIW™)

= dim(ker V)
=1,
that 7
6(z)=cl_dz (z e D),

for some a € D and unimodular constant c. Consequently,
ker My = spanfk,},
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where
1

1—az

ka(z) =
is the Szego kernel on D. But

(zeD),

Wy =W,
implies that
C =ker M; = ker M, = span {k.},
which forces that a = 0. We have thus proved that:
(V1,V,) on H = (M,,cM,) on H*(D),
for some unimodular constant c. Consequently
a = nonzero eigenvalue of the cross-commutator [V, V] on F€

= nonzero eigenvalue of the cross-commutator [(cM,)*, M,] on H*(D)
=_C.
The summary of the above observations provides a complete classification of
irreducible 2-finite pairs:

Theorem 6.3. Let (V,V,) be an irreducible 2-finite pair. Then {+1} are the only
nongero eigenvalues of C(V,,V,). Moreover

rank[V3, V1] =1,
and there exists a unimodular constant o such that

o([V3, V1D \ {0} = {a}.
Moreover

V1, Vy) = (M, aM,).
Conversely, if a is unimodular constant, then (M,,aM,) on H*(D) is an irre-
ducible 2-finite pair with {+1} as the only nonzero eigenvalues of C(M,, &aM,).

Note that the pair (M, &@M,) is acting on the Hardy space H2(D). The details
of the converse part of the above result are routine, and we leave the details to
the reader.

The following result, which is an immediate consequence of Theorem 6.3,
says that for a 2-finite pair, the nonzero eigenvalue of the cross-commutator is
a complete invariant.

Theorem 6.4. Let (V,,V,) on I and (V,,V,) on I be irreducible 2-finite pairs.
Let

a([V5, ViD \ {0} = {a},

and
a(IV,", ViD\ {0} = {a}.
Then
V1, V) = (V1, V),
if and only if

a=a.
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7. Classification of 1-finite pairs

This short section classifies irreducible 1-finite pairs. In contrast to 3 and 2-
finite pairs, this class is simple, and the structure can be easily derived. Indeed,
this is simply the pair of shifts on H(D?):

Theorem 7.1. Let (V,,V,) be an irreducible isometric pair on a Hilbert space J(.
Then (V1,V) is 1-finite if and only if

(V1,V3) & (M, M,,) on H*(D?).
Proof. Itisastandard fact that (M,, M) is irreducible. Moreover, (M,, M) is
doubly commuting, that is, [M;;, M,] = 0, and also (see the identity (3) preced-
ing Definition 1.3)
C(MZ’MLU) = PC'
Therefore, (M,, M,,) on H*(D?) is an irreducible 1-finite pair. For the reverse

direction, consider an 1-finite irreducible isometric pair (V,V,) on a Hilbert
space . We again recall that

(1) E; = ker Vi nker V7 (see Lemma 4.1),
@) [V3,Villps = 0,and ran[V;,V;] C E; (see Lemma 4.2), and
(3) rankC(V4,V;) = 2rank[V], V] +dim E; —dim E_, (see Corollary 3.6).

By assumption, rankC(V1,V,) = 1. Then, in view of Theorem 2.5, we know
that either 1 or —1 is the only nonzero eigenvalue of C(V, V). If —1 is the only
nonzero eigenvalue of C(V;, V), then

dimE; = 0.

Therefore,
rank[V3, V3] =0,
and hence, by the rank identity (3) above, we have
rankC(V,V,) =2x0+0—-1
= -1,
an impossibility. Therefore, 1 is the only nonzero eigenvalue of C(V, V). Then
E_, ={0}.

Since rankC(V, V) = 1, the rank identity in (3) above again forces that

[V, V1] =0,

that is, (V1, V) is a doubly commuting pair on . The Wold decomposition of
doubly commuting pairs (1.3) yields the orthogonal decomposition into reduc-
ing subspaces

H = FHyy © Hys @ Hgy, © H,
where V| I, is a shift if i = s and unitary ifi = u, and V| I, isashiftif j =s
and unitaryif j = u. Nevertheless, due to the irreducibility of (V;, V), precisely
one summand will survive. We claim that F( is the one who will last. Indeed,
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if (W, W,) is an isometric pair such that at least one of W, and W, is unitary,
then an easy computation reveals that

C(W,W,)=0.
Consequently, in the present situation, we have that
C(Vilgc,» Valac,) =0,
whenever at least one of i, j is u. Therefore,
H = Hy # {0}
The representation of shift part of the Wold decomposition for doubly commut-
ing pairs [JS14, Theorem 3.1] yields
Ho = €D Vv Ker(Vi Iy, )* nker(Valy, )*).
m,n0
However, we know from (1) above that
Ey = ker(Vy g, )" nker(V;|g, )"
Since dim E; = 1, there exists unit vector f € J such that
E, =Cf.
Therefore, there exists a unitary U : J(, — H?(D?) such that
uvivif) =z"w" (m,n > 0).

Moreover, UV, = M,U and UV, = MU (see [JS14] for more details), that is,
(V1,V,) = (M,, M,,). This completes the proof of the theorem. O

With this, we now have a thorough understanding of irreducible n-finite
pairings for all n = 1,2,3. In the following section aims to show that irre-
ducible 1, 2, and 3-finite pairs are all irreducible n-finite pairs.

8. Compact normal pairs

In this section, we obtain complete representations of compact normal pairs.
As we will see, aggregating all previously learned results will archive this. In-
deed, we will see that along with the 3 and 2 and 1-finite pairs obtained before,
shift-unitary pairs (see Definition 1.9) will also serve as the fundamental build-
ing blocks of compact normal pairs.

We fix a compact normal pair (V,V,) on K. As usual, following (2.9), we
write

E;, :=E(C(V,V3) (AE€R).
Recall from Lemmas 4.1 and 4.2 that
ran[V3, V] = ran[V},V1]* CE; = Wy n'W,,
where W; = ker Vi*, i=1,2,and

[V;’V1]|E1l = [VT’VZ]lEf- = 0.
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We first consider the case when dim E; > 1. The case when E; = {0} is easy
and will be discussed later in Remark 8.8. Let

dimE; :=k € NU{o0},

and suppose{f1, ..., fi} is an orthonormal basis of E; consisting of eigen vectors
of [V, V] (by treating [V}, V]|, on E; as a normal operator). There exist
scalars {14, ..., 4;} (possibly repeated) such that

V3, Vilfi = 4ifis
fori = 1,2,...,k. Finally, for each i = 1,..., k, we define a closed subspace 7¢;
of F as
I c=span{V]"V] f; : m,n > O}
These spaces are of interest, which we now analyze thoroughly. First, we prove
that these spaces are jointly reducing (see Definition 1.6).

Lemma 8.1. J(; reduces (V,,V,) foralli =1,2,... k.

Proof. The proof is exactly the same as the proof of the reducibility of S in
Proposition 4.3. U

Moreover, we claim that:
Lemma 8.2. (V1|,, V3|gc,) is irreducible for alli = 1,2, ..., k.
Proof. Fix an i. Note that
C(Vilse, Valae) = CV1, V)l
By the definition of J(;, we have
E1(CWV1lgc, Valae)) = Cfi.
Suppose X is a nonzero closed subspace of 7(;. Assume that X reduces (V{,V5).
Since
dim E,(C(Vqlg¢,, Valse)) = 1,
an easy consequence of the spectral theorem for compact and self-adjoint opera-
tors (cf. [DSPS24, Lemma 2.6]) implies that f; € X, and consequently, X = ;.
This completes the proof. O

The following orthogonality relation will be useful in what follows.
Lemma8.3. (VJ'f;,VIf;)=0fori# jandm,n € Z,.
Proof. Since f; € W, N W,, it follows that
ViVifi = V5. Valfj + ViVif
=4;f}

Then, similar computation as in the proof of Proposition 4.3 (or, see (4.1)) yields
that (note that ViV" f; = VITIVIV, f))

* _ -1 _ -1
VI =Vim VoVl = 4V [
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for all n > 1. Repeated application of the above yields
l;"V;“_mfj iftm<n

V*mVn -
Vil 0 if m > n,

*

where the final equality is due to the fact that V,
the above equality implies

(VI VEf) = {fuV3mVif;)
_{(fuapviengy) it <,
0 ifm > n.
= 0,

(m_")fj = 0 for m > n. Then

and completes the proof of the lemma. ]
It is now natural to expect that:
Lemma 8.4. J(; L 3(; foralli # j.
Proof. Supposei # j. It is enough to show that
VIVifi imn>0 L{VIVISf; @ m,n >0}
Let my, ny, my, ny > 0. Since f;, f; € Wi N W,, it follows that
VIV Vitvy f) = 0,

whenever m; > m,,n; > ny, orm; < my,n; < n,. If m; < my, and n; > n,,
then Lemma 8.3 implies

m n m n n,—n my—m
<V1 1V21fi,V1 2V22fj>= <V21 Zfl"Vlz 1fj>
=0.
The remaining case when m; > m, and n; < n, is treated in a similar manner
and is left to the reader. O

The nonzero part of the defect operator is contained in the direct sum of F;’s.
More specifically:

Lemma 8.5. (kerC(Vy, Vz))l C O ;.
Proof. Let
Ho = 6 (D, I;).

Then ¥, reduces (V;,V,), and consequently, (V1|4,,V>|s,) is a BCL pair on
H,. Clearly

C(V1|}{0a V2|}{0) =C(Vy, V2)|}(0,
and

[(Valge,)"s Valag, ] = V5, Vil
By the definition of F(;’s, we have

E, Cc ®F 7.
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Since [V, V] = 0 on E;-, we conclude that

[(Valge,)"s Vilae,] = 0,
and
dim E,(C(V |, Valgg,)) = 0.
Therefore, it follows from Corollary 3.7 that C(V |4, V2|#,) has finite rank,
and consequently, Corollary 3.6 implies

rank C(Vy g, Valge,) = 2rank [(Valgg,)*, Vilge, ] + dim By (C(Vy ¢, Valge,))
—dimE_i(C(Vilg,» Valag,))
=- dimE—l(C(Vllﬂos V2|}(0))~
Therefore,
C(Vils,s Valag,) =0,
which completes the proof. O

Before we proceed to the final lemma of this section, we fix some notations.
Set

k
3o 1= 3 © (P I, (8.1)
i=1
and foreachi =0, ..., k, define
Vi Vo) = (Valae» Valae)-
Clearly, (V'1;,V;;) is a BCL pair on 7(;, i = 0,1, ...,k. We have the following
(see Definition 1.9 for the notion of shift-unitary pairs):
Lemma 8.6. (V1,V,) is a shift-unitary pair.
Proof. By Lemma 8.5,
C(V10,V20) =0,
which implies that (V1 4, V) is a doubly commuting BCL pair on #, [MSS19,
Theorem 6.5]. By (1.3), the Wold decomposition for doubly commuting pairs,
there is a unique orthogonal decomposition of F, into (V' , V,)-reducing
subspaces
Ho = Hyy @ Hys @ Hyy @ Hgs,
where V' , on J(;; is a shift (respectively, unitary) if i = s (respectively, i = u)
and V,, on 3(;; is a shift (respectively, unitary) if j = s (respectively, j = u).
As (V14, V) is a BCL pair, we must have that
Hyu = {0}
By the construction of Hy [JS14, Theorem 3.1], it follows that
Hs = @ Vvl (kerVi nkerVs ).
m,n>0

On the other hand, Lemma 4.1 implies
EI(C(VI,O’ VZ,O)) = ker V:O N ker V;F’O.
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Then
Hss = @ VIoV3oE1(C(V10, V20)).
m,n>0
Observe that
E1(C(V10,V2p)) = EL(C(V1, V)l ge,) = {0},
and hence
Hs = {0}.
Thus,
Hopy = Hs = {0}
Hence, F, = J(,; b H, and the result follows. O

Let us establish one terminology for the purpose of future reference.

Definition 8.7. Let (V,V,) on JC be a compact normal pair. Let J(, be as in
(8.1). The shift-unitary part of (V1, V) is the pair (V1 4,V , o) defined by

(V1,0:V20) = Vila,» Valag,)-

Remark 8.8. Let (V,,V,) on H be a compact normal pair. Assume that E; = {0}.
By Lemma 4.2, we know
[V3, V1] =0,
and so, by Corollary 3.7, C(V1,V,) has finite rank, and consequently, it follows
from Corollary 3.6 that
C(Vy,Vy) =0.
Therefore, in this case, H = J(, and consequently
V1,V3) = V19, Vap)-
An appeal to Lemma 8.6 immediately yields that (V1, V) on H is a shift-unitary
pair.
The following theorem highlights all of the results achieved so far in this
section:

Theorem 8.9. Let (V,V,) be a compact normal pair on F. Define
k :=dimE,(C(V,V;)) € [0, o0].
Then the following holds:
(1) There exist k + 1 closed (V1, V,)-reducing subspaces {H j}?zo such that

k
7 = P,
j=0

where

Jt; :=span{V'VIf; : m,n > 0} (=1,..,k),
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and
k
3o = 3¢ 6 (P %)),
j=1
and {fi}ile is an orthonormal basis of E;(C(V1,V,)) consisting of eigen-
vectors of the cross-commutator [V, V4].
(2) (V14,V,,;) on H; is irreducible, where
Vi Vi) = Vilaes Valae)s
foralli=1,..,k.
(3) (V10,V20) on H( is a shift-unitary pair, where
(V1,05 V2,0) = (Vilagys Valag,)-

We continue with the assumptions and conclusion of the previous theorem.
Our aim is to analyze the structure of the irreducible pair (V;,V,;) on J; for
i =1,2,---,k. Note that the structure of (V; o, V) is clear from part (3) of the
preceding theorem.

Wefixani € {1,---,k}, and set

By := E(C(Vy;, Vay).
It is clear from the definition of the space J; and Lemma 4.1 that
Ey; =kerVi. nkerV}, =Cf;. (8.2)

Then
V3 Viidlscer, = 0.
Moreover, [V;’l., Vyilfi = A f; implies that
0 ifa,=0
1 ifa; #0.
We first consider the case when 4; = 0. In this case, [V;’i, V1:] = 0 and hence,

V1.4, V,,;) on H; is doubly commuting. By [MSS19, Theorem 6.5], C(V;,V;;) >
0 and therefore

rank[V;"l., Vil =

dimE_,(C(Vy;,V,,)) =0.

Consequently, by the second part of Theorem 3.5, we have
rankC(Vy;,V,;) =dimE;; = 1.
Then
L

ker (C(Vy;,V2y)) = By,

and hence
Wi = ker(Vl,inJ-)* = El,i (<3) (Wl ) El,i)'

With respect to this decomposition of W;, we write

Iy
CVyiVaodlw, = B Ol.
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As (Vy;,V,;)is anirreducible doubly commuting BCL pair on J(; with nonzero
defect operator, it follows directly from the construction of Wold decomposition
for doubly commuting pairs [JS14, Theorem 3.1] that

—_ m n
I = @ VIV By,
m,n>0

and V7 ; and V,; are unilateral shifts. More specifically
(V11, Vi) = (My, M) on H*(D?).

Now we consider the case when 4; # 0. Since rank[V] ,,V ;] = 1, an appeal to
Corollary 3.7 yields that

rankC(Vy;,V,;) < oo,
and consequently, Corollary 3.6 implies
I‘ankC(VLi, Vz,i) =3- dlm E—l,i’ (83)

where
E_1; 1= E_1(C(Vy;, Vo).
Clearly
dimE_;; <3.

IfdimE_,; = 3, then (8.3) implies C(V',;,V;;) = 0, a contradiction. Therefore,
dimE_,; € {0,1,2}.

We now consider three separate cases:
(i) Suppose dimE_; ; = 2. Since dim E; ; = 1 (see (8.2)), it follows that

rankC(Vy;,V,;) > 3.
On the other hand, it follows from (8.3) that, in this case
rankC(Vy;,V,;) =1,
a contradiction. Therefore,
dimE_;; # 2.
(ii) Suppose dimE_; ; = 1. We know, by (8.3), that
rankC(Vy;,V,;) = 2.

Thus, (V;,V,;) is an irreducible 2-finite pair. This class of pairs was
classified earlier in Theorem 6.3, leading us to conclude the existence
of a unimodular constant ¢ such that

o([V3; VD \ {0} = {a}.
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(iii) Finally, if dimE_,; = 0, then (8.3) again implies that
rankC(VU, V2,i) = 3.

Therefore, in this case, (V;,V,;) is an irreducible 3-finite pair on J(;,
which was classified in Theorem 5.6. Consequently, there exist 1 €
(0, 1) and unimodular constant y such that

o(C(V1;, VL)) N (0,1) = {4},
and
o([V3, VD \ {0} = {ya}
Summarizing the foregoing discussion, we have:
Proposition 8.10. In the setting of Theorem 8.9, fixi € {1, ..., k}. Then
rank[V*ia Vl,i] € {O’ 1}a
and we have the following:
(1) Ifrank[V3,,Vy;] = 0, then
V1 Vo) & (M, My,) on H?*(D?).
(2) Ifrank[V3,,Vy;] = 1, then
rankC(Vy;,V,;) € 12,3}
(@) IfrankC(Vy;,V,;) = 2, then(V;,V,;) isanirreducible 2-finite pair,
and
o(C(V1:, Vo)) \ {0} = {£1}, and o([V5,, V1D \ {0} = {a}

for some unimodular constant a.
(b) IfrankC(V,;,V,;) = 3, then(V;,V,;) isanirreducible 3-finite pair,
and there exist A € (0, 1), and a unimodular constant y such that
o(C(V1;, VL)) N (0,1) = {4},
and
o([V3, ViiD \ {0} = (a7},

In view of this, the main result concerning a complete description of compact
normal pairs can now be stated. In essence, the description is a summary of all
the major outcomes in this paper so far, specifically Theorem 5.6, and Theorem
6.3, Theorem 8.9, and Proposition 8.10.

Theorem 8.11. Let (V,V,) be a compact normal pair on H. Define
k :=dimE,(C(V,V5)) € [0, 0]
Then there exist k + 1 closed (V,V,)-reducing subspaces {J i}i'czo of H such that
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Set
V1 Vi) = Vilae, Valae)s
foralli =0,1,..., k. Then, we have the following:
(1) (V10,V2p) on H( is a shift-unitary pair.
(2) Foreachi = 1,...,k, the pair (V;,V,;) on J{; is irreducible and is uni-
tarily equivalent to one of the following three pairs:
(a) (M;, M) on H*(D?).
(b) (M,,aM,) on H*(D) for some unimodular constant a.
(©) (yM,|s,, Myls,) on 8, where 8, is the invariant subspace of H*(D?)
given by

8= p(HAO) P (

for some A € (0, 1), unimodular constant y and inner function ¢ €
H*(D?).

Ps

zjspan{%})),

J

Il
=]

In the following section, we use this result to explain a complete set of unitary
invariants for compact normal pairs. The discourse that precedes Proposition
8.10 also gives, in particular, that

rankC(Vy;,V,;) = 1,2, or 3,

for alli = 1,...,k. This yields the complete list of irreducible n-finite pairs.
More specifically:

Corollary 8.12. An irreducible n-finite pair is either 1-finite, 2-finite, or 3-finite.

Keep in mind that n-finite pairs with n > 3 still exist, but irreducible n-finite
pairs for n = 1,2, and 3 will build them up. In particular, n-finite pairs, n > 3,
are always reducible.

9. Complete unitary invariants

In this section, we analyze the main results in terms of unitary invariants.
First, we note, as already pointed out in the results obtained so far (see Theorem
5.6, Theorem 6.3, Theorem 8.9, and Proposition 8.10), that the decomposition
in Theorem 8.11 is unique (up to unitary equivalence) and canonical. In order
to be more specific, let us continue with the assumptions and outcomes of The-
orem 8.11. Recall that {f1, ..., fx} was assumed to be an orthonormal basis of
E,(C(V,V,)) consisting of eigen vectors of [V, V], where

k= dlmEl(C(Vl, Vz)) S [0, 00]

Then
I »=span{V"VIf; i m,n > 0},
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reduces (V,,V,) foralli = 1, ..., k. Moreover, we have the remaining space

k
o 1= 3 0 (EP 7).

i=1
Recall
Vi Vai) := Vilge, Valae)s
foralli =0,1,...,k, where (V , V, ) on H, is a shift-unitary pair, and for each
i €{1,...,k}, the pair (V1 ;,V,;) on J; satisfies the following properties:

(1) (V1;,V,;)is an irreducible 1-finite pair if and only if
(V1 Vay) = (M5, M,,) on HA(D?).
Moreover, in this case

rank[V;’i, Viil=0.

(2) (V14 V,;) is an irreducible 2-finite pair if and only if there exists uni-

modular constant « such that

(Vl,ia V2,i) = (Mz’ aMz) on Hz([D)
Moreover, in this case
rank[VZi, Vil =1,
and
o([V3; VD \ {0} = {a}.

(3) (V14 V,;) is an irreducible 3-finite pair if and only if there exist 1 €

(0,1) and a unimodular constant y such that

(Vi Vo) & (M, |, Myls,) on 8;.
Moreover, in this case

rank[V;‘i, Viil=1,

and
o[V, Vi \ {0} = (A},
Now we turn to the problem of computing complete unitary invariants. We
fix a compact normal pair (V,V,) on a Hilbert space . We adhere to the

conclusion and the identical notation as presented in the preceding discussion
and Theorem 8.11. Recall the notation that

k = dlm EI(C(VI’ Vz)).

Suppose
k > 0.

‘We construct a sequence

AWyvy) = {ai}k c¢C,

i=1 =
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as follows:
0 if rank[V3,,V,;] =0

o([V5; Vi D\ {0} ifrank[V}, V] =1

a; =

If
k=0,
then we define
aw,v,) = empty sequence.
The cardinality of the sequence {¢;} is the number k = dim E;(C(V{, V5)).

Definition 9.1. The sequence
a(Vsz) = {ai}i';l c C’
is referred to as the fundamental sequence associated to the isometric pair (V1, V).

The term “fundamental sequence” finds its rationale in the fact that this se-
quence is determined by the action of the cross-commutator on the fundamen-
tal building blocks consisting of irreducible n-finite pairs, n = 1,2, 3. In terms
of fundamental sequence, the discussion at the beginning of this section results
in the following:

(1) o; = 0if and only if
(V1 Vo) = (Mg, M,,) on H*(D?).
(2) |a;| = 1ifand only if
(V15 Vi) = (M, @;M;) on H*(D).
(3) 0 < |a;| < 1ifand only if
(V1,1 Vo) on H; = (yM,|s,, My |s,) on H*(D?),
where 4 € (0, 1), and y is a unimodular constant such that Ay = «;.

Therefore, we have the following:
(Vll_‘]{é-a V2|_‘7-[3—) =~ M; &M, D M,

where
Ml = @ (MZsMw)a
{i:oc,:O}
and
M2 = @ (Mz’oziMz)’
{iz]a;|=1}
and
M; = @ (riMz|s, » Myls, )-
{i:0<|a;|<1 with a;=2;y;,
4,€0,1),y;|=1}

In summary of the above discussion, the shift-unitary part, along with the fun-
damental sequence, serves as a complete unitary invariant for compact normal
pairs. More formally:
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Theorem 9.2. Let (V,V,) be a compact normal pair on J(. Let

a(Vsz) = {ai}i';l’
denote the fundamental sequence associated to (V,,V,) with cardinality k €
[0, 0o]. Also, let (V1 9,V3) on H, denote the shift-unitary part of (V1,V>).
(i) Then
(Vllﬂé’ V2|}(é) =M; &M, ® M,

where M;, i = 1,2, 3, are defined as above.

(i~i) Let (V1,V,) on J{ be another compact normal pair. Sup~pose &, =
{ai}f;l is the associated fundamental sequence with cardinality k € [0, c0]. As-
sume that (V1,V, ) on H, denotes the shift-unitary part of (V1,V,). Then the
following are equivalent:

1) (Vy,Vy) = (Vlsz)- 5 .

(2) (V1,0,V20) = (Vi0, V), and [V, Vil 1 = [V ,V1]|j~(0L-

(3) V10, Vag) & (V1o Vap), k = k, and there exists a permutation o of
{1,2,---,k} such that

a; = 5(0(1') (l =12,--- ,k)

Our aim in the following remark is to examine the unitary equivalence of the
shift-unitary parts of compact normal pairs (more specifically, the first part of
(3) of the above theorem). We assert that this part is the simplest of the entire
equivalence problem.

Remark 9.3. Let (V,V,) be a shift-unitary pair on a Hilbert space . First we
write the two summands of reducing subspaces as (see Definition 1.9)

H =, D FHg,.

By symmetry, it is now evident to explore unitary equivalence of (V1| , Valsc,,)-
More generally, we consider a commuting pair (W, W,) on a Hilbert space X
such that W is a shift and W, is a unitary. Therefore, there exist a Hilbert space
W and a unitary U : KX — HiV(D) such that (refer to the discourse given at the
outset of Section 2)

Uuw, =M,U.
Since W, is a unitary commuting and *-commuting with the shift W, it fol-
lows that a constant function yields the analytic Toeplitz representation of W, on
H %V([D). In other words, there exists a unitary operator W € B(W) such that
UW2 = (IHZ(ID) ® W)U
Therefore, the pair {W, W}is a complete set of unitary invariants for shift-unitary
pairs of the above type.

Given the outcomes of this paper, we are compelled to pose the following
natural question:
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Question 9.4. Classify isometric pairs (V,V,) acting on Hilbert spaces such that
[V, V1] = compact.

It perhaps necessitates different methodologies. Asfar as the present method-
ology is concerned, our approach involved identifying a complete list of irre-
ducible compact normal pairs and thereafter representing a typical compact
normal pair as a direct sum of them. In the present paper, the irreducible n-
finite pairs, where n is equal to 1,2, and 3, as well as the shift-unitary pairs,
have served as distinguished building blocks.

An essential step in answering the question might include identifying certain
irreducible pairs of isometries that satisfy the above compactness condition.
A further strategy could involve incorporating the defect operator of isomet-
ric pairs, as was demonstrated in this paper. Defect operators are indeed very
significant; however, they alone do not provide substantial information about
pairs. For instance, consider the pairs (M,, M,) and (M,,yM,) on the Hardy
space H*(D), where

y € T\ {1},
is a fixed scalar. An easy computation yields

C(Mz’ Mz) = C(Mz’ yMz)-

However, it is easy to see that (M,, M) and (M, yM,) are not jointly unitarily
equivalent. As observed earlier, these are the examples of 2-finite pairs. Some
of the results of the present paper could also be helpful in answering the above
question. For instance, Theorem 3.5 is true for all isometric pairs.

Question 9.4 has an n-variable analogy, n > 2. It is important to note, nev-
ertheless, that operator and function theory depart considerably when 7 rises
from two to three or even larger.

Question 9.5. Classify n-tuples, n > 2, of commuting isometries (V1,...,V,)
acting on Hilbert spaces such that

[Vl.*, V] = compact,

or
[Vl.*, V] = compact and normal,

foralli # j.
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