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On balanced HKT manifolds

Giovanni Gentili and Mehdi Lejmi

ABSTRACT. We prove the openness of the balanced HKT cone within the
cone of HKT structures on a compact hypercomplex manifold (M, I,J, K). We
also study the Lie algebra of hyperholomorphic vector fields of type (1, 0) with
respect to I, with particular emphasis on the case when there exists a compat-
ible balanced HKT metric. These fields exhibit a strict interplay with the bal-
anced HKT structure, for instance, we prove a harmonicity property for (1, 0)-
forms dual to hyperholomorphic vector fields. We also show non-existence of
hyperholomorphic (1, 0)-vector fields on some hypercomplex manifolds ad-
mitting a HKT-Einstein metric.
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1. Introduction

Hyperkéhler with torsion (HKT) structures have been introduced in the phys-
ical literature by Howe and Papadopoulos [19]. They play a significant role
in certain supersymmetric sigma models and other physical theories. These
structures belong to the realm of hyperhermitian geometry and represent an
interesting weakening of the hyperkdhler condition. We refer to Section 2 for
essential definitions.

The attention devoted to HKT and hypercomplex structures has recently in-
creased: among others, we mention the very recent work [3, 2, 4, 5, 9, 10, 12,
15, 24, 28, 29, 36]. Part of this renewed interest of the mathematical com-
munity is due to the influential quaternionic Calabi conjecture formulated by
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Alesker and Verbitsky [1] in 2010. On a HKT manifold (M,I,J,K, g, Q), the
form Q € A?’O(M ) induces a nowhere vanishing section of the canonical bun-

dle Q" € Af”’O(M ), where 2n = dimc(M). The expectation is that on a com-
pact HKT manifold, any g-positive holomorphic section of the canonical bundle
arises in this way, namely as the top wedge power of another HKT metric. The
new HKT metric, which would be the “quaternionic version” of a Calabi-Yau
metric in Kdhler geometry, is then also balanced and (first) Chern-Ricci flat.
The conjecture has only been fully proved with the additional assumption of
having a hyperkihler metric by Dinew and Sroka [11] (see also [8]), which un-
fortunately excludes from the picture all the interesting geometric scenarios in
the non-K&hler framework.

Our first main result, motivated by the conjecture of Alesker and Verbitsky,
concerns the cone of balanced HKT cohomology classes. A HKT metric Q on a
hypercomplex manifold (M, I,J, K) determines a quaternionic Bott-Chern co-
homology class in H ]23’8(M ). All such classes admitting a HKT metric as a repre-

sentative form an open cone inside Hé’g(M ). Also, we can consider the smaller
cone of cohomology classes that admit a balanced HKT representative. Should
the conjecture of Alesker and Verbitsky turn out to be true, it would imply that
on compact HKT manifolds with holomorphically trivial canonical bundle the
balanced HKT cone coincides with the HKT cone. We prove, analogously to
the classical result of LeBrun and Simanca [23] regarding extremal Kidhler met-
rics, that a given balanced HKT class has an open neighborhood in H]23’8(M )
such that each element of this neighborhood is represented by a balanced HKT
metric:

Theorem 1.1. Let (M,1,J,K) be a compact hypercomplex manifold. Then the
balanced HKT cone is open in the HKT cone.

It should be remarked that a notion of extremal HKT metric is still missing
in the literature. However, we could take into account HKT metrics of constant
Chern-scalar curvature as well as HKT-Einstein metrics as the analogue of
constant scalar curvature Kahler metrics and Kidhler-Einstein metrics, respec-
tively. From this point of view, balanced HKT metrics are those HKT-Einstein
metrics with vanishing Chern-scalar curvature, just as Calabi-Yau metrics are
Kéhler-Einstein metrics with vanishing Riemannian scalar curvature. Surpris-
ingly, unlike what happens in the Kéhler framework, compact hypercomplex
manifolds cannot support negative constant Chern-scalar curvature HKT met-
rics (see [12]).

The rest of the paper deals with the Lie algebra of hyperholomorphic vector
fields on a hypercomplex manifold (M, I,J, K), i.e. vector fields such that

Our interest towards these structures has several motivations. First, hyperholo-
morphic vector fields form the Lie algebra of the automorphism group of a
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hypercomplex manifold and thus they deserve to be studied on their own as
they convey deep and meaningful information of the hypercomplex structure.
Second, the presence of such fields gives constraints to the possible metric ge-
ometries arising on a given manifold, specially for the case of balanced HKT
structures, which is our primary interest also in view of the quaternionic Cal-
abi conjecture. Third, fields of this kind have been used as a tool in some con-
structions of new examples, most notably in reduction techniques, such as the
hyperkdhler reduction [18], the hypercomplex reduction of Joyce [22] and the
HKT reduction of Grantcharov, Papadopoulos, and Poon [16] (see also [30]).
Related investigations have been carried out, e.g., in [27, 28, 29, 33]. For starters,
we obtain a Hodge-type decomposition for hyperholomorphic vector fields in
T 11 ’O(M ), which allows us to prove the following:

Theorem 1.2. Let (M,1,J,K, g, Q) be a compact balanced HKT manifold. Sup-
pose that X € TII’O(M ) is a hyperholomorphic vector field and denote by o €

A}’O(M ) the form given by a = Q(X) = J (X )b. Then a and J& are Az-harmonic.
In particular, the Lie algebra of hyperholomorphic (1, 0)-vector fields is given by
Killing vector fields of constant length.

The organization of the paper is the following. In Section 2, we cover essen-
tial notions that will be useful throughout the paper. Section 3 is devoted to the
proof of Theorem 1.1. In Section 4, we collect a few observations on harmonic-
ity of forms. The rest of the paper deals with hyperholomorphic vector fields.
More precisely, in Section 5, we investigate the properties of hyperholomorphic
vector fields of type (1, 0) with respect to one of the complex structures. When
there exists a compatible balanced HKT metric, the Lie algebra of such vector
fields is abelian and consists of Killing vector fields of constant norm. Section 6
is then focused on Lie algebras with a left-invariant abelian hypercomplex struc-
ture. Finally, Section 7 deals with the interplay between the Einstein condition
with a non-zero Einstein constant and hyperholomorphic (1, 0)-vector fields on
compact hypercomplex manifolds, showing that the latter cannot exist.
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2. Preliminaries

In this section we review some basic facts concerning hypercomplex and
HKT geometry with the purpose of fixing terminologies and notations adopted
throughout the paper. Let (M, I,J,K, g, Q) be a hyperhermitian manifold. Here
(I,J,K) is a hypercomplex structure, g is a Riemannian metric compatible with
(I,J,K) and

U+ VZ—_l g(K-,) W

is a non-degenerate (2, 0)-form with respect to I that is g-real and g-positive:
JQ=Q, Q(X,JX) > 0, for all non-zero X € TM.

Q=

Asis customary, we will occasionally abuse language and call Q a “hyperhermi-
tian metric”. This is motivated by the fact that a (2, 0)-form with the properties
above completely determines a hyperhermitian metric related to Q as in (1). A
hyperhermitian structure is called HKT if

aQ =0,

where 9 is the (conjugate) Dolbeault operator taken with respect to I. The Lee
form of an Hermitian manifold (M, J, g) is defined as the 1-form 8 := J4F,
where F is the fundamental form associated to (J, g) and & the codifferential.
Our convention for the action of J on a k-form « is

Ja=a( L, ..., 070 = (-Dka(J-, ..., T).

When 6 = 0, equivalently dF"™! = 0, m = dimc(M), the Hermitian struc-
ture (J, g) is called balanced. On a hyperhermitian manifold (M,I,J,K, g, Q)
the Lee forms of all Hermitian structures (g, I), (g,J), (g, K) coincide (see [12,
Proposition 3.4]) and we can talk about the Lee form 6 of (M, I,J, K, g) without
ambiguity. Furthermore as follows from the computations in [35] (see also [8,
Lemma 2.2]), on a HKT manifold the Lee form satisfies

O =060 A Q", (2)
where (-)P4, here and in the following, denotes the (p, g)-part of a form taken
with respect to I. Thus, the structure is balanced HKT if and only if the top

wedge power of the hyperhermitian metric is a holomorphic (2n, 0)-form, where
2n = dimg(M). From (2) we also deduce the following formula

n—1 1 n—1 ol
6*9=—*6*Q=—*3<u>=—*(GI’OAM)=—J6°’1

(n—1'n! (n—1)'n!
(3)
where we used that for every a € A}’O(M ) the Hodge-star operator acts as
QA Q"
x o =Jq N ——mF—.
(n—1'n!

Another characterization of the balanced condition for HKT manifolds is
the vanishing of the Chern-Ricci form of all Hermitian structures (g, I), (g,J),
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(g,K) (see, e.g. [8, Lemma 2.2]). The Chern-Ricci form p; of an Hermitian
structure (g, I) is given locally by

p; = —idd log det(g).

The trace of the Chern-Ricci form with respect to F yields the Chern-scalar
curvature. Again, it turns out that all Chern-scalar curvatures on a hyper-
hermitian manifold agree (see [12, Proposition 3.10]) and there is no ambiguity
when referring to the Chern-scalar curvature s"(Q) of a hyperhermitian struc-
ture (I,J,K, g, Q). We also report the following explicit formula

9;(619) A Q"1
n— " O , 4)

where 8; = JI7 1 APY(M) - A7 *L9(0M). Here, A is the dual of the Lefschetz
operator Q A —. It will also be useful to recall the following identities proved in
[32]:

sCh(Q) = 2A(8;(619)) =2

As advocated in [12] balanced HKT structures should be seen as a subclass of

HKT structures satisfying an appropriate Einstein condition. A HKT manifold
(M,I,7],K, g, Q) is called HKT-Einstein if

3;(6%9) = 1Q,
for a real constant 1. Equivalently
— L’
e=L'ee g,

where L,L’ € {I,J,K} anticommute and F;, is the fundamental form of (L, g).
From (4) it is clear that a HKT-Einstein metric has constant Chern-scalar cur-
vature equal to 2nd. Moreover, as anticipated, balanced HKT metrics on com-
pact hypercomplex manifolds are precisely those HKT-Einstein metrics with
vanishing Chern-scalar curvature.

On a hypercomplex manifold (M, I,J, K) there is a unique torsion-free con-
nection V that preserves the hypercomplex structure (I, J, K). This connection
is named after Obata, who discovered it [26]. By the holonomy principle, the
holonomy group of V lies inside GL(n, H), where 2n = dimc(M) and H is the
algebra of quaternions. Whenever Hol(V) C SL(n,H) := [GL(n,H), GL(n, H)]
the hypercomplex manifold (M, I,J, K) is called a SL(n, H)-manifold. In addi-
tion, a hypercomplex manifold is SL(n, H) if and only if it admits an Obata-
parallel (2n,0)-form ® € Af"’O(M ). Such a form can further be chosen g-
positive, i.e. it is the n'™ wedge power of a hyperhermitian metric Q. As a con-
sequence, the canonical bundle has to be holomorphically trivial. In [34] Ver-
bitsky proved in the compact setting that when there exists a compatible HKT
metric the SL(n, H)-condition is actually equivalent to having holomorphically
trivial canonical bundle; in particular, we see from (2) that the existence of a
balanced HKT structure forces the manifold to be SL(n, H). Furthermore, for
compact manifolds, the class of those admitting a balanced HKT structure is
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precisely the intersection of the class of those carrying HKT-Einstein metrics
and that of SL(n, H)-manifolds. The HKT assumption on Verbitsky’s result can-
not be removed, indeed as shown by Andrada and Tolcachier [5, Example 6.3]
there exist compact hypercomplex manifolds that are not SL(n, H) but have
holomorphically trivial canonical bundle with respect to one of the complex
structures. A full characterization of the SL(n, H)-condition on compact hy-
percomplex manifolds was recently given in [12, Theorem 1.2] in terms of the
holomorphic triviality of the canonical bundle and an additional metric condi-
tion that is weaker than HKT. Also, on compact HKT manifolds, the SL(n, H)-
condition is equivalent to the validity of the d9;-lemma: every d-closed, d;-exact
(p, 0)-form (with respect to I) is d0;-exact (see [17, Theorem 6] and [12, Corol-

lary 1.3]).
Given a hyperhermitian structure (g, Q) on a SL(n, H)-manifold (M, I,J, K, ®)
we use two types of Hodge-star operator. The usual one
K 2n—p,2n—
1 ATIM) — AP,
determined uniquely by the Riemannian structure:

n N
an x f = g(%ﬁ)% , foreverya, € AVI(M),
n!
and the operator xg : A} M) - A?”_p (M) introduced in [25, Section 6] with
the aid of the holomorphic form ®:

n
AA*GBAD = g(oc,,é’)% AD, foreverya,f € AI(M).

These allow one to define, as usual, the adjoint operators 0* = — % 0 =, 6;5 =
— %0y *%,0% = — xg 0 *g, 6;“’ = — %¢ 0y xg. When taken with respect to a
balanced HKT metric, it has been observed in [15, Section 3.2] that the adjoints
with respect to * and %4 coincide. Furthermore, we recall that on compact
balanced HKT manifolds, the following Laplacians coincide [15, Proposition
3.4]:

Ay 1= 00* + 070, Ag, = 0,07 +070;.

3. Openness of the balanced HKT cone

Let (M,1,J,K) be a hypercomplex manifold and fix a hyperhermitian struc-
ture (gq, Q) on it. If the form Q, is HKT it defines a class in the (2, 0) quater-
nionic Bott-Chern cohomology:

{a € Af’OM | da = d;a = 0}
99;(C>(M, C))

If the manifold M is compact then H é’g(M )is finite-dimensional, as it is isomor-
phic to the space of (2,0) quaternionic Bott-Chern harmonic forms (see [17]):

2,0 _
Hpo (M) =
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Indeed, g z 0(M Q) coincides with the kernel of the fourth order elliptic oper-
ator
Agc = 9%9 + 070, + 00,070 + 070%99; + 9;99%9; + 979,979

and we have a decomposition
Ker (5|A?,0(M)) N Ker (a,|A§,O(M)) = HZUM, Q) ® 0,(C™(M,C)). (6)

Since any HKT form Q on (M, I,J,K) determines a class [Q]gc € leg’g(M ), it
makes sense to consider the set of all (2,0) quaternionic Bott-Chern cohomol-
ogy classes admitting a representative which is a HKT form:

X :={0 € Hé’g(M) | there exists & € @ such that a > 0}.

The set X is a convex open cone inside the vector space leg’g(M ), and we shall
call it the HKT cone of the hypercomplex manifold (M,I,J,K). We are in-
terested in studying the subcone of cohomology classes containing a balanced
HKT representative. More precisely, given a balanced HKT class we aim to find
a balanced HKT representative for all classes sufficiently close it.

The decomposition (6) restricts to g-real forms as follows:

2,0 (&)
Ker (alAi’&(M)> N Ker (aflAi‘[%(M)> =Hy (M, Q) @ 39;(C*(M,R)), (7)

where K D%O(M , Q) denotes the space of quaternionic Bott-Chern harmonic g-
real forms with respect to Q of type (2, 0). In particular, any HKT metric Q can
be written uniquely as

Q=a+do,f,

with (a, f) € H éjo(M , Qo)X C°(M, R), where « is the harmonic representative
of [Q]pc with respect to Q, and C;°(M, R) is the space of real-valued smooth
functions with zero mean:

CO(M,R) :=

fecw(M,R)‘fog/\Qg=o§.
M

Let Myt denote the space of all HKT forms on M compatible with the fixed
hypercomplex structure (I,J, K) and define the map

W Mygr = H'(M, Q) X CO(M,R),  Q+ (a,5M(Q),

where §°(Q) is the projection of the Chern scalar curvature onto Cy’ (M, R):

n
voag | e o B %
Vo I(M Qo) ( 2
Recall that a metric Q € Myt is balanced if and only if its Chern-scalar curva-
ture vanishes (see [12, Lemma 3.14]), also, a balanced HKT metric is Bott-Chern
harmonic thanks to (3) and thus we have W(Q,) = (Q,, 0). More generally, we
make the following observation:

5 1= sOh(Q) -
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Lemma 3.1. Let (M,1,J,K, gy, Q) be a compact balanced HKT manifold, then
a d-closed, d;-closed (2, 0)-form is quaternionic Bott-Chern harmonic if and only
if it has constant trace.

Proof. Suppose o € Af’O(M ) is 0-closed and 9;-closed. Then, using the bal-
anced HKT identities (5) and the fact that the Chern Laplacian

Agg D C°(M,R) - C*®(M,R)
can be written as Ag, f= AQO(aa 1 f) we get
AG (Ag,@) = g, (08;Ag,0),
= _a}kaJ(AQOa)i
= 0;0%a
and so we conclude thanks to the maximum principle. O
Our aim is to compute the derivative of the map ¥ at Q, and then apply the
inverse function theorem to show that all the Bott-Chern classes nearby [Qg|gc

admit a g-positive representative with vanishing Chern-scalar curvature, which
is thus a balanced HKT metric.

Proposition 3.2. Let (M,I,J,K, gy, Q) be a compact balanced HKT manifold.
The derivative of ¥ at Q)
To,¥: To,Mixr = Hp (M, Q) ® CL(M,R) — H2 (M, Q) & C2 (M, R)
is given by
To,¥(8,h) = (B,—245 h) ,
where A, is the de Rham laplacian of g.

Proof. Let Q; be a curve in Myg for t € (—¢, €) such that Q;|,—, = Q. As be-
fore, we decompose Q; = «; + 99, f; where («;, f;) € }(ﬁo(M, Q) ®Cy (M, R)
is such that (ag, f) = (Qg,0). For any quantity A, depending on ¢ in the fol-
lowing we shall use the notation A := ” |;=0A;. First, in order to avoid trivial

deformations of a by rescalings, we take advantage of Lemma 3.1 and impose
the condition

Ag,& =0. (8)
Now, we begin by computing the variation of the volume form
d . ; -1
Ttlico po= n(&+99; ) AQy,

= Ag)‘ far,
where we used (8). Let 6; be the Lee form of Q;, then from (2) we deduce
Ch & A
a(aghfon),
= aAg;f/\Qg +AgolfeoAQg

é/\QS’+AS§f@O/\QS‘
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and so we obtain
. AChs
0= dAQ(J f.
We can now compute the variation of the Chern scalar curvature

. d
§h 1= Eh:oSCh(Qt)-

From (4) we have
sh(Q)Q" = 2n6;(6;°) A QP!

hence
$SPQp + s(QAG f Qf = 2n.8;(6Y) A Q5N +2n9,(6,") A % L
Now, since € is balanced 8, = 0 and s“"(Q,) = 0 so we infer
$hQp = 218,00 AQE,
= 2n a,aAg; faqnt,
= —2(@5f)aq,

in order to conclude we only need to observe that in the balanced case the Chern
Laplacian acting on functions coincides with the opposite of the de Rham Lapla-
cian, which follows from the well-known formula (see [14, pp. 502-503]):

Aggh = —Ag h — go(dh,6y), h € C®°(M,R). O
We are ready to prove Theorem 1.1.

Theorem 3.3. Let (M,1,J,K) be a compact hypercomplex manifold. Then the
balanced HKT cone is open in the HKT cone.

Proof. Pick any balanced HKT structure (g, Q) on (M, I,J, K), which, in par-
ticular, must be a SL(n, H)-manifold. Consider the following extension of ¥

W MER S F20(M, Q) ® WEM,R)

where Mﬁ;‘r denotes the Banach manifold of HKT metrics of bounded Sobolev
norm of order k + 4. For k large enough Mﬁ% is contained in the space of all
HKT metrics of regularity C*.

By Proposition 3.2 the kernel of
To,¥: H'(M, Qo) @ WEH(M,R) —» 7°(M, Qp) ®@ WM, R)
consists of those pairs (3, h) such that
(B, =24 h) = (0,0).

Ellipticity of Afgo implies that h must be smooth, but then the maximum princi-
ple forces h to be constant, because M is compact and so h = 0 by the normal-
ization condition. Hence Tq W is injective. Surjectivity also follows from the

fact that Afzo is an isomorphism between the spaces W§+4(M ,R)and Wg (M,R).
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By the inverse function theorem for Banach manifolds ¥ is an isomorphism

between an open neighborhood of Q in MI’;‘I;“T onto an open neighborhood of
(Qg,0) in F [%RJO(M ,Q0) D Wg (M, R). Therefore, there exists ¢ > 0 small enough
such that for every § € K B%O(M , Q) with || — Q|| < € the equation ¥(Q) =

(B, 0) has a solution in MI’;‘LK‘fr This means that the Chern-scalar curvature of Q

is constant. Since locally we can write

n N
sCh(Q) = —Aghlog<ﬂ AQ )

Qi A QS
standard elliptic theory reveals that Q is smooth; we refer to [23] for the de-

tails. Being a HKT metric with constant Chern-scalar curvature on a compact
SL(n, H)-manifold, Q is balanced. O

4. Harmonic forms

Proposition 4.1. Let (M,1,J,K, g, Q) be a compact balanced HKT manifold. If
ae Af ’O(M ) is Ag-harmonic then so is J&.

Proof. We have A; = A , hence a is 9, 0%, 9; and 9} -closed. Clearly
doJa =J Yjdla = —JJoJ'a = —Jd,a = 0,
and using the identities (5), together with the fact AJ = JA we also conclude
o*Ja = A J&)— d;A(&),
A(Joa) —JOA(a),
—JA(O&) —Jo;a,
= 0,

hence J& is Aj-harmonic. O

Corollary 4.2. Let (M,I,J,K,g) be a compact balanced HKT manifold. Then
dimHaZP_l’O(M) =0 mod2forall p = 1,..,n and H;p’O(M) # 0forp =

o,..,n.

Proof. The first assertion follows from Proposition 4.1 together with the fact
that @ and J& are independent if the form o € A?p _l’O(M )is of odd degree. The
second part is a consequence of the fact that the powers QP are Az-harmonic
for every p = 0, ..., n. Indeed they are evidently d-closed and also

=0. ]

n—p I\
G*QP=—*6*QP=—p!*6(M)

(n— p)'n!
Proposition4.3. Let(M,I,J,K, ®, g) be a compact HKT SL(n, H)-manifold and

V the Obata connection on it. If a € A}’O(M ) is V-parallel it is A o-harmonic,
where Ag g 1= 00*® + 0*®4.
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Proof. Ifa € A}’O(M )is parallel also J& is because V preservesJ. Furthermore,
as V is torsion-free, this implies that « and J& are closed. In particular da = 0
and oJ& = 0. We then conclude

5*‘1’0( = —*q)a *q) a,

Qn—l
= —%xg 0|JOA ,
® (oc (n—l)!)
= 0,

and so « is A p-harmonic. O

Example 4.4 has the purpose of showing that the converse of Proposition
4.3 does not hold as, even in the balanced HKT case, a (1, 0)-form can be Az-
harmonic without being closed.

Example 4.4. We consider an example of a compact hypercomplex nilmanifold
that is balanced HKT. The structure equations of the associated Lie algebra are
given by

de! = de? =de® =de* =de®> =0,

deS =el Ne? + e3> Aet,

de” = et ned +et A,

de® = el Aet* + e ned.

The hypercomplex structure is given by

1
Iey = —e,, Iez=e,, Ies= §e6, Ie; = eg,
1
Jeg = —e;, Jey =—ey, Jes= §e7, Jeg = —eg,

and the balanced HKT metric Q is given by
Q=—p' Ap? +2¢3 A gt
where
ol =el + \/—_lez, @? =e3 — \/__164’ @3 = e — 2\/__1e6, ot =e — \/__168.
It is easy to check that
d¢' = 9,¢' = 0, for any i.

The dimension of Az-harmonic (1, 0)-forms with respect to I is thus 4, but, for
instance, ¢ is not closed.

5. Hyperholomorphic (1, 0)-vector fields

Let (M,I,J,K,g,Q) be a hyperhermitian manifold. In this section we in-
vestigate the condition for a vector field of type (1,0) with respect to I to be
hyperholomorphic. A vector field Z € T}’O(M ) is called hyperholomorphic if
L1 = L;] = LK = 0. We start with the following characterization:
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Proposition 5.1. Let (M, 1,J,K) be a hypercomplex manifold. Consider a vector
field X € TM and denote Z = X0 € T}’O(M ) its (1, 0)-part with respect to I.
Then the following are equivalent:

(1) Z is hyperholomorphic;

(2) X, IX, are (real) hyperholomorphic;

(3) JZ is hyperholomorphic;

(4) Z is parallel with respect to the Obata connection;

(5) X is parallel with respect to the Obata connection.

Proof. Suppose Z is hyperholomorphic, we obtain that
Using the above identities and integrability, we compute
LJZI = ’C’]XI_ V _1£KXI’
= (LK +T(LixK) = V-1 (Lgx)) K — V-1 (LgxK),
= J(LgxK) +V-1(£LxD)K,
= JK (’CIXK) + V —1J ('C’IX])K’
= 0.
On the other hand, since £LxJ = £L;xJ = 0, we have that £,7J = 0. Therefore
we have established the equivalence of the first three assertions.
As V preserves I,J and K it is clear that the last two assertions are equivalent.

Furthermore, since V is torsion-free, for every L € {I,J,K}and Y € TM we
have

[X,LY] - L[X,Y]
= VXLY - VLyX - LVXY + LVYX
= —VLyX +LVYX

therefore, every V-parallel vector field is hyperholomorphic. Conversely, if X
and IX are hyperholomorphic we have

VKYX = KVYX = —JVYIX = —ijlX = —IV]YX = —VKyX,
for every Y € TM and so X has to be parallel. O

(LxL)(Y)

Corollary 5.2. Let (M,I,J,K) be a compact connected hypercomplex manifold
with Euler characteristic y # 0. Then, there is no non-trivial hyperholomorphic
(1, 0)-vector field.

Proof. This is a consequence of Theorem 5.1 and the Poincaré-Hopf Theorem.
O

On a compact HKT SL(n, H)-manifold, it turns out that the Riemannian dual
of a hyperholomorphic vector field has a special Hodge decomposition that can
be compared to the Hodge decomposition of a holomorphic vector field on a
Kihler manifold.
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Theorem5.3. Let(M,1,J,K,®, g, Q) bea compact HKT SL(n, H)-manifold. Sup-
pose that Z € T(M) is hyperholomorphic and denote by a € A}’O(M ) the form

givenbya =Q(Z)=J(Z )b, where b denotes the dual by the metric g. Then,
a = (a)y +du+a;v,

where (-)y is the harmonic part with respect to the Laplacian Ay ¢ = 00*¢ +3*0,
and u, v are complex-valued functions.

Proof. First, we compute
L£,Q=(0Q)(2)+3(Q2)) +3(Q2)).

Since Z is I-holomorphic then £,Q € Ai’O(M ). Hence, we have that

L,Q=0(Q2)) =0a.
So, £,Q is d-exact. Itis also d;-closed because £,J = 0 and thus 6;£, = £,0;.
Since the manifold is SL(n, H) the dd;-Lemma holds and so £,Q = dd;v, for
some function v. We consider the Hodge decomposition of a with respect to
As o

a = (a) +0u+d*p,
where ¢ € Af’O(M ). We obtain that

da = dd**¢p = dd;v.
On the other hand, we claim that 6;v = —3**(vQ). Indeed
0%e(VQ) = — %0 *g (0Q),

Qn—l
= - *qya(vm),

Qn—l
— % av/\(n_l)! ,

= —511).

We deduce that
90*ep = —95**(vVQ).
Since M is compact, we get
0*ep = —3**(vQ) = 4;v.
The Theorem follows. O

Using the decomposition of Theorem 5.3 we can show that on balanced HKT
manifolds the dual of the hyperholomorphic vector field is Aj-harmonic. To
prove this fact, we begin with the following observation:

Lemma 5.4. Let (M, I,J,K, ®) be a compact SL(n, H)-manifold. Then there ex-
ists a compatible hyperhermitian structure (g, Q) such that Q" = ®. Furthermore,
if X € TM is a real vector field which is holomorphic (with respect to either I, J or
K), then A(LxQ) = 0 and §X° = 0.
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Proof. The first assertion is straightforward, as @ is a g-positive (2n, 0)-form,
it must be the n™ wedge power of a hyperhermitian metric. We assume that
X is holomorphic with respect to I, the argument is similar for J and K. By
holomorphicity £y commutes with d, thus, we have

0 = Lx00,
0LxQ",
nd (LxQ A Q" 1Y),
= J(A(LxQ)Q"),
= JA(LxQ)A QM
It follows by compactness that A(LxQ) is constant, namely £xQ" = ¢ Q" for

some constant c. Therefore, since Q" A Q" is, up to a constant, the Riemannian
volume form, we have

QP AQN = Lx(QPA QM) =d (1x(Q" AQY)).
Integrating and using Stokes’ Theorem we deduce that c = 0, i.e. £xQ" = 0.
The conclusion follows as £y (Q" A Q") = § (X )b Q" A Q" O

Theorem 5.5. Let (M,1,J,K, g, Q) be a compact balanced HKT manifold. Sup-
pose that Z € T}’O(M ) is a hyperholomorphic vector field and denote by a €

A}’O(M) the form given by o« = J (Z)b. Then o and J& are Az-harmonic. In par-
ticular, the Lie algebra of hyperholomorphic (1, 0)-vector fields is given by Killing
vector fields of constant length.

Proof. Since Z is hyperholomorphic, we can apply Lemma 5.4 with Q" = @
and deduce 0*a = 0. It follows from Theorem 5.3 that

a = (a)y + v,

where (-)g is the harmonic part with respect to the Laplacian A; and v is a func-
tion. We observe that £,Q = da = dd;v. From Lemma 5.4 we deduce that
A(dd;v) = 0 and since M is compact, by the maximum principle we conclude
that v is constant and thus da = 0. The harmonicity of J& follows from Propo-
sition 4.1. Also, as £;Q = £,J = 0, we deduce £,g = 0 and so Z is a Killing
vector field i.e. X, IX are real Killing vector fields, where X' = Z. Finally, let
Ye TIl’O(M ) be another hyperholomorphic vector field, since « is Ay-harmonic
and Y is Killing, we get 8*0 (a(Y)) = Lyd*a = 0, thus d (a(Y)) = 0. We deduce
that a(Y) is constant, so choosing Y = JZ we get that |Z |§ is constant. (]

Corollary 5.6. Let (M,1,J,K, g, Q) be a compact balanced HKT manifold. Then
the following are equivalent for Z € T}’O(M ):

(1) Z is hyperholomorphic;

(2) Z is Killing (i.e. X,IX are real Killing vector fields, where X'* = Z);

(3) Z is parallel with respect to the Bismut connection.
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Proof. If Z is hyperholomorphic then we have shown in Theorem 5.5 that it
is Killing. The converse is a consequence of [13, Theorem 1.2 (i) (a)] because
balanced HKT structures are Chern-Ricci flat. The equivalence with the fact
that Z is Bismut-parallel follows from [27]. O

In the next example we show that if we drop the HKT assumption Theo-
rem 5.5 does not hold anymore.

Example 5.7. Consider the nilpotent Lie algebra in [25, Example 3] with struc-
ture equations

de! = de? = de® = de* = de® = de® = de” = de® =0,
de’ =el Ae?,
del® = el Aed,
del! =el A€’
del? = el A €8,
and hypercomplex structure
Iel = ez, 183 = e4, Ies = 66, Ie7 = eg, Ieg = elo, Ieu = 812,

Jey =e3, Jey = —ey, Jes =e,, Jeg = —eg, Jeg = €11, Jejp = —€1z.
Since the structure constants are rational the corresponding simply connected
nilpotent Lie group admits lattices and so the hypercomplex structure descends
to the corresponding compact nilmanifold M. Note that M carries no HKT
metrics because the hypercomplex structure is not abelian (see [6, Theorem
4.6]). On the other hand, M admits a quaternionic balanced metric which is
also balanced (cf. [12, Example 9.1]). The Lie algebra of left-invariant hyper-
holomorphic vector fields is generated by ey, e,, €3, €4, €9, €19, €11, €12. Further-
more one could see that the space of Aj-harmonic (1, 0)-forms is generated by
oL, 02, 03, 0% where ¢! = %1 — y[—1¢%. Therefore ¢° = €° — \/—1e!0 and
¢® = e!l —+/—1e!2 are not harmonic, even though e, e,0, €5, €15 are hyper-
holomorphic, so the HKT assumption in Theorem 5.5 cannot be relaxed. We
also note that even though e, is hyperholomorphic, e, is not Killing with respect
to any left-invariant metric g because, for instance

(L. 8)(es, e9) = —g([ey, es], e9) — gles, [e1, e9]) = g(eg, €9) # 0.

Example 5.8. The converse of Theorem 5.5 is false as there can be Az-harmonic
forms on compact balanced HKT manifolds that do not come from hyperholo-
morphic vector fields. An example is provided in Example 4.4. Indeed, in
the notations of Example 4.4 all 1-forms are Az-harmonic and yet the only
linearly independent hyperholomorphic vector fields are es, e, €;,e5. Thus,
e1,e,,e3, e, are not hyperholomorphic but the corresponding forms ¢!, p? are
Az-harmonic.

Remark 5.9. As shown in the next examples, we remark that if X € TM is a
real hyperholomorphic vector field on a HKT manifold, then X' is not neces-
sarily hyperholomorphic. Also, the balanced condition can not be dropped in
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Corollary 5.6. Moreover, if X € TM is a real hyperholomorphic vector field on
a balanced HKT manifold, then X is not necessarily a (real) Killing vector field.

Example 5.10. Consider the Hopf surface M = SU(2) x S, which is described
by a global frame {e,, e,, e5, ¢4} and corresponding coframe {e!, e?, 3, e*} with
structure equations

de! = —2e? A €3,
de? = 2e' A é3,
de3 = —2el A e?,
de* = 0.

We endow M with the left-invariant hypercomplex structure (I,J, K) such that
161 = ez, Ie3 = e4, ]e1 = 63, J62 == _e4.
Consider the left-invariant hyperhermitian metric

Q= ¢! A @2,

ol =cl —\—1e?, ¢?=e3 —/—1e"
The metric Q is HKT for dimensional reasons. On the other hand, it is well-
known that the Hopf surface admits no balanced metric. We note that e, is
hyperholomorphic, but e; is not. Moreover, (¢*)": is not -closed. We also note
that e; is Killing with respect to g for alli =1, ..., 4.

where

Example 5.11. Consider the nilpotent Lie algebra g = ey, ..., e;,) With struc-
ture equations

[e, es] = [es, e6] = [e3,€7] = [e4, €3] = e,
le1, 6] = —[es, e5] = —[es, e5] = [e4, €7] = ey,
ler, e7] = ez, e5] = —[e3, es] = —[es, e6] = eqy,
ler, eg] = —[es, e7] = [e3,e6] = —[e4, €5] = ey,

and abelian hypercomplex structure
Iey =e,, lez=e, Iles=eq Ie;=e5, Ieg=-eyy, Iey =eq,
Jey =e3, Je, = —ey, Jes =e,, Jeg = —eg, Jeg =eqy, Jeyg = —eq,.
Note that e, is hyperholomorphic, however e, = Ie; is not J-holomorphic as
ley, Jes] — J[ey, es] = [ey,e7] +Jeyg = —ey; — 15 # 0.

It follows that e; is hyperholomorphic but not Obata parallel, namely (e;)'° is
not hyperholomorphic. Furthermore, the hyperhermitian metric

12
g=Y eé®é
i=1
is balanced HKT but e; is not Killing because
(L, 8)es, e9) = —g([er, es], e9) — gles, [e1,e9]) = =1 # 0.
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6. Left-invariant abelian hypercomplex structures

In this section we focus on left-invariant abelian hypercomplex structures on
Lie algebras.

Theorem 6.1. Let G be a Lie group endowed with a left-invariant abelian hyper-
complex structure (I,J,K). Then the Lie algebra of hyperholomorphic (1, 0)-vector
fields is given by the center of TG @ C.

Proof. The Obata connection is given by [31]:
VY = % ([X,Y] +I[IX,Y] - J[X,JY] + K[IX,JY]),

for any pair of vector fields X, Y. Since the hypercomplex structure is abelian
we obtain

VxY = %([X, Y] -I[X,IY] -J[X,JY] - K[X,KY]),

so it is clear that if X € TII’O(G) lies in the center it is Obata parallel and thus

hyperholomorphic by Proposition 5.1. Conversely, if X € TII’O(G) is a hyper-
holomorphic vector field,

VyY = % (X,Y] - I[X,IY] - J[X,JY] — K[X,KY]),

= SN YT+IX Y]+ IX, Y]+ [X, YD),
= 2[X,Y].
On the other hand, as V is torsion-free we also have
[X,Y] = VyY. 9)
We obtain that [X, Y] = 0, for any vector field Y. The theorem follows. O

Example 6.2. We exhibit an example of a Lie algebra with non-abelian hyper-
complex structure where the Lie algebra of hyperholomorphic vector fields is
larger than the center, even though there exists a compatible balanced HKT
metric. This shows that the assumption that the hypercomplex structure is
abelian in Theorem 6.1 is necessary. The example is due to Barberis and Fino
[7, Section 3.1]. It is a 12-dimensional solvable Lie algebra g = (e, ..., €;,) with

structure equations
.

de! =de’> =de® =de” =de® =0,
de? = —e> Ae® +e7 Aed,

de3 = —e® Aed —e> A e,

de* =e® Ae” —e’ Aeb,

de® = el Ael?,

del® = —el A€°,

dell = el Ael?,

del? = —el Aell,
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and hypercomplex structure
Iel =e?, Te3=e* TIe>=e% Te”’=¢e8, Ie®=¢!0 [Jell =e¢l2
Jel =e3, Je? = —¢*, Je> =e’, Jeb® = —eb, Je° =e'2, Jel0 = —¢!?

The center of left-invariant (1, 0)-vector fields is generated by Z = e; — \/ —1e,
whereas the space of hyperholomorphic vector fields also contains JZ.

7. HKT-Einstein metrics and hyperholomorphic vector fields

In this section we show the non-existence of hyperholomorphic (1, 0)-vector
fields on compact HKT-Einstein manifolds with non-zero Einstein constant.
Such a result follows from a sort of Bochner-type formula proved in Proposition
7.2. We start with a preliminary lemma:

Lemma 7.1. Let (M,I,J,K, g, Q) be a HKT manifold and V the Obata connec-
tion on it. Then for every vector field X € TM we have

8X" = —tr(VX) + 26(X). (10)

Proof. Let VI and D? be the Levi-Civita and the Bismut connections of g,
respectively. Then

1
b _ LC

where T is the torsion of the Bismut connection. We also recall the formula in
[21, Proposition 3.1]:

g(VxY,Z) = gDbY,2) + AX,Y,2),
where
AX,Y,Z) := —%(T(X, IY,1Z) + T(UX,IY,Z)
+T(X,KY,KZ) + T(IX,KY,JZ)).

Choose an orthonormal basis ey, ..., e4, of TM. Then

4n 4n
tr(VX) = D g(V, X, e) = tr(VICX) + > Ale;, X, ).
i=1 i=1

Since tr(VICX) = Z?Zl(Vf;icX )(e;) = —5X”, we only need to show that

4n
D Ale, X, e;) = 26(X).

i=1
Using the fact that T is a 3-form we deduce

T(e;, IX,Ie;) + T(Ie;, IX,e;) =0,  foralli=1,..,4n
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and
4n 4n
D (T(e;, KX, Ke;) + TIe, KX, Je))) = —2) T(KX,e;,Ke;)
i=1 i=1
= —46(X),
where the last equality can be found, e.g., in [20]. O

Proposition 7.2. Let (M,I,J,K,g,Q) be a HKT manifold. Suppose that Z &
TII’O(M ) is hyperholomorphic and denote by o« € A}’O(M ) the form given by a =

J(Z)’. Then
L7(0*Ta) = L;7(0%a) = (p = Tp)(Z,12). (11)

If furthermore M is compact
l6*all?, + [l0*J&ll?, + f (o —Jp)(Z,1Z)Volg = 0. (12)
M

Proof. Thanks to Lemma 7.1 and Proposition 5.1, we have
L7(8*2") + £2(8*(T2") 2£(8%1(2)) +2£,2(6%1(J2)),
= 2£(0°)(2) +2£,,(6°H)J2),
= 20(6%)(Z,Z) +20(6°1)(JZ,1Z),
= 2v/-1(3(6") — 73(6*Y)) (2,12),
= —(p—Jp)(Z,12),

where the last identity is as in the proof of [12, Lemma 4.2]. In the compact
case, integrating this identity we conclude

_f (b =1p) (2. 1Z)Vol, = f (£20*2") + £,2(6*(2")) Volg,
M M
:f (g(aa*zb’zb)+g(aa*(JZb),JZb))VOIg,
M

_ / (@*2°% + @ U Z)?) Vo,
M
= |lo*Jall, + [10*all7,,

and formula (12) is proved. O

From Proposition 7.2 we recover that in the balanced HKT case « and J& are
0*-closed. Furthermore, for HKT-Einstein metrics that are not balanced we
infer:

Theorem 7.3. Let (M, 1,J,K, g, Q) be a compact HKT-Einstein metric with non-
zero Einstein constant A. Then there are no non-trivial hyperholomorphic (1, 0)-
vector fields on (M, I,J, K).
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Proof. From Proposition 7.2 we deduce

0> (po—Jp)(Z,1Z) = Aw(Z,12) = A||Z||?

and since in the compact setting necessarily A > 0 [12] we conclude Z = 0. O

Remark 7.4. The analogue of Theorem 7.3 is false for real hyperholomorphic
vector fields. Indeed, the Hopf surface (Example 5.10) admits a real hyper-
holomorphic vector field and yet it can be equipped with a compatible HKT-
Einstein metric with non-zero Einstein constant as shown in [12, Section 8.1].
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