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DECOMPOSITION OF RECURRENT CURVATURE
TENSOR FIELDS OF R-TH ORDER IN FINSLER MANIFOLDS

B. B. Sinha, G. Singh

Summary. We study the decomposition of Berwald curvature tensor fields in recurrent
Finsler spaces of r-th order.

1. Introduction. The Berwald curvature tensor fields Hy, and H},, satisfy
the identities

(1.1) a) H;hk + Hlihj + Hliljk =0, b) H;kh = —H;hka
(1.2) Hiny + Hingy + Hioy = 0,

(1.3) H]z:kh(l) + sz:hl(k) + H;lk(h) + Hi Gl + Hip G in Hit Gy, = 0,
in an n-dimensional Finsler manifold.

The commutation formulae in the sense of Berwald are given by
(1.4) Titmw ~ Tiow = —04TjHiy, = ToHjy + T Hop,
(1.5) (OT}) () = OnTj(ny = TyGhin — T} Gopn

The recurrent curvature tensor fields of first and second order are defined
(Sinha, Singh [5]) as

(1.6) H]z:kh(ml) = leH;hk

(1.7) ng'kh(ml)(mz) = Vm1mzH;'hk7

where V,,,, and Vi, m, are recurrence vector and tensor fields which are related by
(1'8) Vinim, = mi(ms) T Viny Vi, -

The recurrent curvature tensor field of r-th order can be obtained as

(1.9) H;jih(my)(ms)...(mn) = Vinama..mo Hjgn
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where

lemz...mr = Vm1m2...mr_1(mr) + Vm1m2...m,~_1 er-

Transvecting (1.6), (1.7) and (1.9) by &7, we get

Hinmyy = Vo Hins Hinmy)(mg) = Vimama Hi

Hkh(mﬂ(mz)...(m,.) = Vm1mg...mrH]€h-

2. Decomposition of Berwald curvature tensor field. Let us consider
the decomposition

(2.1) Hip = X'

where &, is a non-zero homogeneous tensor field of the first degree in a:’ and X?
is a non-zero vector field independent of &*. Differentiating (2.1) with to 7, we get
(22) H]Z:kh = Xi‘I)jkh where (I)jkh = éqﬁch.

The decomposition tensor field ®x; satisfies the relation
(2'3) (I)jkvhmlmmr—l + (I)khvkm1mmr—1 + (I)hjvkmy--mr—l =0.

In an affinely connected space, if V;,, is independent of ¢ the decomposition tensor
field satisfies the relations

(2.4) Djpn + Prnj + Prjr =0
25) ijhwml...mr_l + (bjlk:vhmp..mr_l—i-(bjhzVkml...mr_l = 0

THEOREM 2.1. If X* in (2.1) is a covariant constant then the decomposition
tensor fields ® ;i and Py, behave like recurrent tensor fields of r-th order.

Proof. Taking successive covariant derivatives of (2.2) with respect to
™ g™ . ™ we have

(2.6) Htm)on () = X Pk (ma)...(mn)-
Using (1.9) and (2.2), (2.6) gives

(2-7) Vimims...ma ‘I)jkh = ‘}jkh(mﬂ(mz)...(mr)'
Transvecting (2.7) by @/, we get

(28) Vinima..m. ®en = Qkh(ml)(mg)...(mr)a
which proves the statement.

THEOREM 2.2. Under the decomposition (2.1) and (2.2), if Vi, is indepen-
dent of ' in an affinely connected space, the following relation holds

(29) q)thm1...mr_2[m7‘—1m7‘p] =0
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Proof. Differentiating (2.8) covariantly with respect to z? and commuting the
indices m, and p in the result, we get

(2.10) {(le---mrqmr(p) - Vm1---mr—1p(mr)) + (Vinyoom, Vo = Vinyomy_1pVinr ) } Pion
= (Phh(ma).(mr1) (ma)(p) — (Rhh(my)...(mr—1)) (p) (mn)-

With the help of commutation formula (1.4), (2.10) yields

{(le...mr_1mr(p) - le...mr_lp(mr)) + (Vm1-<-mrvp - Vm1--<mr—1pvmr)}q)kh
= _6qq>kh(m1)...(m,,_1)Hgnrp - (th(ml)...(m,«_l)Hgmrp_
(211) - @qk(ml)...(mr_l)H}(gmrp - (I’kh(q)(mz)-.-(mr—1)Hgn1mrP

= Prn(ma)...(mr—s) () Hmy_ymp-

Using the decomposition (2.1) and (2.2) and the fact that @, is recurrent of
(r — 1)~ order and that in an affinely connected space V;,, is independent of @?,
we get

{(le.“m,«_lm,‘(p) - le.“m.,_lp(m,‘)) + (le...mrvp - le...mr_lpvmr)}q)kh
= _le...mr_l q)qkhq)mrqu - Vm1...mr_1 (I)qh(bkmrqu
(212) - le...mr_l qu@hm,.qu - ‘/me...mT_l <I)khq)mlm,,p)(q

- le...mr_2qq)khq>mr_1mrqu‘

Changing the indices m,_1, m, and p cyclically in (2.12) and adding up the results
thus obtained, we get (2.9) by virtue of (2.3), (2.4) and (2.5).

THEOREM 2.3. In an affinely connected recurrent space of order r, if Vi, is
independent of & the tensor field ®yy, satisfies the relation

(2.13) Dhh(ma)(ma)...(mo—2)[(mp 1) () ()] = O-
Proof. Interchanging the indices m,_1, m, and p cyclically in (2.10) and

adding up the expressions thus obtained, we get (2.13) by using (2.9).

3. Decomposition of Berwald curvature tensor field Hj’kh(m,x) in
another form. Let us consider the decomposition of HJ’ i in another form

(3.1) Hipp = Aipn,

where ¢y (2, ) is a decomposition tensor field and A%(x,) is a non zero tensor
field.

Under the decomposition (3.1), the following identities are true: S;jygn +
Sknj + Snpjr = 0, and Yrp + rr = 0, where S; = V; A%,
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THEOREM 3.1. Under the decomposition (3.1), if A; s a covariant constant
then the decomposition tensor field ¥y behaves like recurrent tensor field of r-th
order.

Proof. Differentiating (3.1) covariantly with respect to ™!, we have
(3:2) Hijkh(my) = A (msyPrh + A50kn(my)-

Since A’ is a covariant constant, that is Af, ) =0, then (3.2) gives

(3.3) H;kh(mﬂ = Aéwkh(ml)'

Differentiating (3.3) covariantly with respect to ™, 2™2, ... 2™ successively and
using (1.9), (3.1) and A}, ) =0, we get

i(m

Yrh(my)(ma)...(mp) = Vmaima...m, Vkh-
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