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DERIVATIONAL FORMULAS OF A SUBSPACE OF A GENERALIZED
RIEMANNIAN SPACE

Svetislav M. Mincié

Summary. L. P. Einsenhart has defined in [1, 2] a generalized Riemannian space with
nonsymmetric basical tensor, R. S. Maishra and M. Prvanovié¢ in [3,4] have studied derivational
formulas and Gauss-Codazzi equations in a subspace of a generalized Riemannian space. In [5,6]
we used 4 kinds of covariant derivation of a tenzor in a sbspaces of this space.

In the present work we obtain 4 kinds of derivational fdormulas, using the above mentioned
kinds of derivation.

0. Introduction. Let Vy be a generalized Riemanian space with cordinates
y*(a=1,...,N) and a basical tensor aqs(aeg # Gag)
The equations

(1) y* =yt 2

define a subspace Vj; of the space V. The coorinates in the Vj; are :ci(z =
1,..., M), and the basical tensor is g;; (gi; 7# 9ji)-

The next relations (see [1-3]) are valid,;
(2) aagy%y’s = aaptlt] = gij,
where the comma (,) signifies the usual partial derivation, and we have
(3) Oy* [0z’ =y =17
If we denote by a3 and a3 the symmetrisation and antisymmetrisation over indices
a, beta and analogically \;n other cases, we have

(4a, b) 9ij = Gaptt], 9ij = aavﬁt?t?’

(5a, b) gﬁgﬁ = 6;-“, aﬂaﬁ—'y =47
The Christoffel symbols for V are

(6) La,py = (aga,y — py,a + Gav,p)/2
(7) IG5y = a™*Trpy (T, # T55)
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and analogousely for Vj;. Further, for example, it is

(7) aurgy = aac@™ Tr,gy =037 8y =T,y

For unit, mutally orthogonal vectors N, &)), which are also orthogonal on the Vj,
we have

(8a) G%N('i) = 6(9)500 (e(g) = +1),
(8b) aag Nt =0

where the Greek indices in the brackets take values from M + 1 to N and have
not a tensor nature.

Because of non-symmetry of the connexion coeflicients, we can define 4 kinds
of covariant derivation in the generalized Riemannian space (see [5, 6]). For exam-
ple, for a tensor aﬁ], whose Greek indices are related to the space Vi, and Latin
to the subspace Vyy, for a covariant derivation on ™, we have

(9a,b)

ai — ol a az u i p
a5jjm = a5 jm + (Cruaf; = D30zt + Typmatsy — T, aﬁp,
a

2
(9c, d)
agglm zagfj,m_" (Ffﬁuaﬁ] Fﬁu m)tu +Fz a,@J Fp aﬁp?
pia
4

If all indices of a tensor are related to the space, we can find its derivation by y*
or by ™. For example

(10a,b) a2t = a2 + rgu a™® + rﬁu al™ — 7 a2,
1 By
2
(10c,d) af;‘ﬂ” =ad’ + [rua am’ + rﬁu a" ~T7,a ob,
4
af _ 17
(11) avi av\ut
Further, using (6) we have
(12a,b) Loy + 80y = @agys Tapy + T80 = aay,8
(12¢) Lagy + Taqs = Gagy — @py,a + Gya,8-

From (10a) and (7’)
a&ﬁlv = QafB,y — ngaﬂ —I'5,a0r = aag,y — Ug,ay —Ta,pys

whence, using (12a) we obtain

(13) aagly = 0.
1
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It the same way, we prove that;

(13%) Gijim =0,

Therefore, the following is valid:

(14a'7b) Aaply = 0, Gij|m = 0, (0 =1,.. 4)
— e

and, based on (11), it is
(14c) aagly =0 (0=1,...,4).
e

1. First derivational formulas. By derivational formulas one expresses
covariant derivatives of the tensors ¢, N, as linear combinations of these tensors.

From (9a-d) we have

(15a) i = i + DRt t7 =T 8,
1

(15b) i = o + Dpptit? —Th ity
2

(15¢) i = o + DR tit? — Tty
3

(15d) i =t + Dptit? —Th tp,
4

and we can interpret the tensors t;?‘lm(ﬁ =1,...,4) in the following manner:

6
N
(16) fm=0htp+ D Q0imNG,
6 o=M+1

For # = 1,...,4 we obtain from (16) 4 kinds of I derivational formula of the
subspace Vjs of the generalized Riemannian space V.

Multiplying the last equation by ope0 and using (4a) and (8b) be obtain

(17) Gagt] mt, = B naptyty = Dhgpn = Bhim, Le.
8
(17) %?m = %qimg’ﬂ = aﬂt?\mtfjghfq-

6
Multiplying the equation (16) by aagN(ﬁJ ) based on (8a, b) it follows

a B8 _ —
taptijmNig) = €0)orim  (e(0) = F1),



128 Svetislav M. Min¢i¢

whence

(18) ?(a)im = e(a)a%t%ml\f&).

We shall prove now that the tensors %)fm are antisymmetric on lower indices,

and %him on all indices. Since

(19) ml = tim = Yim = a2ya\6x" oz™,

m,l

we conclude from (15a-d) that

(20) t5im tT — TP >
]

im'p-

= (tz|m + t?n|z)/2 = t;)fm + F‘?lfutlvin
6 6

If, on the same manifold on which generalized Riemanniin space Vn and its
subspace V) are defined, we define a usual Riemannian space V y and its subspace
V u using as basical tensors aqag and g;; the equation (2) becomes

(207) ilm = tim
6

where by the semicolon (;) we denote covariant derivation by using symmetric
connexion coefficients I'J, respectively I'y; obtained by aas(gi;)-

The derivational formulas of the subspace Vi (see [7, § 47]) are
(21a) 2 =D Qpim NG
P)
(21b)  Nipym = =€) 92 Uoysmitp + D Ciooym NGy (Topym = 0)-
4

Using (18), (20)’

_ ol B8 _ a B
Nosim = €(0)Aasti mN(g) = €(0) aastinNo):

and from (21a):
(22) oyim = L(o)im-
According to (21a), it is

(23) Aagtdmty = aﬂt;"‘mtg =0
]

and, based on (17’), we have

h h
Oim = aapg™itf] ty -
Cl
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From this, according to (23), one obtains
(24) %ﬁlm =0 ie.
(24) ol = —h, = by,
which means that the tensors %)fm are antisymmetric on indices.

Taking into consideration (14b c) from (4a) there follows

(25a) aapty Im -I— aqptit ]‘m =0

By cyclical interchange of the indices we obtain

(25b) aagtjl,tm +aggtity =0,
0

(25¢) aaﬁtm“tz + aaﬁtmtfl] =0.

Adding (25b, c¢) and subrtacting (25a), we get
aaﬁ(t;tj] +t;‘t§ilz + t;*tfn“) =0.

— V V

From this and (23)

(26) aagt, o4 aa/gt =0.

m|] J m|z

V V

On the basc ofd (16) and (24°) we have

V

which put into (26), gives

aﬂt;?‘@mjtp + aagt; O =0, ie.

mi’p

9ip i + 95, 8mi = 0= Bimj = =P jmi-

From here and (24’), we have

2 Pij=—® =-0;,=—-F .
(27) g tmJ 0 jmi g am 8 mij

We see that tensors %)ijm are antisymmetric on all pairs of indices.

im = Shuty + D Qo Niyy = Pty + D Qoyin Ny
0 4

129

2. Second derivational formulas. From (9a-d), for covariant derivation

of normals we have
(28&) N(O(;)‘lm = N(?r)Lm = Ngf)m + Fﬁutumnaf)’

(28b) N&)Lm = N(Cff)lm NGym + Taatha N (G-
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From (8a) we get
8 _ —
aapNip Ny = eo)  (eo) = %1),

and, based on (14c):

B B — B8 _ ;
(29) Nig) jm L NGy

We can express the tensors IV, (C:z) |m in the following way:
6

(30) N%(o L m = gp(o')m + Z lIJQU)m]V(O;)a lg(mf)m =0,
4

where the condition \g(w)m = 0 follows from (29). From (28a, b) and (30)

(31a, b) Bloym = Bloym B(

o)m ??a’

ym

(323‘: b) l:l[’(ga)m = l%’(.Qa)m; %’(ga)m = l{l(ga)m-

n order to determine the tensors = B! we shall didfferentiate covariantly

g (o)m’
the relation (8b). Taking into acount (14c), we obtain

Gap NGy mt] + Gaa NGy = O-
6 6
From here, by a change based on (30), (16) we obtain

Gagt] (?'(’a)mtff +> ‘}’(go)mN(‘Z)) +aapNG) (%i?mtff +> f}(g)ij?g))= 0, ie.
0 )
(33) gjlgfd)m + e(a)(o}(g)jm =0.
Multiplying the previous relation by g%, we get
8y By + €097 D o)im =0,
respectively
(34) ?fg)m = _e(a)giisg(a)sm = —e(a)?fg)m-
With respect to (31, 34) we conclude
(352,b) Uorm = Yorms Yorm = Yioym-
From (33)

. — . D
(36) Sg(a)zm = e(o’)gzg(g)m)
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and from this and (31a, b) we have

(35%a, b) Q(a)z’m = Q(g)ima g(a)im = S}(a)im-
Changing g’(’a)m based on (34) into (30), we obtain
(37) N(C;)Lm = —e(a)(gl()d)mtg + Z %’(ga)mN(o;), %’(a’a’)m =0, ie.
P

B7)  NEym= —€(0)9"o)smtp + Z%’(ga)mN&), Uiooym = 0. Le.
0
p

From this and (28a, b) we obtain 2 kinds of the second derivational formula of the
subspace Vyy (for 8 = 1,2).

We shall now investigate some properites of the tensors

v
]

From (37’) and (8a, b) we have

ims Y(@yims ¥ (ooym-

B _ B8 _
a5 N (o) | mNiw) = F (roymAap Ny Nizy = € ¥ (roym:

from where it is

— o B —
(38) F o = € Aas N Nigyjm - (6m) = £1).

On the other hand, by covariant differentiation of the relation
G%N(c;’i)Ng;) = e(7r)51r¢r; we get

a B8 a b —
a%<N(F)LmN(U)+N(7r)B ) —0,

()] m
whence, from (28), we have

(39) em) ¥ (xoym + (o) ¥ (gmm =0, or
(397) Yroym = =€) Yomm = L (gmym-

With regard to (8a), one obtains the sing — in the case when both normals N
and N, (‘3‘7 ) are either real or imaginary, and the sign + in the case when one of these
normals is real and the other is imaginary.

From the definitions (15a-d) it is
(40a, b) 3

a  _ o
i|lm t; -
2

ilm m|i’
4 3

=t

mli’
and from this and (16), 24’), we have
(41&, b) %)fm = (I)h i = _?h (})fm = ?fm = _(}h

i3 .
1 m m 3 m
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From (40a, b), (16) and (35’a, b)

Loyim = Yoymi = gz(a)m'ia Qoyim = Q(a)mi = Qoymi, ie
(42) ?(o’)im = g(a)mi = g(a)im = Q(J)mi-

Further, using (15a-d)

(43a) iim = tim + Dty — Tontns
1

(43b) ‘ =tom +1“fj,rt“mt;f L

(43c) fim = tim +F;‘;Ht“mt” Ffmtg‘,
3

(43d) = thm + Dpnthnt] = Th 85,

From the previous equations we see that
(44) (z\m z|m)/2 ( +t\ )/2 t?m7
and, taking into account (16) and (21a), we obtain
ol + Bl = Bl + 855, =0,
1 p) 3 1
which affirm the equations (41a, b). We have also
(45) (Q(J)im + (22(<r)z'm)/2 = (?(a)im + Q(a)im)/2 = Q(<7)z'm-

From (22), (45) one affirms (42).
If we make a change in (43a) using (16), (21a), (22), we get

1vm’p zmp

(46) &P > 4 Z[?(g)im — Q(g)im]N&;) = Fa t”t” — TP o,

p

Multiplying this equation by aﬂtf, we have

(47a) Phim = aaﬂra ot H, — Th.ign-
In the same way, using (43b - d), we obtain

(47b) him = GagTjin thtT b — Thomis-
(47c) him = aaoT7, thtf th, — Thomic

(47d) Phim = aaﬁra 947 — T, ign-
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Considering (41a, b) and (47a-d), we conclude that

(483‘5 b) ?hz’m = _(;ph'im; (ghz’m = ?him + 2Fh.i\7/n;
(48C) %)him = _?him - 2Fh.z'\7/na
respectively

(48°c.) ‘ffm = —‘}’fm - zrg\rln-

If me multiply equation (46) by a%N(ﬁa )» We obtain
(o) [Sll(gim - Qgyim] = a%F%HNgr)t”mtf, ie.
(49) Qoyign = e(,,)a%Fﬁqugf T
By a direct ckeck based on (43b-d), or using (49), (42), we get
(49) Q)i = Uormi = Lorigp = Yoymi = ema%l“;‘fv,,N@)t?t%-
From this

Loyim = g(a)im = Qyim + Yoyip = Loyim + Qoyigs
Loyim = Qoyim = Yo)im + Lo)im = Loyim = Loyig, 1o
(50) g(a)im = Q(a)z’m + (12(0)1'\7}17
where for § = 1,3 we take the sign +, and for § = 2,4 the sign —, and Q(4);, is
v

given by (49).
Further, from (28a, b)

(51a) Neoym = Nyjm = Nioym + LruNio)

(51b) Neoym = Ny jm = Nioyim + Tn Vo)t

and this

(52) (N + Nioy /2 = (NGoy + Nisy )2 = Ny

From here, considering (37’) and (21b) we obtain (45) and also

(53) (?(go)m + ‘g(ga)m)/Z = (%’(ga)m + \{’(ga)m)/2 = \I’Qa)m'
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If we put the covariant derivation into (51a) based on (37’) and (21b), we get
(54 —e)9” Yooty + 2 (Yo = Viamm ) Ny = e N (o) tm-
P
If we multiply this equation by aﬂtf , we get
—e(,)gﬁgpl?(a)s\,/n = G%F%utft“mN&), ie.
(55) Qoyign = €l0) 0Tty 1 N,
which is another form for (49). From here, in accordance with (42), we have
(557) Loy = Qoymi = Lorigp = Yoymi = e(u)aﬂrg\/ﬂt? tth Ny

which is another form of (49).
B

Multiplying the equation (54) by aapN(;), we get
(56) €(r) (?(Ta’)m - ‘P(Ta)m) = aﬂr%pNg-)Ngr)tuma
respectively
(56,) ?(Ta')m = %’(TO’)’D’L = T(TJ)’H’L + G(T)G%F%NN(ET)N&)t%.
Analogously to (56), we get
(57) €(r) (gl(.,.g)m - \I’(Tg)m) = aﬂfﬁuN@)tﬁ], i.e.
\%
(57’) ‘g(ro)m = %’(‘ra)m = ‘I;(Ta')m - e(T)aﬂF%uNg-)Ngrg)tﬁr

From (56°, 57’) one gets (53). If we introduce a tensor

(58) hroym = €(r)aaaT N s Nio) ths

from (56°, 57°)
(59) %’(‘ra)m = ‘I’(TJ)’ITL + h(‘ra)ma
where for § = 1,3 we taje the sing + and for 8 = 2,4 tje sing —.
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