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ON A FUNCTIONAL WHHICH IS QUADRATIC
ON A-ORTHOGONAL VECTORS

Hamid Drljevié

Abstract. Let X be a complex Hilbert space, dim X > 3 and A be a bounded selfadjoint
operator defined on X. We give a representation of a continuous functional H defined on X under
the condition that H is quadratic on A-orthogonal vectors.

In [3] a continuous functional F : X — @ is studied which is additive on
A-orthogonal vectors. Let us note that the square of functional which is additive
on A-orthogonal vectors does not have to be quadratic. The purpose of this paper
is to give a representation of the functional H : X — ® under the condition that
is quadratic on A-orthogonal vectors. In [2] a representation is given in the case
when A =T (I denotes the identical operator).

The following theorem will be proved:

THEOREM 1. Let H be a continuous functional defined on a (real or complez)
Hilbert space X with dim X > 3. Suppose that if (z,Ay) =0 (z,y € X) then

H(z +y)+ H(z —y) = 2H(z) + 2H(y), (%)

where A : X — X is a continuous selfadjoint operator with dim A(X) # 1,2,3.
Then there is a continuous linear operator B and quasi-linear continuous operator
C and D such that

H(z) = (Bz,z) + (Cx,z) + (z, Dx) (*x)
forallx € X.

We will use the same technique as in [2] and the proof of the theorem will be
based upon the following lemmas.

LEMMA 1. Under the hypotheses of Theorem 1 there exist functionals B(x),
C(z) and D(z) (defined on X ) satisfying (x) such that for all complex numbers \
and for all x in X:

B(Az) = |\*B(z), C(A\z)=A\C(z), D(\z)=X’D(x)
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Moreover, H(z) = B(z) + C(z) + D(z).

Proof. We first show that for the functional H(x) we have H(rz) = r2H(x)
for all z € X, where r is a real number. It is obvious that H(0) = 0.

1° Let (z,Az) = 0 for some z € X (x # 0); then, applying relatio (x), we
obtain H(2x) = 22H(z). Thus
H(3z) + H(z) =2H(2z) +2H(xz), H(3z) =2H(2z)+ H(z)
=2-2°H(x)+ H(z), H(3z)=3%H(z).
Similarly we obtain H(4z) = 42H(z), H(5z) = 5°H(x),.... Suppose that
H(nz) = n?H(z) holds for a natural number n. We shall prove that H[(n + 1)z] =
(n+ 1)2H(z). For this we have:
H[(n+ 1)z]+ H[(n — 1)z] = 2H (nx) + 2H (z)
H[(n+1)z] =2H(nz) + 2H(z) — H(n — 1)z
=2n*H(z) + 2H(z) — (n — 1)*H(z).
H(n +1)a] = 20 +2— (n— 12]H(z), H[(n+1)a] = (n + 12 H(a).

Thus, H(nz) = n>H () holds for all natural n.
Similarly we obtain H(nz) = n?H(z), if n = —1,—2,-3,.... It also follows
easily (because of the continuity of H) that H(rz) = r2H(z) for all real r.

2° Let (Az,z) # 0. Then there exist a y € X (y # 0) such that (z, Ay) =0
and (Ay,y) = £(Az, ).

(a) If (Ay,y) = (Az, z), then the vectors nz+y and z—ny are pairwise A-orthgonal.
According to () we can write

H[(nz +y) + (¢ — ny)] + H[(nz + y) — (z — ny)]
H[n+ 1z —(n-1y]l+H[(n—-1)z+ (n+1)y]
H[n+ 1)y —(n—1)z]+ H[(n — 1)y + (n + 1)z]

2H(nz +vy) + 2H(z — ny), (1)
2H(nz +y) + 2H(z — ny), or
2H(ny +z) + 2H (y — nz) (2)

If we add (1) and (2) and take into consideration (x), we get

2H[(n + )z] + 2H[(n — )y] + 2H[(n — 1)z] + 2H[(n + 1)y]
=4H(nz) +4H (y) + 4H (x) + 4H (ny)

or

Hl(n+1)z] + H[(n — 1)y] + H[(n — 1)z] + H[(n + 1)y]
= 2H (nz) + 2H (y) + 2H (z) + 2H (ny).

Let
H(kz) + H(ky) = K*[H (2) + H(y)] 3)
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hold for all ¥k =0,2,3,...,n. It is easy to prove that (3) is true for n = k+ 1. In
[1] it has been proved that there exists a z € X such that (z, Az) = (y,Az) =0
and (Az,z) = (Ay,y) = (Az, z), and on the basis of (3) we can write

H(nz) + H(ny) = n’[H (z) + H(y)] (3"
H(nz) + H(nz) = n*[H(z) + H(2)] (3")
H(ny) + H(nz) = n’[H(y) + H(2)]. (3")

Subtracting (3"') from (3"), we obtain H(nz) — H(ny) = n?[H (x) — H(y)], which
together with (3') gives H(nz) = n?H(x). Due to the continuity of the functional
H, H(rz) = r?H(z) holds for all real numbers 7.

(b) Let (Ay,y) = —(Az,z). It follows that (A(z £ y,z +y) = 0 and according to
1° we get H[n(z +y)] = n>H(z +y), H[n(z — y)] = n>H(xz — y). Besides that we
have H[n(z + y)] + Hn(z — y)] = 2H (nz) + 2H (ny) or

n?H(z +y) + n*H(z —y) = 2H (nz) + 2H (ny). 4)

In [1] it has been shown that there exists a z € X such that (Az,z) = 0 and
(Az,2) = —(Azx, ), (Ay,2) =0, (Ay,y) = (Az,2). On the basis of (a) we can write

n?H(y +2) +n*H(y — 2z) = 2H(ny) + 2H(nz) = 2n*H(y) + 2n’H(z)  (5)

> n’H(zx + 2) + n’H(z — 2) = 2H (nx) + 2H (nz). (6)

If we subtract (5) from (6), we get
n’H(z +2)+n’H(zx —2) —n’H(y + 2z) — n’H(y — 2) = 2H (nz) — 2H (ny).
If we add this last relation to (4) we obtain
n?H(x + 2) + n*H(x — 2) —n’H(y + 2) —n*H(y — 2) + n*H(z + v)
+n?H(z — y) = 4H (nx)
or
202 H (x) + 2n2H(2) — 2n°H(y) — 2n*H(z) + 2n*H (z) + 2n*H(y) = 4H (nx)

or H(nz) = n?H(zx). Since the functional H is continuous then H(rz) = r?>H(x)
holds for all real numbers r. Therefore H(rz) = r? H(z) holds for all real numbers
r nad for each z € X.

Let 2B(x) = H(iz) + H(z). It is easy to see that B(z) is a continuous and
quadratic functional on A-orthogonal vectors, as well as it satisfies B(rz) = r2B(z),
that B(iz) = B(z).

1° Let (Az,z) = 0 for some z € X. Then (Aaz,ifBz) = 0 (e, B real numbers).
For A = a + i3 we have

B(\z) + B(Az) = B((a + i8)z) + B((a — iB)z) = B(az + i) + B(az — i)
= 2B(ax) + 2B(ifz) = 2°B(z) + 23*B(iz)
=20’B(z) + 28°B(z) = 2(a’® + %) B(z) = 2|\’ B(z).
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Hence B(A\z) + B(Az) = 2|A\|?B(z).
2° Let (Az,z) # 0. Then there exists a y € X such that (z, Ay) = 0 and
(Ay,y) = £(Az,x). Let us consider the case when (a) (Ay,y) = (Az,z). Then if
A=a+if (o, B real) and e; = (x + y)/2, e2 = (x — y) | 24, it follows that
B(Az) + B(\y) + B(Az) + B(\y) = 2|A\*[B(z) + B(y)].

We can select a z € X such that (z,A2) =0, (y,Az) =0 and (z, Az) = (y, Ay) =
+(z, Az). Let us consider the case when the sign is +. By analogy with the equation
above, we can write the following.

B(A\z) + B(A\2) + B(Az) + B(\z) = 2|A\|*[B(z) + B(2)]
B(\y) + B(\z) + B(A\y) + B(\z) = 2|A\|*[B(y) + B(2)].

From the last three equalities we have B(Az) + B(Azx) = 2|\|>B(z).

Let us consider the case when (b) (Ay,y) = —(Az,z). Then (A(z +vy), z +
y) = 0. On the basis of 1° we have

B(A(z +y)) + B(\(z +y)) = 2]A”B(z +y)
B(\(z —y)) + B(A(z — y)) = 2]\ B(z —y).
Summing these two equations we obtain

B(Xz+y))+B(\(z—y))+ Bz +y))+B(

>

(z—y)) = 2\*(B(z+y) + B(z—y))
or
B(\z) +2B(\y) + 2B(Az) + 2B(\y) = 4A]*B(z) + 4|\]*B(y)

B(\z) + B(\y) + B(Az) + B(A\y) = 2|A\]*(B(z) + B(y)). (7)

As before, there exists a z € X such that (Az,z) = (Ay,2) =0, (Ay,y) = (Az,2)

and (Az,z) = —(Az,z). We have
B(z) + B(\z) + B(Az) + B(\2) = 2|A\[*(B(z) + B(y)) (8)
B(xy) + B(\z) + B(Ay) + B(Xz) = 2]\ (B(y) + B(2)) 9)
B(xz) - B(\y) + B(Az) — B(Ay) = 2|\’ B(z) - 2|\ B(y). (10)

From (7) and (10) it follows that B(\z) + B(Az) = 2|A\|?B(z). Thus from these
considerations we can conclude that for each z € X and each complex A we have

B(\z) + B(Az) = 2|A\*B(x) (11)

If in (11) we replace A by e (¢ real) and iz by e?¥z, we obtain B(e?*z)+ B(x) =
2B(e*z). Similarly we get B(e 2%z) + B(z) = 2B(e *z). Thus we have

B(ezwm) _ B(e—Zz’gax) — 2[3(61'(‘033) _ B(e*iwx)], (12)
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For fixed 2 € X let us set
I(a) = B(ax) — Bla™'z) (a=¢"). (13)

It is easy to show that I(a) = 0 for all o = € (¢ real). From this fact it follows
that B(Az) = B(\x), and from that (due to (11)) we have

B(Az) = |\*B(z) (z € X and A-complex).

Let us put
2S(x) = H(ix) — H(x). (15)

The functional S(z) is continuous, quadratic on A-orthogonal vectors and quadratic
homogenous, i.e. S(rz) =r2S(x), and besides that

S(iz) = =S(z), (z€ X). (16)
In the same way as with the functinal B(z), we obtain
S(hz) + S(Az) = (A2 + X2)S(2) (17)

for each z in X and for each A\. If in (17) we put A = a (Ja| = 1, '™ # 1,
n=1,2,...) and az instead of x, we obtain

S(a?z) + S(z) = (a® + &) S(x) am

or

at/(a® — 1) - [S(a2z) — a*S(x)] = a2/(a? — 1) - [S(az) — a?S(z)].
By induction we can prove
a®/(a* — 1) - [S(a"z) — a2"8(z)] = o?/(a* — 1) - [S(az) — a2S(x)).
If 8 = a”, then
B2/(B* = 1)-[S(Bz) — B2S(x)] = &*/(a* = 1) - [S(az) — @S (z)]
or
/(82 - ) - [S(Ba) — B*S(2)] = 1/(a® - &) - [S(az) — &S(a)).  (17")

In the last relation @ and 3 are arbitrary numbers such that |a| = |3 =1, a* #1
and 3* # 1 and (17) holds for each z in X. Since S(rz) = r>S(z), from (17") it
follows immediately that

[S(Az) = X(@)]/ (N = X%) = [S(\z) — A S(2)]/(A] = AD) (17")

(N2 #X2, M=) forall zin X.
The right-hand side of relation (17" is constant, for any A (A?> = A2) and if for

fixed A; we put
C(z) = [MS(2) — S(Mx)] /(AT = AY)
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we obtain C(Az) = [A2S(A\z)—S(MAz)]/(A2 = A?). According to (17""") we conclude
that C(z) and C(Az) do not depend on \;, and if we put A\; = X (in the relation
for C(x)), A1 = X (in the relation for C(Az)), we obtain C(\z) = A\2C(z), for
each complex A and z in S. Let us put D(z) = —S(z) — C(z) = [S(\z) —
M S(x)]/(A2 — A2). Then it follows that D(Az) = A2D(z) (z in X, A a complex
number). Since H(z) = B(z) — S(z) and —S(z) = C(z) + D(z) it follows that
H(z) = B(z) + C(z) + D(z) Q.E.D.

LEMMA 2. Suppose that the functional H satisfies the conditions of THeorem

1 and that
H(\zx) = |)\|2H(a:) (18)

for all in X and for every complex number A. Then there exists a unique continuous
linear operator B such that for all x in X

H(z) = (Bz,z). (19)
Proof. Let us put
Flz,y)=H(z+y) - H(z-y) (2,yin X) (20)
Let further
Xy, ={z|z € X, (Az,y) = 0}. (21)

For a fixed y and for z in X, F(z,y) is a continuous functional (on X) and moreover
from (z,Az) = 0, z, z in X it follows that F(z + z,y) = F(z,y) + F(z,y). On
the basis of [3] there exist unique vectors a, and b, in X, and a unique complex
number o, such that

F(may) = 2(G’ya$) + 2(‘% by) + 20éy(A£L',IE) (22)

for all z in X,. Since the functional H is quadratic on A-orthogonal vectors we
have

H(z +y) = H(z) + H(y) + (ay, 2) + (z,by) + ay(Az,2),  ((Az,y) =0). (23)

1° Let z € X be such that (Az,z) = 0. Then the relation (23) has a form
H(z+y) = H(z) + H(y) + (ay, ) + (2,by), ((Az,y) =0).

2° Let z € X be such that (Az,z) # 0. Then due to the continuity of the
functional F' we conclude that a, = 0, and relation (23) becomes

H(z+y) = H(z) + H(y) + (ay,2) + (2,by), ((4z,y) = 0). (23)

We can write the space X as the direct sum of orthogonal and A-orthogonal in-
variant subspaces X%, X~ X+ of the operator A, where X° = {(€ X | Az = 0}.
In X~ it holds that (Az,z) < 0 for z # 0, and in X7 it holds that (Az,z) > 0
for x # 0. In each of these subspaces we can select a maximal A-orthonormal
system. Let {e;} be a maximal A-orthonormal system in the space X, which
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is equal to the union of these maximal A-orthonormal systems. Let us take an
arbitrary z in X; then z = }".°, ae;. Let us put z, = Y. ; a;e;. Applying rela-
tion (23') we obtain H(z,) = Hi(2,) + Ha(xy,) where Hy(z,) = Y 1y |ai|*H(e;);
Ha(zn) = Y1 [(akar, Trt1) + (Ztr, arbe)], ak = ey, bk = bey, T = D0y, i€
(1,2,...,n—1). We claim that H;(z,) and Hs(z,) are quadratic on vectors of the
form f:n =31 aiei. Let 2 = D00 | aiei, Ym = Yoieq Biei (Set n = max{n,m}).
Then

Hi(zn + ym) + Hi(zn — ym) = Hi (X (i + Bi)es) + Hi(D (i — Bi)es)
=2 (lei + Bil?H(ei) + Y| — Bil*H (es) = Y [Jei + Bil* + e — Bil*] H (e:)
= 2 2lail* + 2|8i*) H (i) = 23| i H (e:) + 23°|Bil*H (ei) = 2H1(2n) + 2H1 (Ym)-

Thus, Hi(xyn +ym) + H1(xn—ym) = 2H1(x5) +2H1 (ym)- Similarly it can be proved
that

HQ(wn + ym) + HQ(wn - ym) = 2H2('7"n) + 2H2(ym)'

Therefore for all vectors z, = Y aiei, ym = Y. 0:€i,
H(xp +ym) + H@p — ym) = 2H (zy,) + 2H (Yrm)-

Thus the functional H is quadratic on the set S = {z, | z, = Y ae;, e;— A-
orthonormal vectors}. Taking into consideration that the set S is everywhere X-
dense and that H is a continuous functional, the equation H(z +y) + H(z —y) =
2H(z) + 2H(y) holds for z, y in X. Hence Lemma 2 follows from (18) and the
continuity of H. Q.E.D.

LEMMA 3. If the functional H satisfies the conditions of Theorem 1 and
moreover
H(\z) = NXH(z) (or HOz) = M2 H(z))

holds for every complex number A and oll x € X, then

H(z+y)+ H(zx—y) =2H(x) + 2H(y) holds for all z,y € X.

Proof. 1° Let (Az,y) = 0 for some z, y in X. Then due to the hypothesis
the statement holds.

2° Let (Az,y) # O for some z, y in X2. We can suppose that (Az,z) #
Then there exists a z € X such that (4z,2) # 0 and (Az,z) = 0, (Ay,2) =
We can write H(z + z) + H(x — 2) = 2H(z) + 2H(z), H(x + iz) + H(z — i2)
2H(z) — 2H(z).

Thus

0.
0.

4H(z) =H(z+2)+ H(z — 2) + H(z +iz) + H(x — iz). (24)

15" means Y ;.
2We can suppose that (Az,z) # 0
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Let us select the number «a such that (Az + y),z — y) + @(Az, z) = 0. Taking this
condition into consideration we obtain

(Alz+y+2),z-y+az)=0, (Ale+y-2),2-y—-az)=0
(Alx+y+iz),z—y+aiz) =0, (Alz+y—iz),z—y— aiz) =0.
Applying relation (24) we get
4H(z+y)=H(z+y+z)+ Hxz+y—2)+ H@x+y+iz)+ Hx +y—i2)
4dH(z—y)=Hx—y+2)+Hlxz—-y—2)+Hz —y+iz)+ Hlz —y — iz).

Now making use of the fact that the functional H is quadratic on A-orthogonal
vectors we obtain

H(z+y)+ H(x—y) =2H(z) + 2H((y).

This holds when (A(x + y),z —y) # 0. If (A(x + y),z —y) = 0, the statement
obviously holds. From 1° and 2° we conclude that H(z +y) + H(x —y) = 2H (z) +
2H (y) holds for z,y € X. Now, let us consider the functional H with the property
H(\z) = \2H(x). As with the proof of Lemma 2 it is also easy to show that

F(m,y) = 2(ay7m) +2($aby) (25)
and that F(z,y) = H(x +y) — H(z —y). Relation (25) holds for all z,y € X.
Besides that

F@,y)=H(xz+y)-H(z—-y)=H(y+z)-H(y—=z)=F(y,z)

and
F(z1 + 22,y) = 2(ay, 1 + x2) + 2(z1 + 22, by)
= 2(ay, 1) + 2(x1, by) + 2(ay, 22) + 2(22, by)
= F(wlay) + F($27y)
Thus

F(zy + 29,y) = F(21,y) + F(22,9), F(z,y1 +y2) = F(x,y1) + F(z,y2).

It is now easy to obtain

Ayi+ys = Ay, + Ay, by1+y2 = by1 + by2 (26)
axy =A°/X-a; (X - complex number # 0)
by = Ab (27)

since ay = 0 for y in X. Thus H(z+y)—H(z—y) = (z,b,) holds for all z,y € X. For
z =y, H2z) = (z,b;) or H(z) = (z, Dz) where Dz = b, /4 and D is a quasi-linear
operator. For H(z) instead of H(Az) = A2H(z), the condition H(\z) = A2H (x),
should be added and it is easy to show in this way that H(x) = (Cz,x), and that
C is a quasi-linear operator. Continuity of D and C is clear. So, we obtain
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LEMMA 4. If the functional H satisfies the conditions of Lemma 2, there
exists a unique continuous quasi-linear operator D(C) such that

H(z) = (z,Dz), (H(z)= (Cz,z)).
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