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A FIRST ORDER ACCURACY SCHEME
ON NON-UNIFORM MESH

Mirjana Stojanovié

Abstract. It is proved that the exponentially fitted quadratic spline difference scheme
derived in [5] and applied to the singularly perturbed two-point boundary value problem
ey’ +p(x)y = f(z), 0<z<1,0<ek],
y(0) = e, y(1) = a1, p(z) > p > 0.
has the first order of uniform convergence on non-uniform mesh. In order to achieve the uniform

first order accuracy the special ”almost uniform mesh” which satisfies the condition h; = h;_; +
Mh;_1 max(z;,e) was constructed. The results are illustrated by numerical experiments.

Introduction. In [5] is given an exponentially fitted quadratic spline differ-
ence scheme for solving singularly perturbed two-point boundary value problem

(1) Ly=ey"+p)y =f(x),0<z<1,0<e<l, y(0)=a, y(1)=owa,

where aq, a1 are given constants on uniform mesh. The scheme has the uniform
first order accuracy.

In this paper we introduce for the scheme derived in [5] a non-uniform mesh
0=z <z <--- <z =1, hy = 2541 — x; in order to increase the number of
points in the boundary layer.

There are two possibilities to obtain a small truncation error inside the layer,
namely, to choose a fine mesh there, or-what is less trivial-to choose a difference
formula reflecting the behaviour of the solution inside the layer. By chaining the
fitting factor ([5]) we have not succeeded to find a difference formula which on non-
uniform mesh, for pi = const would give truncation error equal to zero, or small
enough.
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So we choose the mesh which satisfies the condition,
hi = hi—1 + Mh;_1 max(z;,€)

to preserve the same order of uniform accuracy which has been obtained on uniform
mesh.

The scheme [5] has the form
(2) Rhoy=Q"fi, i=11)n—1, wo=ag,v, =ai,

where Rhv; = riviy + rfvi + rfvipa, Q"fi = ¢ fior + @6 fi + ¢ fir1. The
coefficients of the scheme (2) are

Tf:l M ro o= 1 cthoji 1 —1 r¢ = —p7 —pt
i h; cth o; y Ty i1 cth ;1 > T i i

1 1 11 pih;
a; { " =0, 0= ;e’

- pi—1 ctho;_q’ 4= pi cth o;’

pi = p(xi), fi = f(z;), where z; is the node-point of the subinterval [z;, z;y1),
i=1()n—-1.

For the scheme above the following results have been obtained by using the
comparison function approach. The proof was derived in a fashion analogous to the
construction presented in [1] and consists of observing the two comparison function
pi = =2+ z and ¢ = exp (—pz/ec), where § is a constant to be chosen. The
following lemma bounds the behaviour of the solution y(x) of (1) and is used in the
comparison function proof to bound the truncation error.

The division into two comparison functions is a consequence of properties of
the exact solution.

LEMMA 1. [1] Let f,p € C3[0,1]. Then the solution of (1) has the form
y(z) = u(z) + w(z), where

3) u(z) = —ey'(0) exp(—p(0)z/¢) /p(0)
4) |w(i) (z)| < M(1+ e “lexp(—26x/e)), i =0(1)n, |ey'(0)| < M,
and M and § are constants independent of € and h.
Thus,
(5) ly(z)| < M(exp (—p(0)z/e)) + |w(z)]-

Let z; = y(z;) — v; where v; is the approximate and y(z;) is the exact solution of
the problem (1). With 7; is denoted the truncation error of the scheme (2). The
scheme (2) satisfies the maximum principle [7].

LEMMA 2. (Maximum principle) Let {v;} be a set of values at the grid points
x; satisfying vo <0, v, <0, and Rhv; > 0,43 =1(1)n —1. Then v; <0, i = 0(1)n.
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COROLLARY 1. If ki(hse) > 0, ka(hs,e) > 0 are such functions that
Rh(k‘l(pi + k2¢i) > Rh(:l:zl-) =47 then |Zz| < k1|(,01| + kz|’(b1|

To carry out a comparison function proof it is necessary to find lower bounds
for R"p; and RMp; to bound |7;|, thus determining k; and ks and hence giving an
error estimate.

The proof of the uniform convergence on non-uniform mesh consists of Tay-
lor’s expansions of the truncation error of the scheme (2) and operators in the point
(hi, h;). This way we separately observe the equidistant part and the part which
multiplies (h;—1,h;) with derivation of order h;—;. The proof for uniform part is
given in [5]. Here is shown that the non-uniform parts are of lower order than uni-
form parts, but with the mentioned condition on the mesh. So the order of uniform
convergence achieved on the uniform mesh is preserved.

LEMMA 3. If the non-uniform mesh is regular, then there are constants M
and B independent of € an h;, so that the following inequalities hold:
a) Rh(pz' Z MhZ/E fOT hz S g,
b) Rho; > M for h; > ¢,
c) RMp; > M(pi(B)hife)/e for hi <,
d) RMp; > M(ui(8))/hi for hi > €,
e) RMpifexp (=Bhi—1/€) > M(pui-1(8))/hi for hi > e
w(B) = exp (—Bh;/e), where B is a constant be to chosen; h; = max(h;, h;_1).
Proof (a), (b) Rh¢; = —h;_1r] + hir] = (ctho;)™! + (cthg;—1) ! and the
estimate

(
(
6) (
(
(

(7 cthg;_1 = cthg; + O(M (hi_1 — hy)e/h?) for h; <e.
yields

Rhp; > Mh;Je for h;<e, and RPp; >M for h; >e.
One can check that

(8) RMp; =r (exp (—fzi 1/e)[(r; (exp (—Bhi_1/e) —1))/ri+
+ exp (—Bhi—1/e)(1 — exp (—Bhi/e))]-

By expanding this operator into Taylor’s series we obtain

dRM;
RMp;(h, hi—1) = RMp;(hi, hy) + (hi—1 — hi)ﬁ(hi, hi)
1 d>RMy;
+ s (hi—1 — hz’ﬁ#(hi:hi +0(hi-1 —h;)), 0<6<1.
> dnZ_,

RMp;(h;, h;) is estimated in [5]. These estimates are the same as in Lemma 3 when
h; = h.

The estimates (c), (d) are obtained by estimating the individual factors in
(8) for the three cases



158 Stojanovic¢

(i) hife <c, (ii) h;/e > C, and (iii) ¢ < h;/e < C, (For appropriately chosen
cand C.)

For (i) and c sufficiently small
dRMp;
dhi_1

This implies

9) (hiy hi) = pi(B)(—B/ehi)(—pi — (pi/cth p;) + M(Bh;/e)).

(hiyhi)| > Mapi(B) /€.

dR"Mp;
dh;_1

Thus,
|RMp; (i, hi)| > Mhipi(B)/e® + (hi—1 — hi) - Mypi(B) /€%, for h; < ce.

With our condition on the mesh this is obvious, but in fact this estimate does
not require any condition on the mesh. (All estimates are given for cth p;, and they
are valid for cth p;—; because of (7)). The following estimate also holds

(10) pi—1 = pi + 0(M (hi—1 — h;)/e).
For (ii) and for C sufficiently large

1 —exp(—pBhi/e) > My, 1—exp(—pBhi_1/e) > Mo,

h,i . 2€Xp(—2pi_1) . Cthpi

r¥| > Ms/h;, i .
Iri’| 2 Ma/hs ri hion l—exp(=2p;i1) cthpii(cthp; +1)

If ¢ — 0, then cthp;/(cth p;—;(cthp; + 1)) — 1/2. Then the expression in
brackets in (8) is bounded by Myexp (—Bh;—1/€). So we have (d):

|RM il > Ms(pi(8)) .
(iii) (c and C are now fixed) and for h; sufficiently small
ry /i =exp(=2pi—1) +0(Ms), ri >Mz/hi, 1—71i(8) > Ms,

and we obtain |R"1);| > Mg (ui(8))hi. The expression (e) we obtain by dividing (d)
by exp (—Bhi-1/e).

THEOREM 1. Let f,p € C3[0,1]. Let {v;}, i = 0(1)n be a set of values of
the approzimate solution of problem (1) obtained by using scheme (2), on the mesh
which satisfies the condition h; = h;—1 + Mh;_1 max(z;,€). Then the following
estimate holds:

(11) ly(zi) — vi| < Mhi(1 + exp(—dz;/e)) for hi <&
ly(zi) — vi| < Mhi(1+ exp(—dzi_1/e)) for h; > €.

Proof. The truncation error of y is the sum of the truncation errors of functions
u an w

7i(y) = 7i(u) + 73 (w).
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We separately give the proof for functions w(z) and u(z). We start with w(z). The
truncation error is defined as

7 = Rhy(x;) — Q(L(y(=;)) for i = 1(1)n — 1.

For y(z) sufficiently smooth the standard Taylor expansion of 7; for € fixed has the
form (see [1]):

Ti(y) = Py(z;) + 71y (x) + 77y (z) + - - + R

One can easily verify that, for the scheme (2) 70 and 7} are equal to zero, but we
must estimate 72.

Ti2=E<1+ 1 >+hi—1 (1_ 1 )_ 3 . € hi_1
2 cth g; 2 cth ;1 pi—icthg;_1  picthg;  cthoiy

After ordering these terms we obtain

o _ (hipicthg; —2¢) | (hi—1pi-icthoiy —2¢)  hi 1 n hi-ix 1
! 2pi(}th 0i 2pi_1cth 0i—1 2 cth 0i 2 cth 0i—1
) B S wi_1 hi 1 hisi 1
! 2picth o;  2p;_1cthg;—1 2 ctho; 2 ctho;_1

For w; we can estimate |w;| < h?/(h; +€) (see [4] ). And we obtain
72| < MB2 /e for hy <e, |rP| < Mh; for h; > e.
This implies
17 (wy)| < Mh2(1 + exp (—bz; /) [e) e for h; < &

and
17 (w;)| < Mhi(1 + exp (—6z;/e) /e) for h; > &

Now we must estimate Ti(3)

T~(3) _ & 14+ 1 _ h;_1 1— 1 n ehi_1 1 _ h?_l 1
¢ 6 cth g; 6 cth g;_1 pi—1 cthg;—1 2 ctho;_1

and we have

|7'i(3)| < MAZ for h; < ¢ and |TZ~(3)| < MA? for h; > e.
Thus,
|T,L-(3) (w;)| < Mhi(1 + exp (—0z;/€)/e?) for all h; and e.

We can prove that the non-elaborated parts of 7;(y) are of a minor order. In
a similar way we can estimate the remainder terms.

Applying Lemma 3 and Corollary I we obtain the final estimate for w(z).
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Estimate for u(z) = exp (—p(0)z/e). The proof is based on the relation
7(y) = R"y; — Q"Ly = R"u; — R"v; = 7. — 7;. (See [1]). We first consider the
case when h; < €.

Expanding this truncation error in Taylor’s series at the point (h;, h;)
obtain

dr;
7(his hi1) = 7(hi, hi) + (hi-1 — hi) 70— (ha, hi)+
dhz 1
. — . 2
L (B hi)? dQTz (hishi +0(hi_y — i), 0<6<1.
2 dh;_,

The part 7;(hi, hi) = 7.(hi, hi) + 74 (hi, h;) is defined on uniform mesh and is
estimated in [5]. This estimate is the same as (11), when h; = h.

Now we can estimate the first derivation of 7; on the power h;_;.

dTi

( dr,
dh; 1

dh; 1

dr,
dh; 1

hi,hi) = (hi, hi) — (hi, hi)-

We shall estimate these parts separately.

i =it (1= ) o () -1).

where v} = exp(—poz;/e).

Throughout the rest of the paper the terms which have been reduced to a
nice form where (6) yields (11) will be generically denoted by N.

dr,
dh;_1

(hi, hi) =

v¥ (cthp;—1 — 1) Pi—1
PP — ) 1) (=pi_i — —1
h2 oth pi_1 (o0 (Fhi) =1) (—pi1 — 51 it +

®
(o G- B )
o=t e (1) 3 (B0 ]} -
1
2

:h_:;%(cthm 1—1){ (Po gpz 1)h+0(h?>}_

cth Pi—1 5_2
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Now we estimate the part 7.

d
—7a(hiy hio1) = =7g(Riy ha) + (hict = hi) ——— (hs, hi)+

dhz 1
1 d? a1y
+ S (hic1 — hi)? 5 (hi, hi + 61 (hios — hy)), 0<6<1,

2 dh;_,

— pi_ hi—

(14) —74(hi, hi—1) = U;@ : (o = pi-) L EP (pohi— /)
€ Di—1 cthp;—1
drg . .\ _Y (PoY (po — pi—1) exp (pohi/e)
dhi,1 (h“h ) _hi ( 3 ) Pi—1 cth Qpifl

((pohicth 0; 1)/e + 0 1cth?0i 1 — 05 1)
The difference between (13) and (14) gives

dr,  drg :ﬁ<@) (po—pi-1) 1
dhi—y  dhiy  hi \ e Pi-1 cth2p; 4

[Q’ 1cth g;_1(cth g;_1 — 1) —exp (poh).

- (0i—1cth?g; 1 — 0i1 + (ghz’) cth Qi1:| +

V; pO) (Cth Qi—1 — 1) -0 h2 2y

+h,~<5 cth g;_1 (hi/e”) =
_vpoo—pi1) 1
h_i & pis cth2g;1 [_ Oi-1cthioy + 01—

- (20 (20) (14} (20) )

(Qz 1eth?0;1 — i1 + (poh ) Cth@i—l)] +Un =
vy Po (Po—pifl) 1

< .= . O(M Uum.
h; € Di—1 Cth29i—1[ (M)] + Un

The hardest parts of (13) and (14) are cacelled. Thus,

‘ dr, _ dry

h2
< M ‘vl f h; <e.
dh;_1 dh;_1| — £ Vi or =€

The part Uys is a part of

dr,
which gives a condition on the mesh.
dhzfl

vf (po) cthgi—y —1 h?
= — ) — . O ) —
Un hl < I3 ) cth 0i—1 (62 )

|Unm| < Mhw?/e® for h; <e.
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If we substitute these items in (12) we obtain:

(15) |7i(hi, by —1)| < Mh2v} /e + (hi_y — hi)[Mh? /e + Mh;/e®v} + N.

2

We must set a condition on the mesh in order to achive the first order of
uniform convergence.

If we set the condition h; —h;_1 = Mih;_1 max(z;,) the estimate (15) yields

|7i(hi, hp—1)| < Mhl?’l);-k/62 — Mih;x; [th/e + Mhi/63]U: + N
< (Mh;[e* + M3hi + M3h [€*)v] exp(—dzi/e) + N.

The condition on the mesh is important because the truncation error of the
scheme for uniform mesh is equal to zero for p; = p = const. and r; /rlJr =
exp (—2p;—1). But in the case of a non-uniform mesh when we separate the uniform
part we obtain the part in 7, which requires a condition on the mesh.

The final estimate of 7; for u(z) is
|Ti| < Mh/e*exp (=dzife), 0<6<1 for h;<e

Applying Lemma 3 and the maximum principle we obtain the Theorem.
We now commence the task of treating the error in u(x) when h; > . Then,

—74 = (pov; /e)[—zi—1P1(61)q; exp (pohi—1/€) — ziph(§2)q5], where zo < & < x4,
and zg < & < z;. We obtain the estimate |7,| < Mexp (—fz;_1/¢) because of
lg; | < M, and |¢§| < M. The maximum principle and Lemma 3 leads to (11).

Taylor’s expansion of 7,(h;, h;—1) at the point (h;, h;) is
hi—l — hi dTr

1! dh;_1

n (hi-1 — hy)® &7,

2! dh?_,

Tr(hiy hi—1) = Tr(hi, hs) +

(hiy hi)+

(hiyhi +63(hi—1 — hs)), 0<63<1.

The part 7.(h;, h;) is estimated in [5]. Using (13) we obtain
|d7y [dhi—1(hs, hi)| < M(1/e)(exp (—0z;/¢)).

The above estimate and (16) give that assertion (11) is valid for h; > €.

Remark 1. Using the estimate t*exp (—t) < c(f)exp (=6t), 0 < t < 00, 0 <
6 < 1 (see [2]) we can obtain for h; > € the final estimate

ly(x;) — vi| < Mh; + Meexp (—dx;_1/€).

Numerical results. The computations reported in this section were done
on Delta 340 (PDP-11/34) computer in fortran IV-plus in double precision with 16
significant figures.



A first order accuracy scheme on non-uniform mesh 163

We give some numerical, results for our difference scheme (2) applied to the
problem given in [3]: ey” — y' = z, with boundary condition y(0) = 0, y(1) = 0.
This problem has the exact solution:

y(z) = 0.52% — ez + ((€ — 0.5)/(1 — exp (—1/¢))(1 — exp (—x/¢)).

The test of uniform convergence used in this section was described in [6]. The
notation is also taken from [6].

The coarsest mesh consists of 8 or 16 points arranged in interval [0,1] by
h;i = hj_1 + Mh;_12; where hg and M are constants to be chosen. The finer
meshes are obtained by halving the previous meshes.

Table 1 indicates that the scheme (2) on a non-uniform mesh produces a first
order of uniform accuracy. If we choose hy = 0.05570 and M = 0.04481 we obtain
a mesh which consists of 5 from 16 points arranged at the first quarter of interval
[0,1].

ho = 0.05570, M = 0.04481.

e\k 1 2 3 4 5 P,

1 0.101E+00 | 0.100E-+00 | 0.100E+01 | 0.100E+01 | 0.100E+01 | 0.100E+00
1/2  |0.102E+01|0.102E+01 | 0.101E+01 | 0.100E-+01 | 0.100E+01 | 0.101E+01
1/4  |0.104E+01|0.102E+01 | 0.101E+01 | 0.101E+01 | 0.100E+01 | 0.102E+01
1/8 |0.108E+01|0.104E+01|0.102E+01 | 0.101E+01 | 0.101E+01 | 0.103E+01
1/16 |0.115E+00|0.108E+01 | 0.104E+01 | 0.102E+01 | 0.101E+01 | 0.106E+01
1/32 | 0.123E+00| 0.145E+01 | 0.108E+01 | 0.104E+01 | 0.102E+01 | 0.164E+01
1/64 | 0.125E+00| 0.122E+00 | 0.115E+01 | 0.108E+01 | 0.105E+01 | 0.115E+01
1/128 | 0.114E+00| 0.125E+00 | 0.123E+01 | 0.115E+01 | 0.108E+01 | 0.117E+01
1/256 | 0.967E-+00| 0.115E+00 | 0.126E+00 | 0.223E+01 | 0.115E+01 | 0.115E+01
1/512 | 0.950E+00 | 0.100E+00| 0.115E+00 | 0.127E+00| 0.124E+01 |0.112E+00

Theoretical order of uniform convergence: 1.

Computed order of uniform convergence: 0.112E+01.

Table 2 contains the same test of uniform convergence for the special mesh
which consists of 7 points at the first quarter of the interval [0, 1], and only one on
the rest of it.

ho = 0.0569, M = 22.0000.

Theoretical order of uniform convergence: 1.

Computed order of uniform convergence: 0.912E+00.
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e\k 1 2 3 4 5 P,

1 0.957E+00 | 0.980E-+00 | 0.100E+01 | 0.100E+01 | 0.100E+01 | 0.987E+00
1/2 | 0.918E+01|0.105E+01 | 0.103E-+01 | 0.101E+01 | 0.101E+01 | 0.100E+01
1/4 | 0.864E+01|0.112E+01 | 0.106E-+01 | 0.104E+01 | 0.102E+01 | 0.100E+01
1/8 | 0.104E+01 | 0.120E+01 | 0.113E-+01 | 0.109E+01 | 0.104E+01 | 0.110E+01
1/16 | 0.906E+00 | 0.120E+01 | 0.121E-+01 | 0.114E+01 | 0.108E+01 | 0.111E+01
1/32 | 0.760E+00 | 0.109E+01 | 0.123E-+01 | 0.119E+01 | 0.117E+01 | 0.109E+01
1/64 | 0.715E+00 | 0.935E+00 | 0.116E-+01 | 0.125E+01 | 0.119E+01 | 0.105E+01
1/128 | 0.714E+00 | 0.882E+00 | 0.100E-+01 | 0.119E+01 | 0.126E+01 | 0.101E+01
1/256 | 0.710E+00 | 0.878E+00 | 0.949E-+00 | 0.104E+01 | 0.120E+01 | 0.955E+01
1/512 [ 0.709E+00 | 0.875E+00 | 0.945E+00 | 0.980E-+00 | 0.105E+01 |0.912E+00

The quotient of the difference of approximate solutions calculated at the same
points of the two consequent meshes (log, of that quotient gives the rate of uniform
convergence) is smaller in the boundary layer than at the middle, or at 3/4 of the
interval [0,1]. Our fortran programm chooses the maximum of that difference, and
in this case it tends to the end of the interval. Thus, we obtain weaker results in
the Table 2, because the maximum is calculated on the part of interval which has
small number of points.

We can see it from the next Table 3. If we compute for ¢ = 1/64 the difference
between real and approximate solution at the second point of the meshes which have
N subintervals we obtain:

N

| 32

ho = 0.05609,

| 64

| 128

M = 22.0000

| 256

| 512

1024

[ 0.211E-01 | 0.102E-01 | 0.450E-02 | 0.196E-02 | 0.888E-03 | 0.420E-03

The maximum error for the same € is on the 3/4 of interval [0, 1], and amounts:

N

| 32

| 64

| 128

| 256

| 512

1024

1 0.125E-00 | 0.606E-01 | 0.268E-01 | 0.117E-01 | 0.530E-02 | 0.251E-02

We can compare these results with results obtained on the mesh computed
in Table 1. when hg = 0.05570, N = 0.04481, for the same €.

The difference between exact and approximate solution in the second point

is:

N

| 32

| 64

| 128

| 256

| 512

| 1024

1 0.167E-01 | 0.740E-02 | 0.344E-01 1 0.165E-02 | 0.810E-02 | 0.401E-03

The maximum error at the third point is given by:

N

| 32

| 64

| 128

| 256

| 512

1024

[ 0.191E-01 | 0.846E-02 | 0.393E-02 | 0.189E-02 | 0.923E-03 | 0.458E-03
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Table 4. presents some values z, = max |y(z;) — v;| where y(z) is exact and
(2

v; is approximate solution for these meshes from Table 1 and Table 2, calculated

for some ¢.
ho = —0.05570, M = 0.04481.

e\N 32 64 128 256 512 1024
1/512 0.287E-01 | 0.135E-01 | 0.593E-02 | 0.254E-02 | 0.112E-02 | 0.522E-03
0.00001 0.306E-01 1 0.154E-01 1 0.768E-02 | 0.384E-02 | 0.191E-02 | 0.952E-03

ho = 0.0569, M = 22.0000

e\N 32 64 128 256 512 1024
1/512 0.137E+4+00| 0.715E-01 | 0.359E-01 | 0.173E-01 | 0.799E-02 | 0.346E-02
0.00001 0.138E+001 0.734E-01 1 0.377E-01 | 0.191E-01 | 0.961E-02 | 0.482E-02

These results and discussion of the Table 3 suggest that it would be the
best to choose a mesh with more points in the boundary layer and after that the
uniform mesh (or some another non-uniform mesh because that part of solution is
independent of condition on the mesh which we set).
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