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ON SOME RESULTS FOR STARLIKE FUNCTIONS
OF COMPLEX ORDER

Milutin Obradovié, M. K. Aouf and Shigeyoshi Owa

Abstract. We give some results of various kinds concerning starlike functions of complex
order in the unit disk. They represent extensions and generalisations of many previous results.
We mainly used the subordination method.

1. Introduction. Let A denote the class of functions of the form
o0
f)=2z+> anz" (1)
n=2

which are analytic in the unit disk U = {z:]2| < 1}.

A function f € A is said to be a starlike function of order b (b # 0, complex),
if and only if f(2)/2 #0, z € U, and

Re{14+ 1 (2L _N\so sew
s ()

We denote by S(b) the class of all such functions. The class S(b) was introduced
by Nasr and Aouf in [6]. In the same paper they investigated certain properties of
the class S(b).

For a function f € A we say that it is a convex function of order b (b # 0,
complex), that is, f € C(b), if and only if f'(z) #0 in U and

12f"(2)
Re{” e

This class C(b) was introduced by Wiatrowski [11] and considered in [5]. We note
that f(2) € C(b) & zf'(z) € S(b).

}>o, el (2)
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Also, we note that for various b in (1) we get the well-known subclasses of
univalent functions. For example, for b equal to 1, 1 —a (0 < a < 1), cos Ae™
(A is real and |A| < 7/2) and (1 — @) cos Ae=**(0 < a < 1,|A| < 7/2) we have the
classes of starlike functions (S*), starlike functions of order a (S*(a)), spirallike
functions (S*) and spirallike functions of order a (S2). More about these classes
one can see in the Goodman’s book [1].

The object of this paper is to obtain some results for the class S(b) using
mainly the method of subordination. In that sense, we give some definitions, nota-
tions and lemmas we need in the next part.

Let f and F be analytic in the unit disk U. The function f is subordinate to
F, written f < F or f(z) < F(z), if F is univalent, f(0) = F(0) and f(U) c F(U).

The general theory of differential subordinations was introduced in [2] by
Miller and Mocanu. Some classes of the first-order differential subordinations were
considered by the same authors in [3]. Namely let ¢: C* — C be analytic in a
domain D, let h be univalent in U, and let p be analytic in U with (p(z), 2p'(2)) € D
when z € U, then p is said to satisfy the first-order differential subordination if

»(p(2), 29/ (2)) < h(2). 3)

The univalent function ¢ is said to be a dominant of the differential subordination
(3) if p < ¢ for all p satisfying (3). If ¢ is a dominant of (3) and ¢ < ¢ for all
dominants ¢ of (3), then ¢ is said to be the best dominant of (3).

Now we cite lemma on differential subordinations due to Miller and Mocanu
[3]-

LEmMA 1. Let g be univalent in U and let 8 and ¢ be analytic in a domain
D containing q(U), with p(w) # 0 when w € q(U). Set Q(z) = zq¢'(2)p(q(?))
h(z) = 0(q(z)) + Q(z) and suppose that

(i) Q is starlike (univalent) in U with Q(O) 0 and Q'(0) #0

)

o rel HEA _p[0la) | QG
i me{s 53| =R iy * =0
If p is analytic in U, with p(0) = q(0 ) p(U) C D and

0(p(2)) +2p'(2)e(p(2)) < 0(a(2)) + 2¢'(2)p(a(2)) = h(2), (4)

then p < q, and q is the best dominant of (4).

}>0 zeU.

N

For the proof of Theorem 3 we need the following result given by Robertson
[9].

LEMMA 2. Let f € A be univalent in U. For 0 <t <1 let F(z,t) be analytic
in U, let F(z,0) = f(2) and F(0,t) =0. Let r be a positive real number for which

t—+40 2T
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exists. Let F(z,t) be subordinate to f(z) in U for0 <t < 1. Then Re{F(z)/f'(2)}
<0, z € U. If, in addition, F(z) is also analytic in U and {F(0)} # 0, then

Re{f'(2)/F(2)} <0, zeU. (5)

2. Results and consequences. First we use the differential subordinations
to obtain

THEOREM 1. Let f € S(b) (b # 0, complex). Then

(f(2)/2)" <1/(1 = 2)**, (6)

where a # 0 is a complex number and either |2ab+1| <1 or |2ab—1| < 1, and this
is the best dominant.

Proof. If we put q(z) = (1 — 2)72%, p(w) = (ab)"*w™! and §(w) = 1 in
Lemma 1, then it is easy to check that the conditions (i) and (ii) in that lemma are
satisfied. Namely, ¢(z) is univalent in U (see, [1]), while

h(z) = 0(q(2)) + 24 (2)p(q(2)) = 1 +2)/(1 - 2).

Consequently, for p(z) = 14+p1z+... ... analyticin U with p(z) #0for 0 < |z| < 1,
from (4) we get

1 zp'(z 1+2
R AON
ab  p(z) 1—2

(
Now, if in (7) we choose p(z) = (f(2)/z)°, then we have

1+ (1{(()) - 1) <ri= (f()) e

which was to be proved.

= p(2) < q(2)- (7)

For the class S} we have the following corresponding result.

COROLLARY 1. Let f € S} where X is real and |\| < 7/2,0 < a <1 and let
a # 0 be a complex number such that

|2a(1 —a)cos Ae™* —1] <1 or |2a(1—a)cos e™™ +1| < 1.

Then a
(f(z)/z)a < (1 _ z)—2a(1—a) cos e (8)

and this is the best dominant.

This is an earlier result given in [8].
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We note that from (8) we may get the corresponding results for the classes
S*, S*(a) and S*, especially, the well-known results for S*(a) and S* when a = 1.

From Theorem 1 we directly get

CoROLLARY 2. Let f € C(b) (b # 0, complex), and let a # 0 be a complex
number and either |2ab+ 1| <1 or |2ab—1| < 1. Then

(f'(2)" < (1=2)72
and this is the best dominant.
If we put a = —1/2b in Theorem 1, then we obtain

CoroLLARY 3. Let f € S(b) (b # 0, complex), then

1/2b <12z )

(2/f(2))
and this is the best dominant.
From (9) we have the following inequality for f € S(b):
(z/f()* =1 < 2|, z€eU.

Especially, for b=1—a (0 < a < 1) we have

* 1/2(1—«
Fes*a)=(z/f(2)"""" Y —11< 2], zeU,
which is a known result given in [10].

THEOREM 2. Let f € S(b) (b # 0, complez) and let a # 0 be a complex
number with 0 < 2ab < 1. Then

(i) Re{(f(2)/2)"} >27>% (i) |(f(2)/2) " =2 1| <227, 2 €U
The estimates are the best possible.

Proof. (i) From Theorem 1 we have that the function (f(z))* is subordinate
to the function g(z) = 1/(1 — 2)2?%. So let us show that

Re{q(2)} >272% 2€U. (10)

It is easy to prove that g(z) is a convex function in U. Since ¢(U) is convex and
symmetrical with respect to the real axis we obtain

Inf Re{q(2)} = inf {q(=r),q(n)} =g(-1) = 27200, (11)

Finally, from (11) we get (10).
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(i) This part follows from the part (i) and Lemma 1 in [12].

The function f(z) = z(1 — 2) 2%® shows that the results in this theorem are
sharp.

COROLLARY 4. Let f € S), where A and a are real and |\ < /2,0 < a < 1.
If B8 is real and 0 < 23(1 — B) cos A < 1, then

(i) Re{ (f(Z)/z)ﬂeu} > 9~ 26(1—a)cos X

(11) ‘(f(z)/z) —Bet? _ 22ﬁ(1—a) cos A—1 < 22,6(1—a) cos A—l7 e U

These results are sharp.

By using Lemma 2 we give a criterion for a function f € A to be in the class

S(b).
THEOREM 3. Let f € A with f(2)/z #0 in U, and let the function

s =3 16— -y [ Ta]—ou (12)

be univalent in U, where b # 0 is a complexr number. If the function
1 z
Glert) = 5 [(1 _ ) f(z) — (1) —t2)/ @ds] (13)
0

is subordinate to g(z) for a fized b and for each 0 <t < 1, then f € S(b).

Proof. Tt is evident that G(z,0) = g(z) and G(0,t) = 0. In Lemma 2 we
choose r =1 and F(z,t) to be the function G(z,t) defined by (13). Then we have

that oG
o) = tim CEN=CE0) 106G __ fC)
t—40 2t zt=+0 Ot z

and G(z) is analytic in U with Re {G(0)} = —1 # 0. Since from (12)
9'(2) =b7'[f'(z) = (1 = ) f(2)/2],

then from (5) we have Re{g'(2)/G(2)} < 0, z € U which is equivalent to the

i lit
o Red1+ 1 (2@ _Nso Lev
e{+5<f@)_>} 2T

’

ie., feS®).
For example, for b = 1 — a we have the following result for starlike functions
of order a.
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COROLLARY 5. Let f € A with f(2)/z#0, in U, and let the function

9(z) = ! [f(z)—a/oz@ds], 0<ax<]l,

l-a
be univalent in U. If

1

G(z,t) = T a

(-a-anse-a-e) [T a] <o),

then f € S*(a).

A result similar to the previous one was given in [7].

Finally, we give a transformation which maps the class S(b1) to the class
S(b2)a

THEOREM 4. Let by, ba and v be complex numbers, different from zero, such
that

b1 /b2 > 1. (14)
If f € S(b1), then

9(2) = 2(f(2)/2)" (1 = 2) 20775 € S(by). (15)

Proof . From (15), after logarithmic differentiation and some simple transfor-
mations, we get

2 )R () ()i

and, from there, the statement of Theorem 4.

For special selection of by, by and 7y, we get the following

COROLLARY 6. (i) If by = (1 — a)cosde™™, by = (1 — B)cos de™™ (0 < a,
B<1)andv(1—0a)/(1—p)>1, then
iA

feSh=g(z)=2(f(2)/2)"(1 —2)2eos 2™ ¢ SZ},

where v =v(1 —a) — (1 = ).
(ii) Let v =1 and by /by > 1; then we obtain

fES(b) = g(2) = f(2)(1 = 2)72 "7 € S(b).

The result (i) is given in [8] but there were some mistakes which are not
difficult to remove.
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