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ON HYPERBOLIC HERMITE MANIFOLDS
H. R. Farran and M. S. Zanoun

Abstract. We introduce hyperbolic Hermite structures on manifolds. Each such structure
induces a pair of null distributions on the manifold. The aim of the paper is to begin the study of
the geometry of these structures, and to classify them according to the parallelism and integrability
properties of the distributions. In fact, we show that there are fifteen different classes of hyperbolic
Hermite manifolds.

1. Introduction and notation

The study of geometric structures on differentiable manifolds is the main
concern of differential geometry. Almost Hermitian structures and almost product
Riemannian structures are among the most important of these, and they have one
feature in common, namely the existence of a (1,1) tensor field F' and a (0,2) tensor
field g on the manifold. In the almost Hrmitian case F? = —I (I is the identity)
and g(FX,FY) = ¢g(X,Y) for all vector fields X,Y while in the case of almost
product Riemannian manifolds we have F? = I and g(FX,FY) = g(X,Y).

Hyperbolic Hermite manifolds, the subject of our study, present a third fam-
ily of structures related to the above two families in the sense that, here again,
there exist tensor fields F, g as before, but the conditions satisfied this time are
F? = [ and g(FX,FY) = —g(X,Y). Throughout the paper, all manifolds M,
distributions P, @ and tensor fields F, g are smooth (i.e. C*°). Our manifolds are
always connected and paracompact.

2. Hyperbolic Hermite manifolds

By a non-trivial almost product structure on M, we mean a (1,1) tensor field
F, F # £I and F? = I, where I is the identity tensor field. It is well known that
the existence of such an F' is equvalent to the existence of a pair of complementary
distribution P and @ on M such that (dim P)(dim Q) # 0. These distributions are
respectively given by the projection tensor fields p = [I + F]/2 and ¢ = [I — F]/2.
The pair (M, F) is called an almost product manifold.
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Definition 2.1. A hyperbolic Hermite manifold is an almost product mani-
fold (M, F) together with a pseudo-Riemannian metric g such that g(FX,FY) =
—g(X,Y) for all vector fields X,Y on M.

This manifold will be denoted by the triple (M, g, F'), and the pair (g, F') is
called a hyperbolic Hermite structure.

ProrositioN 2.2. If (M, g, F) is a hyperbolic Hermite manifold, then the dis-
tributions P and Q) given by F are both null and of the same dimension (where, by a
null distribution P we mean thatVz € M and all X,Y € P, we have g,(X,Y) =0).

Proof. The proof that P and ) are null is a direct application of the condi-
tion g(FX,FY) = —g(X,Y) and the fact that X € P (X € Q) if and only if
FX =X (FX = —-X). Now let dimM = m, dim P = p, dim@Q) = ¢. Since P is
null, then P C PL, where P}t = {X € T, M | g.(X,Y) =0,VY € P.},z € M
any point. This gives p < m — p and hence p < m/2. Similarly, @ is null and
hence ¢ < m/2. But P and @) are complementary, i.e. p+ ¢ =m and we therefore
conclude that p = ¢ = m/2. As an immediate corollary we have:

COROLLARY 2.3. A hyperbolic Hermite manifold is even-dimensional.

ProrosiTioN 2.4. Let (M,g) be a pseudo-Riemannian manifold with two
complementary null distributions P and Q). If F is the almost product structure
given by P and Q then (M, g, F') is hyperbolic Hermite.

Proof: Show by direct calculation that g(FX, FY) = —g(X,Y).

Suppose that M is a manifold with two complementary distributionsP and
Q@ of the same dimension, and let F' be the almost product structure given by P
and ). Now we may ask whether there exists a pseudo-Riemannian metric g on
M such that P and @ are null. That is, using the above proposition, (M, g, F')
will be hyperbolic Hermite. The answer to this proposition is, in general, negative.
As an example take M to be the product of a non-orientable manifold by itself,
(i.e.M = N x N, N non-orientable). Clearly M admits a pair of complementary
distributions of the same dimension. Since M is non-orientable, it will follow from
corollary 2.8 that there exists no g such that (M, g, F') is hyperbolic Hermite.

ProposITION 2.5. Let (M, g, F) be a hyperbolic Hermite manifold of dimen-
sion m = 2k. Then the metric g is of signature (k, k).

Proof. Let g be of signature (r,m — 7). Since P is null and of dimension k
then k£ < s where s = min{r,m — r} [1]. Now, without loss of generality we take
s=rsok<r,ie m/2<r. Butr=min{r,m—r},sor <m—r andr <m/2.
Hence r = m/2 = k.

Again here, starting with a pseudo-Riemannian manifold (M, g) of signature
(k, k), although it is known that M admits an almost product structure F' whose
distributions are k-dimensional [3], yet, in general there is no guarantee that such an
F exists with (M, g, F') is hyperbolic Hermite. For example, we take M = NxN, N
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is non-orientable. If a, 3 are respectively positive definite and negative definite
metrics on N, then the product metric g = a x 3 is a metric on M of signature
(k, k). Using corollary 2.8 again we conclude that there is no F' such that (M, g, F)
is hyperbolic Hermite.

Let Q be an almost symplectic structure and F' an almost product structure
on a manifold M. Then  anf F are said to be compatible if Vo € M, P, and @,
are isotropic (i.e. null) with respect to Q.

THEOREM 2.6. Let (M,g,F) be a hyperbolic Hermite manifold. Then there
ezists an almost symplectic structure Q on M, compatible with the tensor field F'.

Proof. Given g and F, we define Q by Q(X,Y) = g(FX,Y) for all vector
fields X,Y on M. It is clear that  is bilinear, non-degenerate, and skew symetric.
Also, if X,Y € P then Q(X,Y) = g(FX,Y) = ¢g(X,Y) = 0, and similary if
X,Y € Q then Q(X,Y) = —g(X,Y) =0.

COROLLARY 2.7. FEvery hyperbolic Hermite manifold admits an almost com-
plex structure.

COROLLARY 2.8. Fvery hyperbolic Hermite manifold is orientable.

THEOREM 2.9. Let (M, Q) be an almost symplectic manifold. If F is an almost
product structure compatible with Q, then M admits a pseudo-Riemannian metric
g such that (M, g, F) is hyperbolic Hermite.

Proof. If we define a tensor field g by ¢g(X,Y) = Q(FX,Y), then it can
be verified by direct calculations that g is a pseudo-Riemannian metric such that
(M, g, F) is hyperbolic Hermite.

Now, theorems 2.6 and 2.9 together can be given by:
CoroLLARY 2.10. An almost product manifold (M, F) admits a hyperbolic

Hermite metric if and only if it admits an almost symplectic structure compatible
with F.

CoROLLARY 2.11. The cotangent bundle of any manifold admits a hyperbolic
Hermite structure.

We end this section by the following theorem, which will be needed later in
the paper.

THEOREM 2.12. Let (M,g,F) be a hyperbolic Hermite manifold, and let
QX,Y) =g(FX,Y) be the corresponding almost symplectic structure. Then:

i) QX,Y)=-QFX,FY)
i) (Vx)(,2) =g(VxF)Y,Z) = —4(Y,(VxF)Z)

(i) (VxQ)(Y,2) = (VxQ)(FY,FZ)

iv) (VxQ)(FY,Z) = (VxQ)(Y,FZ)

(v) (VxQ)(Y, 2) = =(VxO)(%,Y)

(Vi) (d)(X,Y,Z) = (VxQ)(Y,2) + (VyQ)(Z,X) + (Vz)(X,Y),
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where V is the Levi-Civita connection given by g and X,Y,Z any vector fields on
M.

The proof involves long calculations and will be omitted.

3. Integrability

Recall that a distribution D on a manifold M is integrable if it is tangent to a
foliation F'. That is to say, for every point z € M, the tangent subspace T, F, to the
leaf F, through z is equal to D, C T, M. In this section we study the integrability
of the distributions P and @ of a hyperbolic Hermite manifold (M,g,F). The
following theorem gives integrability in terms of conditions involving the covariant
derivative of F' with respect to the Levi-Civita connection given by g. To simplify
the notation, from now on, X will be denoted by X.

THEOREM 3.1. Let (M,g,F) be a hyperbolic Hermite manifold and V the
Levi-Civita connection given by g. Then:
(a) The distribution P is integrable if and only if
(VxF)Y — (V$F)X — (VyF)X + (VxF)

Y
+(VxF)Y — (VgF)X — (VyF)X + (VxF)Y = @

0.
(b) The distribution @ is integrable if and only if
(Vi F)Y — (Vg F)X — (Vy F)X + (VxF)Y
—(VxF)Y + (V¢F)X + (VyF)X — (V¢F)Y =0
for all vector fields X,Y on M.

(-1)

Proof . First, assume that (1) holds. We want to show that P is s integrable.
Take any two vector fields X,Y € P. We prove that [X,Y] € P. Since X = X and
Y =Y we have from (1)

4((VxF)Y = (VyF)) =0 or (VxF)Y — (VyF)X =0,

but FX = X gives (VyF)X + F(VyX) =VyX and FY =Y gives (VxF)Y +
F(VxY)=VxY

Now by substraction we get F(VxY —VyX)=VxY —VyX or F[X,Y] =
[X,Y] (since V is torsion-free). Using Frobenius theorem we conclude that P is
integrable.

Conversely, let P be integrable and X,Y any vector fields on M. Let V =
X+Xand W = Y+Y. Then V,W € P. Since P is integrable, an argument similar
to the above gives (Vy F)W — (Vw F)V = 0 and (1) follows when we substitute
for V, and W their values in therms of X, X,Y and Y.

The proof for @ is similar and will be omitted. Now, clearly conditions (1)
and (-1) give the following,.
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CoRrOLLARY 3.2. Let (M,g,F) be a hyperbolic Hermite manifold and V the
Levi-Civita connection given by g. Then both P and @) are integrable if and only

if:
(VxF)Y — (V$F)X — (VyF)X + (VxF)Y =0

for all vector field X,Y on M.

4. Parallelism

In this section we discuss the parallelism, semi-parallelism and relative par-
allelism of the distributions P and @ of a hyperbolic Hermite manifold (M, g, F)
with respect to the Levi-Civita connection V given by g. For the definitions of
these parallelism notions we refer the reader to [9]. In the following lemma, H (M)
denotes the Lie algebra, of vector fields on M.

LemMA 4.1. Let (M,F) be an almost product manifold with P,Q the two
complementary distributions given by F. If V is any affine connection on M then:

(i) P is parallel if and only if (VxF)Y =0, VX € H(M), Y € P
(il) P is semi-parallel if and only if (VxF)Y =0, VX, Y € P
(iii) P is parallel relative to @ if and only if (VxF)Y =0, VX € Q,Y € P.

The proof depends on the fact that F X = X if and only if X € P, and the
results of Walker [5] and Willmore [8] on these notion of parallelism. Of course,
the dual statements for @) in this lemma are obvious.

THEOREM 4.2. Let (M, g, F) be a hyperbolic Hermite manifold with P and Q
the corresponding distributions. If V is the Levi-Civita connection given by g then:

(i) P is parallel (and hence integrable) if and only if
(VYyF) X +(VyF)X =0 (2)
(i1) @ s parallel (and hence integrable) if and only if
(VyF)X — (VyF)X =0 (-2)
(iii) P is semi-parallel (and hence integrable) if and only if
(VyF)X + (VyF)X + (VyF)X + (V¢ F)X =0 (3)

(iv) Q 1is semi-parallel (and hence integrable) if and only if

(VyF)X — (VyF)X — (V¢F)X + (V¢F)X =0 (-3)

(v) P is parallel relative to Q if and only if

(VyF)X — (VF)X + (Vy F)X — (VgF)X =0 (4)
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(vi) @ 1s parallel relative to P if and only if
(VyF)X + (VgF)X — (VyF)X — (V$F)X =0 (-4)
where X, Y are arbitrary vector fields on M.

The proof for conditions £2, +3, +4 follows directly from lemma 4.1 above.
As for integrability, it can be deduced from theorem 3.1.

CoROLLARY 4.3. Both distributions P and @) are parallel (and hence inte-
grable) if and only if (VxF)Y =0 for all vector fields X,Y on M.

5. Hyperbolic Hermite structures

Let I = {0,1,2,3,4}. We say that a hyperbolic Hermite structure (g, F')
on a manifold M (and hence the manifold (M, g, F)) is of type (r,s), r,s € I, if
(M, g, F) satisfies the conditions (r) and (-s) of theorems 3.1 and 4.2. The case
r = 0 (s = 0) means that P(Q) is arbitrary. Thus altogether, we have twenty
five hyperbolic Hermite structures. However, the conditions (i) and (-i) give the
same information. The only distinction between them concerns the distribution on
which the information is given. Thus, topologically and geometrically, a manifold
M admits a hyperbolic Hermite structure (g, F') of type (r, s) if and only if it admits
a structure (g, F') of type (s,7) and F’ is simply—F. This means that we must
subtract the ten dual cases of the twenty five possibilities found above to obtain
fifteen different classes of hyperbolic Hermite structures.

THEOREM 5.1. If H™ denotes the class of hyperbolic Hermite manifolds of
type (r,s) then inclusions among these classes are given by the diagram in which
arrows indicate inclusions.
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The proof follows from the fact that parallelism implies semi-parallelism and
relative parallelism. Also semi-parallelism implies integrability.

We have seen in corollary 2.11 that the cotangent bundle of any manifold
admits a hyperbolic Hermite structure. Now since the distibution tangent to the
fibres is oviously integrable then this structure is of the type (1,0). The proposition
below gives a stronger result.

ProrosiTion 5.2. The cotangent bundle T*M of any smooth manifold M
admits a hyperbolic Hermite structure of type (2,0).

Proof. Let M be any smooth manifold and A any atlas on it. If A¢ denotes
the natural atlas on T*M induced by A, then the change of coordinates in A°
must be given by z* = X(z), y* = (dX(z) !)ty, where z* = X (z) is the change
of coordinates in A. But these changes of coordinates are of the Walker type [1],
[4], and hence T*M admits a metric g such that the foliation given locally by
x = constant (i.e. foliation by fibres) is parallel and null. If g is of signature (r, s),
then, using the fact that the dimension m of each null fibre is less than or aqual to
the minimum of {r, s} we conclude that m = r = s and g is of signature (m,m).
Now if P is the distribution tangent to the fibres, then a connection in the fibre
bundle m: T*M — M can always be chosen such that the horizontal subspace @,
for every x € T*M lies in the null cone of g,. This means that T*M has a pair
of complementary null distibutions P and Q. If F' is the almost product structure
given by P and @), then using Proposition 2.4 we conclude that (T*M, g, F) is
hyperbolic Hermite and from the very construction of g we obtain that (g, F) is of
type (2,0).

Definition 5.3. A hyperbolic Hermite manifold of type (2,2) is called hyper-
bolic Kdbhler.

The class H?2 of hyperbolic Kéhler manifolds is contained in every other
class H™®. Thus a hyperbolic Kiéhler manifold is a pseudo Riemannian 2k-manifold
(M,g) with a pair of null k-distributions P and @ that are parallel and hence
integrable. Moreover, if F' is any one of the two almost product structures given by
P and @, then the almost symplectic structure Q(X,Y) = g(FX,Y) is symplectic.
This can be seen from (ii) and (vi) of theorem 2.12 where we get

dUX,Y,Z) = g(Vx F)Y, Z) + g((Vy F)Z,X) + g((VzF)X,Y),

where X,Y, Z are arbitrary vector fields on M. But it follows from corollary 4.3
that (VxF)Y =0 for all X,Y € H(M) and hence dQ = 0.

ProposiTiON 5.4. If (M, g) is a locally Fuclidean m-manifold, then the cotan-
gent bundle T* M admits a hyperbolic Kdihler structure.

Proof . Since (M, g) is locally Euclidean, there exists an atlas A on M such
that the coordinate transformations have locally constant Jacobian (in fact, this
belongs to the Euclidean group E(r,m —r) = O(r,m —r). R™, where (r,m —r)
is the signature of g.) Also, the components of g are constant in every chart in A.
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Now if A® is the canonical atlas on T*M induced by A then the transformations
of coordinates in A® are given by

¥ =Ax+ B AeO(r,m—r)
y = (4%
This means that the foliation F of T*M tangent to the fibres and given by
x =constant admits a complementary foliation F' given by y = constant. Now
we define a metric h on T*M such that for every chart n: U — U’ of A® and every
point p(z,y) € U, hyp is given by the matrix
K I
mo) = | ]
where I is the identity m x m matrix and K is an m X m matrix whose entries
K;; are given by K;; = —2I'};y, and I'}; are the coefficients of the Levi-Civita
connection given by g. The fact that h, defined this way, gives a metric on T* M

follows from [6], and the fact that F is parallel and null with respect to h follows
from [4]. Now recall that the Christoffel coefficients I';; are given by

s = L™ ok (09 O9ik _ 09ij
11""_22‘(] (3$i+8$j Oy )

Since g;; = constant, we obtain I'}; = 0 for all 4, j, s, and hence the metric h is
given at every point by the matrix

0 I

I 0

which means that both foliations F and F' are parallel and null with respect to
h. Thus if P and @ are the distributions tangent to F and F' respectively and F
is the almost product structure given by them, then (T*M, h, F) is a hyperbolic
Kahler manifold.

Notice that (T*M, h) itself is also locally Euclidean. This raises the question
of whether one can find examples of a hyperbolic Kahler manifold (M, g, F') where
(M, g) is not locally Euclidean. Before we give such an example we need the
following proposition.

ProposiTiON 5.5. Every 2-dimensional hyperbolic Hermite manifold (M, g, F)
is hyperbolic Kdhler.

Note that in this case, the integral submanifolds of P and () are null geodesics.

Proof. We only need to show that the 1-distributions P and @) given by F
are parallel with respect to the Levi-Civita connection V given by g. First notice
that if X is any null vector field and Y any other vector field then g(X,Vy X) = 0.
Now suppose that X € P and VyX ¢ P for some vector field Y. Then there
is a point x € M such that (VyX)(z) ¢ P(z). We thus obtain (VyX)(z) =
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A+ B, A€ P(zx), Be Q(z), B#0. Now since (Vy X)(z) is orthogonal to X (z)
it is orthogonal to every vector in P(z) (since P is one-dimensional). That is

9(A+B,L)=0 VL € P(z)
9(A,L)+9(B,L) =0

and hence g(B, L) = 0 since g(A, L) = 0.

Now if L + N € Tx M is arbitrary, L € P(z), N € Q(z) then g(B,L+ N) =
9(B,L) + g(B,N) = 0 (since B, N € Q(z) which is null). This proves that the
non-zero vector B is orthogonal to all vectors Tx M, which contradicts the non-
degeneracy of g. We thus obtain that Vy X € P for all vector fields Y. P is,
therefore, parallel and @ is, similarly parallel.

Ezample 5.6. To give an example of a hyperbolic Kéhler manifold (M, g, F)
such that (M, g) is not locally Euclidean, we use the above proposition and take
any 2-dimensional hyperbolic Hermite manifold that is not locally Euclidean. For
example, take M = R? with e; = (1,0), e2 = (0,1) the usual basis. Define a metric
g on M such that for every point (z,y) € M we define g(,,,) by the matrix

etuj2 0

G($7y) = 0 _e:c+y/2

Clearly (M,g) is not locally Euclidean. Now if we take P, @ to be the
1-distributions induced by e; + e, e; — e2 then P and @ will be null. If F is
the almost product structure given by P and @ then propositions 2.4 and 5.5 give
that (M, g, F) is hyperbolic K&hler.

We end the paper by the following example of a hyperbolic Hermite manifold
of type (0,0).

Ezxample 5.7. Let N; and Ny be any two smooth manifolds and g1, g2 two
metrics defined on T*N;, T* N, respectively to make each of them a hyperbolic
Hermite manifold of type (2,0) as in proposition 5.2 . Now T(T*N;) = P, ®Q; and
T(T*Ns) = P, ® Q2. Take as (M, g) the pseudo-Riemannian product of (T*Ny,g;)
and (T*Ns, g5). Then TM = P, & Q1 ® P> ® @2, and the two distributions P =
P ® Q2 and @ = Q1 ® P> on M define an almost product structure F' on M. Now
since P; and Q- are both null with respect to g and g(X,Y) = 0 for all X € P,
Y € Q2 we conclude that P is null with respect to g. Similary @ is null and hence
(M, g, F) is hyperbolic Hermite. By the very constructions of P and @ we conclude
that it is of type (0,0).
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