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TEOMETPNYECEKUE NHTEPIIPETAII TEH30POB
1 IICEBIOTEH30POB KPUBU3HLI IIPOCTPAHCTBA
HECVMMMETPVYHOUN A22MMHHOUN CBA3HOCTHN

Csetucias M. Mununu

Pezrome. lcnoub3ys 4 pona KOBAPHMAHTHON NPOM3BOAHON TEH30DA B IIPOCTPAHCTBE
HECUMMETPUYHON apPUHOMN CBA3HOCTH, MBI B paborax [2], [3] monyunnu 4 TeH30pa KpUB-
M3HBL 1 15 BeJIMUMH, KOTOPbIE HA3BAJIUA ,,[ICEBAOTEH30PAMU KPUBU3HBI“ TOr0 HIPOCTPAHCT-
Ba, IOTOMY YTO OHM MMEIOT (POPMY U UI'DAIOT POJb TEH30Pa KPMBU3HBI, HO TEH30DAMU HE
ABNAIOTCA. B [6] saBisAIOTCS 8 ,,BHIBEIECHHBIX “ TEH30POB KPVBU3HbBI, KaK JIMHEHAHbIE KOMOU-
HAIUM [ICEBAOTEH30POB KPWUBU3HEL.

B [5], [7] paccmaTpuBalOTCs reOMETDPUYECKME MHTEPIPETAaIMy IEPBbIX 4 TEH30pa
kpuBuU3HLL. 1leJsib HacTOsAWEN pabOTHl — JaTh F€OMETPUUECKUE VMHTEPIPETAIMU BCEX BbIIIE-
YIIOMSAHY TBIX TE€H30POB U ICEBAOTEH30POB KPUBU3HBI.

o o i

1. B npocrpancTse Ly HECUMMETPHUYHOM aPUHOE CBA3ZHOCTH ij MOMKHO
onpemeants 4 poma KoBapumaHTHOU npowssozmoit [2], [3]. Hanpuwmep, mus
TEH30Pa aj MMeeM

(1a) i = G + Lyma§ — L ap,
(1b) aéém =@ + Ly} = L7505
(1c) aé‘ém = +L;m i~ Linja ;’

S 0
(1d) ahm = +L:np i~ Limay,

re ab,, = (0/0z™)ad}

Ha ocuose o0mux ¢popmyan B [2] mer noaygaem 10 toxknects tuna Puaun

(2) az'imn - aginm = Rlpmna? - }lzpjmnafz Lp@pa“p;
©) a;'émn - a;énm Rlpmna ijjmna + 2L@ Jsp?
(4) @ymyn = Gjngn = A'pmn] = 4 jmnas,
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@imgn ~ Vg = A pmn @] = A jmn@ — L (@5, — ajp)
(5) = B'ymna} — BY jmnay,
rue
(6) Iizijmn = L;m n L;n mt+ Lg’mL;m LfnL;,m,
(7 }Z%ijn - Ling n L:u m T Lfn]L:Lp - sz]L:n;ﬂ

= A’J,,m L m(Li; = Li),

(9) *’ilijmﬂ = L;m n L;n m T szmL:zp LgnL:nw
(10) ‘{%ijmn = L;m n L:z; mt L?mL:IL’Lp Lf;,]L;)m’
(11) a;’<mn> = LZQ_/ j.n LPL/ ;JJL’
(12) a;’gmn> (L;anjn L;)mLfLJ)

a mn O3HaAYaeT AHTUCUMMETDPUPOBAHUE IO M, 7, 3AMATAA O3HAUAET YACTHYIO
IIPOU3BOJHYIO.

i i
Benuuunnt R]mn, 12% jmns @ jmn — TEH30DBI M MBI Ha3HIBAEM UX TEH30-
paMy KPpUBM3HU PSAOOM 1-10, 2-r0 u 3-r0 pozAa, a BEIUUUHU élzjmn, ceey é’jmn
HET TE€H30PLI ¥ MBI HA3BIBAEM UX IICEBIOTEH30DAMU KPWMBU3HEL 1-10, ..., 15-ro

poza.

Ecnu npu 06pa30oBaHuio TO:KASCTB TUna Pruym Mbl uCoab3yeM 3-uii u 4-
u¥ POJ KOBAPMAHTHOM ITPOM3BOHOM, IOIYYaIOTCSA HOBEIE TOXAECTBA KOTOPLIE
[IOXOXKUE NMPEALLIYMUMI. B 9TuMy TOXIECTBAMU MOABIISIIOTCS T K€ BEJIUYNHEL
R, R, 1§§ 41, ceny é, HO B MHOM MOPsiAKe. JIUmb B mOCHeqHeM CIydae IOsBIISIeT-
CA HOBLIM T€H30D KPUBU3HLI é%:

(13) a;émin - JL"ém '4R pmna§ + -@pjnma;.n
roe
(14) R jmn — A jmn + L (L;J - L;p)

TEH30D KPUBU3HLI 4-r0 posa nNpoCTpPaHcTBa Ly.

2. Bmoaw kpuBoii C' B Ly KOTOpas ONpeneseHHAs] YPABHEHUSIMU

(15) zt = (1)
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MOKHO OIIPENENUTh ABA POaa abCOMIOTHON MPOM3BOLHON U, Ha, OCHOBE ®TOrO,
IBa POJa HaPAJIENbHOTO HepeHoca BeKropa. lus BekToprHOro nouas a'(t) ro-
BOPUM YTO 9TO IIOJIE IAPAJIIEIbHBIX BEKTOPOB IIE€PBOrO, T.€. BTOPOrO POAa,
ecau

(16a,b) da' = —L,a” dz™, da' = —L;, a” dx™.

Crenys ®panra I'paiid [4], MOKHO IONYUYNTH CIEAYIOMYIO T€OMETPUYE-
CKYI0O WHTEPIPETANNIO ABYX DOJOB NaPAJIIENbLHOTO MEPEHOCA W KPYJYECHUS B
Ly. PaccmorpuMm B Ly MOBEPXHOCTHBIM BJIEMEHT OIPENEIEHHLIN ABYMS KH-
punuTesuManLEUMEU BeKTOpaMu drt, dx' ¢ mauanom B P(z'). Komme stux
BexkTopoB Q(z¢ + dz'), R(x' + dzt).

Rix's Sxi)
—————— —_——— Rizied'zi) 2

/

/82 1

d .t“(I/

P(zm 2 Qlzivdzi)

Pexi Qtzied

Puc. 1. Puc. 2.

Ecnu ocymecTBuTL mapasienbHBI MEPEHOC TOrO Ke pOLa, HanpuMep
ePBOrO, BeKTOpa dz’ Broas 0z 1 dx* BROubL dz’, OJisl KOHLIOB MOJIYyYaeM Pa3HbIe
Touku S, T

(17a) asji =z +dz' + 6(z' + dz') = z' + dz® + 6z + ddxt,

(17b) g' ="'+ 02" +d(z" + 6z') = ' + 62" + da’ + doz’.

Ha ocuose (16) umeem

(18a,b) (gdmi =—L}, dzP8z™, glémi =L} 0zPdz™

U [OJNyYaeTcs

(19) zgi — :gi = cll&z:i — (lida:i = 2L;@ dz?oz™,

T.e. IS L@ # 0 mosmyuaem g # 2. AHANOTMYHO MONYUACTCA IS MEPEHOCH

BTOpOro poga. Ho, eciu BekToprl do?, 62 MCTIOMHAIOT MEPEHOC PA3HEIX POJIOB,
TOT A TOJNIyYaeTCs OTokaecTBieHre touek S u 7. MoxKHO cCMOTpersh Ha map-
aJIIeNbHHIN mepeHoc 1-ro pona Kak Ha IepeHOC MO ONHOM CTOPOHE MOBEPXHOC-
THOTO ®JeMeHTa (MOJOKUTEILHON), & Ha, IEPEHOC 2-T0 POAa KaK Ha MEPEHOC 110
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apyroit cropore (oTpunarenbuoit). Ilycrs xontyp PQSR monyuen mepenocs
d:c IePEHOCOM TIEPBOTO POAa BAOTL 0z u 6! mepeHoCcoM BTOPOrO POfa BIOJDL
. D10 ma puc. 2 oboznaueno: dzri(l), dzt(2).

Ucnonb3ys omue (TOYHEe MEPBEHIA) PO MapajieibHOrO MIEePEHOCA BEK-
TopoB, Ppanka ['paiid [5] nomyumna BLipaskenme s nmpupamenus Av® Bek-
Topa v' npu 06xX0ze neaoro HabI0AaeMOro KOHTypa, BEpaxkas ero uepes R:
(20) Av' = R jmpv’ dz™ ™.

Taxum o6pazom moIy4uaeTcs TreOMeTpUIeCKas UHTepIpeTamms Aus k.

Wcnonb3yst BTOPOI pOn MEPEHOCA, MOIYIAETCS

(21) %vi = Ijijmnvj dz™oz".

M. IpsanoBuy [7] ucnonL3yer napasiebHLil TepeHoCc BeKTopa v’ mep-
BOro poma BIoJbL cTopon PR u (S, a Broporo poma Bmonab PQ u RS n
noxyvaer (puc. 2):

(22) Av' = I ! dz™ 0",
a MeHss POX IePEeHOCa BAOIb BCEX CTOPOH MOIYYaeT
(23) Av' = R jmpv’ dz™0z™.
Tak Mbl HOIy49aeM UACI0 CUCTEMATUIECKU UCCIEN0BATE BCEX CIYUYaeB KO-
TOPBIE MOSBISAIOTCS KOLAA MEHSETCs POJ NaPaslledbHOrO IePEHEeCEHIs BEKTO-

pa v! Bosn ctopor korTypa PQRS. Ectn Bcero 2* = 16 ciyuaes (4 cTopomm,
2 poja mepeHoca) KOTOPEIE MOKA3EIBaeM Ha Tabiune:

1 2 3 45 6 7 8 910111213 141516
PQ 1 2211111112222 22
QS 1 2121112221112 22
RS 12211221221 1211 2
PR 1212 212112122121

O nepBBIX UYETHIPEX CIYyYaeB yiKe rOBOpWIM. B maroMm ciydae mMeem
clenyIomee.

Ecnu BeKTOp v! mepeHOCUTCs mapalielLHOTO BIOIL KOHTYpa PQS, o B
TOuKe S UMeeT 3HAUEHUE

4 R 4 % i %
v'(s) = 0" +qv +Q65(v + dv'),
C IPUPAMEHUEM
i g i i
(24) Dv* = dv* + v +Q65(11v .
Awnanoruuno, Bnoan kourypa PRS nveem

(25) Duv' = §u* +d (v + §o’) = §o’ + dv’ + d Jv'.
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Ot (24,25) nna npupamenus Baoab PRSQP umeem
(26) Av' = Dv' — Dv' = gv* — §v' +d Jo' — §_dv'.
5 2 1 RS 2 QS1

Ha ocuose (16):

(27) (gvi - (livi = —Lfnpvp oz™ + Lf,mv” oz™ = QLva” oz™
U TOKE

d svt = 4 (- Li pVF 6z™)

RS 2

Linp ndz™P 6™ — Ly, doP 2™ — Ly, vPdox™
= —L;np 2P dz™oz™ + Liangnv dz"ox™ + L;anZ;vp 0z’dz",

T.e.
(28) At = (=L}, .+ L, Ll + L3, L P de™ox".

Tewm ke cnocoboM momydaem
(29) 9,av" = (=Lyp  + Ly Ly + Ly Ly, )07 dz™ o™,

Ha ocuose (26)—(29) umeem
(30) Av' = 2L"@vj 5™ + (A% jmn + 215, Ly )07 da™ 5™

mn p]

Tewm e cnoco60M B OCTAJLHLIX CIYYasiX MOJIYUAETCS

(31) Avi = 2Li- v dz™ + Aijmn'Uj dx™éz™,

(32) Av = 2L’ V) (dz™ +83™) + (A']mn—|—2Lan’£/)vJ dz™éx",
(33) Av = 2LZ ’UJ(S.’L' é’jnmvj dz™éz"™,

(34) Av = 2LZ m (dz™ — 63™) + Aijmnvjdxm&v",

(35) Av = 2LZ ) dz™ + (— A’mm + 2Lan’£/)vJ dz™dz™,

(36) Av = 2L’ v’dx + (= A jnm + 2Lan’L)vj dz™éz",

(37) Av' = 2LZ w0 (5™ — dz™) + 41jmnv] dx™éx",

(38) 1A$vi = 2L§;anj5xm - Aif"’"vj dx™ 6z,

(39) évi = 2Li v” (dz™ +6z")+ (- 4" Jnm+2LanL)vj dx™éx"™,
(40) Avt = 2Li v’ dz™ + A imn? dz™ Sz,

15

(41) Ay = Ly — L+ L8 L3 — LP L

jn,m mjpn nj-—“'pm>
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(42) Aljmn = Linjp = Lijom + L2 Ll — L2 LY,
(43) Aljn =L — Ly + L0 Lhy — L8 LY
(44) Ajmn = Ly — Ly + L Ly — L5 L
(45) Aljmin = Loy — Ly + L8 Lty — L8 LY
(46) Aljmn = Linjn = Linm + UpyiLpn = Lo Loy,
(47) A'jmn = Ly — Lijm + L8, Lty — LB L

ICEBOOTEH30PDbl KPMBM3HLI.

MO:KHO CKa3aTh UTO HAIPUMED IPUPALEHUE %v" [IOJIy4aeTCs KAK pe-
3yILTAT TapaJIeILHOTO MEPEHOCA BEKTOPA v! BIOIL PACCMATPUBAEMOTO KOH-
Typa, ecau v’ HMepeHOCHUTCA N0 OTPUIATENLHOHR CTOPOHE 3JIEMEHTa BAONL
ctopousl PR, a TO HOJOKUTEILHONM CTODPOHE 3DJEMEHTa BIOJNL OCTAJLHBIX
crpanui. Tax HOXy4aroTCsl reOMETPUYIECKIe MHTEPIPEeTANNY 1JIs TeH30pOB R,
R, ]31’, R v nns nceBROTEH30pOB 9€THOTO MHIEKCA (7151 HEKOTOPLIX HECKOJIBLKO

pas).

3. YToOnl mONyYMIM reOMETPUYECKUE MHTEPIPETANNY ICEBIOTEH30POB
KPMBU3HLI HEUETHOI'O MHIEKCA, PACCMOTPUM NapaJlllelbHbIl IepeHOC KOBapHU-
aHTHOIO BEKTOPA v; BIOJL TOTO K€ KOHTYpa Kak B §2.

s KOBAapPUWAHTHOT'O BEKTOpa v; OIpenesysseM OBa POda MapaJJeJLHOTO
IIepeHeCCHUs CHACAYIOIMNMY YPDABHCHUAMU

(48a,b) dv; = L}, ap dz™, dv; = L} ;ap dz™

U TeM yKe CIOCODOM KaK B §2 moJydaeM MpUPAIICHUs

(49) évj = —llzijmnvi dz™dz",

(50) Avj = =B jpnv; dz™ ",

(51) %vj = Is%’jnmvi dz™ 6",

(52) Avj = =R jnv; dz™dz",

(53) Av; = QLZ,Ljvz-éwm — (A%mn +2L7,, Ly, ;)v; dz™ 62",
(54) %vj = ZL@vidxm — zélijmnv,-dwméac",

(55) Av; = 2Lﬁyvz~ (dx™ + 62™) — (zélijmn + 2LfnnLij)vid:cm5x”,
(56) %'Uj = 2Li@vi5mm + z;lijnmvida:m&z:",

(57) Av; = 2L£\,Ljvz- (dz™ — 6z™) — zilijmnv,-d:cm(h",

(58) Av; = ZL@vidxm + (éijnm +2LP, L% Yvida™éa™
(59) Av; = 2L2Tvid:cm + (A%nm + 205, L Jvoide™ 0",
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(60) %vj = 2Lfyvi (6™ — dz™) — élijmnv,-d:cm(h:",

(61) 1Agvj = 2Lﬁyvidmm + éijnmvid;cm&c",

(62) Av; = 2L"{-anz~ (dz™ + 62™) + (A" jum + 2Lk, L, Joide™ 6a™,
(63) 1A5vj = 2Li@vidwm — éijmnvidxm&c",

(64) Av; = 2Li@vz~5:cm - (éijmn +2L8 L% Yvdz™dz™,

rae A, A NCeBIOTEH30DPH KPUBU3HLL (9,10), a

(65) Ajmn = L — Lijom + Lb Lh — LE L
(66) éijm" = L;'m,n o Liu',m + LgmLim - LfbjLinp’
(67) Aymn =L — Lip o + L5, LY — L8 Lt
(68) Ajmn = Limn = Lnjm + Ly Lpn — L3 Ly,
(69) Alymn = Lij = L + L L — L8 LY,
(70) A'jmn = Linjn = Lijim + LiniLinp — LnjLim

TaKXKe ICEBIOTEH30DH KpuBU3HE [2]. UTOOH NOIy4YNWTH r€OMETPUIECKYIO WH-
TePIPETANUIO ICEBIOTEH30Pa KPUBU3HEI é, 3aMeTuM 4TO Ha OCHOBe (8) umeem
i _ A, P i

(71) ijn—éjmn+2L L,;

3 nm

7 (51) MOXKHO HanuCaTh B (GopMe

(72) Avj = (A jnm + 205, Ly Jvidz™ 5"
4. B pabore [6] MB DOXyYMAM TEH30PHI 1?, . }:2, KaK HEKOTOpPLIE

JVHEeHHLIe KOMOMHAIUY [ICEBIOTEH30POB KPUBU3HEL. DTU TEH30DHL B YIOMSAHY-
TOIl paboTe MBI Ha3BANM “BLIBEIEHHBIMU TEH30PAMM KPUBU3HLI IPOCTPAHCTBA
HECHMMETPUYHOH ap¢punHOE cBasHocTH. Tax umeeM:

(3 Rmn = 3+ 4 = 34+ D
4 Finn = 5+ = 5+

(75) Rijmn = 3(A+ A jmn = A+ A jmn,

(76) Bjmn =3B+ A+ D iy = 5B+ A+ Ay,

(77) Eljmn = (A= A jmn = A = — A = A+ ' jam,
(18)  Blimn = (4= A mn = i = =i = (4 + D) s,
(79) };éijm" - (3 + 4)ijm" — A'jnm = Al jnm + (13 - é)imma
(80) Rijmn = (A+ A jmn + Aljnm = Aljmn + (4 = Ao,
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rJe HapuMep (,il—}—./;l)ijmn = ,ilijmn + félijmn U aHAJOTWYHO B APYTUX CIyYafx.
Ha ocuose (34, 37) nmonyuaerca
A’ + Av' = (A + A)' = (4 + A)jmnvidz™ 8",
T.€., ucnoandys (73):
81a (% + %)vi = 211%ijmnvjd;cm(5;c”.
MOoHO CKa3aTh: Ecau BekTOp v mepeHOCUTCS mapaJjIenhbHO U IB3 pa3a 0b-

XOUT BHIMIEYIOMSHYTHI KOHTYD, IEPBEII pa3 Kak B 9-oM, a BTOPO¥ pa3 Kak
B 12-oM cayuasx, monnoe npupamenue ecth (8la). Taxke nmeem

(81Db) A+ A= —21?"jmnvida:m6:c".

Tem ke cnocoOOM MONYUAIOTCA TEOMETPUYECKMAE MHTEPIPETANAA U OC-

TaNbHBIX TEH30POB KpuBM3HEI I3, ..., IéZ:

(82a) (A+A); = —QEijmnvidmm&U",
(82b) (A + A)v; = 2R jppvids™0z™,
(82c¢) (A + A); = 2R jppvids™0z™,
(83a) (A + A" = 2R j07 dz™d2™,
(83b) (A + A" = 2R jmpv?dz™dz",
(84) (A+A+A+A+A+A)0) = ~2BR jmn+2L8,, L Joidz™ 5",
(85) (A+A+AQw; = Igijmnvidmmtix",
(86) (A+A-AW' =R jppv’ds™oz",
(87) (A= A=A = B jmnvida™dz",
(88) (A+ A =AW =R jmnv’dz™dz".
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