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OPTIMAL CONTROL OF A CLASS OF DEGENERATE
NONLINEAR EVOLUTION EQUATIONS

Nikolaos S. Papageorgiou*

Abstract. We examine problems of optimal control of systems driven by a nonlinear,
degenerate evolution equation. First we establish two existence results for two different types of
integral cost criteria. Then we examine the sensitivity of the optimal value on variations of the
data. Finally we present an example of a degenerate, nonlinear parabolic optimal control system.

1. Introduction. In this paper we examine optimal control problems
governed by a nonlinear degenerate evolution equation. First we establish two
existence results for two different integral cost functionals. Then we study the
changes in the optimal value, as the data of the problem vary. Finally we present
an example illustrating the applicability of our results.

The mathematical setting is the following. Let T = [0,b], H a separable
Hilbert space and X a subspace of H carrying the structure of a separable, reflexive
Banach space, which embeds continuously and densely into H. Identifying H
with its dual (pivot space), we have X — H — X* with all embeddings being
continuous and dense. Such a triple of spaces is usually called in the literature
“Gelfand triple” or “evolution triple” or “spaces in normal position”. By || - ||
(vesp. | - |, || - |l,) we will denote the norm of X (resp. of H, X*), by (-, -) the
inner product in H and by (-, -) the duality brackets for the pair (X, X*). The last
two are compatible in the sense that (-, -)|xxg = (-, ). Also, let Y be a separable
reflexive Banach space, modelling the control space. By Pykc(Y) we will denote
the set of nonempty, weakly compact and convex subsets of Y. A multifunction
U : T — Pu(Y) is said to be Lo-integrably bounded if and only if U(-) is
measurable and ¢t — |U(t)| = sup{||lu|| : v € U(t)} € L7 . Recall that U(-) is
measurable if and only if for every v € Y, t = d(v,U(t)) = inf{||v — u|| : w € U(¢)}
is measurable.
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Finally let Z be a Banach space and let {4,,A4},>1 C 27\ {@}. We set
s-limA, = {z € Z: 2 = s-limz,,2, € A,,n > 1} and w-lim A4, = {z € Z :
2z = w-limz,,, 2y, € Ap,,m1 < n2 < ... < ng < ...}, where s denotes the
strong topology on Z and w the weak topology on Z. It is clear from these two
definitions that s-lim 4,, C w-1lim A,,. We will say that the A,’s converge to A in
the “Kuratowski-Mosco” sense, denoted by A, — A, if and only if s-lim A, =
A = w-lim A,. Next let f,,f:Z = R = RU {+oo}. We set epi f, = {(z,)) €
Z x R : fo(2) < A} (the epigraph of f,(-)). Similarly we define epi f. We say
that the f,,’s epi-converge to f, denoted by f,, — f if and only if epi f, — epi f.
From Mosco [5] we know that this is equivalent to saying that for every subsequence
{fui Y1, if 2, == z, then f(2) < lim f,, (21) and for every z € Z there exists a
sequence z, — z s.t. lim f(z,) = f(2).

2. Existence theorems. The first optimal control problem that we will
examine is the following;:

b

Ji(z,0) = /0 L(t, 2(t), u(t)) dt — inf = m,

st.  (d/dt)(Ez(t)) + A(t,z(t)) = (Bu)(t) a.e. (%)
z(0)=xz9 € H
u(t) € U(t) a.e; wu(-) is measurable

We will need the following hypotheses on the data of (x);.
H(A): A:T xT — X*is an operator s.t.

(1

)
(2) x — A(t, ) is hemicontinuous, monotone,
(3) (A(t,z),z) > c||z|)>, t€ T, e >0,
4) |A(t, z)|l, < a(t) + b|z|| a.e. with a(-) € L3, b> 0.
€ L(H) is self-adjoint.

t — A(t,z) is measurable,

E

B :L?(H) — L*(H) is completely continuous.

U:T — Py (Y) is an L2-integrably bounded multifunction.
L:TxHxY —R=RU{+oc} is a proper integrand (i.e. L # +0o0) s.

(1) L(-,-, ) is measurable,
(2) L(t, -, -) is convex and ls.c.,
(3) #(t) — M(|z| + ||lul]) < L(t, x,u) a.e. with ¢(-) € L', M > 0.

Since our cost integrand is R-valued, to avoid trivial situations, we need the
following feasibility hypothesis:

H,: There exists an admissible “state-control” pair (z,u) s.t. Ji(z,u) < co.
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THEOREM 2.1. If the hypotheses H(A), H(E), H(B), H(U), H(L), and H,
hold, then the problem (x); admits a solution.

Proof. We will start by determining some a priori bounds for the trajectories
of our system. So let z(-) € L?(X) be such a solution. Multiply the evolution
equation with z(s) and then integrate over [0,t], ¢t € T. Using Theorem 2 od
Brezis [3] and the integration by parts formula (see Zeidler [10, Proposition 23.23,
p. 432]), we have

|E*22(t) > — |EY22(0))? = 2/t<dE£U(S)/dS,.’L'(S)> ds
0
and so
B 22 (t)? + 2/t<14(8,$(8))a$(8)) ds = |E"*xo|” + 2/t((Bu)(S),JE(S)) ds
0 0

t t
— B0 + 2¢ [ o) ds < |BV2aaf +2 [ |Bu)@)L ()] ds. (1)
0 0

Applying Cauchy’s inequality with € > 0, we get

[ iEa@leia < S [ i@k g [ aera @

Let ¢ = 1/c and use inequality (2) in inequality (1). This way we get,

t 1 t
B2 + [ e ds < 1B af + HIBIE [ 0P @

0 0
= ollg < M. )
Also recall that E'/2z(-) € C(T, H) (see Brezis [3]). So from (3) above we

also have that
NEY () ormy < Mo (5)

Finally note that
b ) b b
[ Naataz ae < [l s a+ [ B0
0 0 0
b 2 2 2 2 b 2
< / (2a(t)? + 22[o(®)|) dt + | BI: / @) d. (6)

Using bound (4) in inequality (6), we get

ldEz(-)/di] a2 x-y < 2lall, +26°M2 + | B2 U] |1
—  |ldBo(-)/dt] 2 xv) < Ma. (6)

Now that we have all the above a priori bounds, let {(zn,un)}n>1 be a
minimizing sequence of admissible “state-control” pairs. Because of (4), hypothesis
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H(U) and the Eberlein-Smulian theorem, by passing to a subsequence if necessary,
we may assume that z, — z in L?(X) and u, — u in SZ C L*(Y). We will
show that the limit pair (z,u) is admissible too. Recall that S7 is convex, closed
and bounded. So u € S¥. Let n(-) € L*(X) s.t. 7) € L*(H) and n(b) = 0 (note that
our hypotheses on 7n(-), 7(-) imply that n(-) € C(T, H) and so n(b) = 0 makes
sense). Then from Brezis [3], we know that for every n > 1

b b
- / (2a(t), dEn(t)/dt) dt + / (A(t, 2 (8)), 1(8)) dt
0 0
b
= (B0, RVn(0)) + / ((Bun)(t), n(t) dt. (1)
Note that since z,, — x in L?(X) and u,, — u in L*>(Y’), we have
b b
/0 (2n (), dEn () /dt) dt - / (a(t), dEn(t)/dt) dt (®)
b b
and [ (Bun)®n0)dt > [ (Bu)(®),n(t) dr. ©)
0 0

Also note that || A(t, 2, (t))||, < a(t)+b||z,(t)] ae. Soif A : L2(X) — L2(X*)
is the Nemitsky (superposition) operator corresponding to A(-, -), then we get

1A (2n)llp2ey < lally +5My,  n> 1.
So by passing to a further subsequence if necessary, we may assume that
Az, v in L*(X*). (10)
Next for m,n > 1 we have

(d(Ezn(t) — Ezm(t),zn(t) — zm(t))
+ (A(t, 20 (1) — A(t,2m (1)), 2n(t) — Tm (1))
= ((Bun)(t) — (Bum)(t), 2o (t) — zm(t)) ae.

= |EY?2,(t) - B en ()] + /t<A(S, Zn(s)) — A(s; 2m(s)), Zn(s) — 2m(s)) ds
0

t
= /0 ((Bun)(s) = (Bum)(s), &n(s) — &m(s)) ds
— |E1/2mn(t) - E1/2mm(t)|2 S (Bun - Bum:X[o,l] (wn - mm))LZ(H) -0

(since B is, by hypothesis H(B), completely continuous).
Therefore for every t € T, {EY/?2,(t)}n>1 is strongly Cauchy in H. Let

measurable function y : T — H be the limit function, i.e. E'/?z,(t) = y(t) in
H for all t € T. From (5) we know that ||E'/%z,(t)|| < M, for all n > 1 and all
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t € T. So applying the dominated convergence theorem, we get E'/2z,, — y in
L?(H). On the other hand we already know that E'/%z,, % EY2z in L*(H).
Hence y(t) = E'/?z(t) a.e. and by modifying y(-) on a Lebesgue null set, we have
equality everywhere.

Next for every n > 1, we have
(dExn(t)/dt, 2n(t) — x(t)) + (At, 2n (1)), 2n (1) — 2(1))
= ((Bug)(t), zn(t) — z(t)) a.e.

= %|El/2xn(b) — E'22(b)| + / b(dE:c(t) Jdt, z, (t) — z(t)) dt
0

~

b
+ (A(2n), 2n — ©)13(x0) L200) = / (Bun) (£), 2a(t) — (1)) dt.
Note that as n = >
B 20, (b) — EV2a(B)|/2 0, [N(dEx(t)/dt, za(t) — (t)) dt — 0

and fob ((Buy)(t),,(t)—x(t)) dt — 0 (since B(-) is completely continuous). There-
fore we get lim(fin (Tn), Tn — T)r2(x+),02(x) = 0. But because of the hypothesis
H(A), A : L*(X) — L?(X*) is hemicontinuous, monotone and so it has property
(M) (see Zeidler [10, pp. 583-584]). Therefore Az = v; i.e. Az, — Az in L2(X*).
Then, going back to (7) and using convergences (8) and (9), in the limit, we get

b b
/ (2(t), dEn(t) /de) dt + / (At 2(0)), (1)) dt
0 0

b
= (Bz0, EV?n(0)) + / (Bu)(t), () dt. (11)

Also because of inequality (6'), we know that we may assume that dEz,, /dt — 2
in L2(X*).

On the other hand, viewed as X *-valued distributions, in the distributional
sense dEx,/dt — dEx/dt. Hence dEz/dt = z € L*(X*). Since z € L*(X),
dEz/dt € L?>(X*) and satisfies (11) above, from Brezis [3, Theorem 2, p. 31] we
deduce that E'/2z(-) € C(T, H) and (z,u) is admissible. Finally note that J; (-, -)
is convex and l.s.c. So we have Ji(z,u) < lim Ji(zp,u,) = my. Since (z,u) is an
admissible pair, we have Ji(z,u) = m; and hence (z,u) is the desired optimal
pair. Q.E.D.

We have a second existence result for a functional involving the degeneracy
operator E. Specifically we consider the following optimal control problems:

b
T (3, ) = /0 L(t, Ex(t), u(t)) dt — inf = my

s.t. #(t) + A(t,z(t)) = (Bu)(t) a.e. (%)2
z(0) = o
u(t) € U(t) a.e; wu(-) is measurable
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Now the hypothesis on the cost integrand is the following:
H(L)y: L:Tx HxY — R=RU/{+00} is an integrand s.t.
(1) L(-, -, -) is measurable,
(2) foreveryt € T, L(t, -, -) isls.c.on H x Y,
(3) for every (t,z) € T x H, L(t,z, -) is convex,
(4) ¢(t) — M(|z| + ||u||) < L(t,z,u) a-e. for some ¢(-) € L1, M > 0.

THEOREM 2.2. If the hypotheses H(A), H(E), H(B), H(U), H(L)2 and H,
hold, then the problem (x)2 admits an optimal “state-control” pair.

Proof. Let {(zn,un)}n>1 C L*(X) x L*(Y) be a minimizing sequence of
admissible “state-control” pairs. From the proof of Theorem 2.1, we know that,

by passing to a subsequence if necessary, we may assume that z, — z in L?(X),
B

Up — w in L*(Y), (z,u) is admissible too and for every t € T, E'/?z,(t) =
EY2g(t) in H. So Ex,(t) = Ex(t) in H for all t € T. Invoking Theorem 2.1 of
Balder [2], we get

Jo(z,u) <li

J2(mnaun) =m2
= Ja(z,u) = my
= (z,u) is the desired optimal pair for (x), Q.E.D.

3. Sensitivity analysis. In this section we present a sensitivity (stability)
result of the optimal value, as the data of the problem change. Consider the
following sequence of optimal control problems:

b
Tn(in, ) = / Lt B (), un(t)) dt — inf = my,
0

st. dExz,(t)/dt + An(t,,(t)) = (Baun)(t) a.e. (%)
zn(0) =25 € H

un(t) € Uy(t) a.e; wun(-) is measurable

and the limit problem

Tz, u) = /ObL(t,Ea:(t),u(t)) dt = inf = m

st.  dEz(t)/dt + A(t,z(t)) = (Bu)(t) a.e. (%)
z(0) =23 € H
u(t) € U(t) a.e; wu(-)is measurable

We will need the following hypotheses on the data of the above problems:
H(A): Ay, A: T x X — X* are operators s.t.
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1) t = A,(t,x), A(t,z) are measurable,

(1)
(2) z — A,(t,x), A(t,z) are hemicontinuous, strictly monotone,

(3) [14n(t,2)ll, [1AE D), < a(t) + bllal ace. a(-) €: L, b >0,

(4) (An(t,2),2), (A(t,2),2) > cl|z||” ae., ¢ >0,

(5) for every z(-) € L*(X) s.t. E'/?x(-) € C(T,H) and d(Ez(-))/dt €

L?(X*) we have A, (-,2(-)) = A(-,z(-)) in L2(X*).
H(B):: B,,B : L?>(Y) — L?*(H) are completely continuous and B, — B
(o0 denoting the operator norm topology).

HU);: U, U : T — Pi(Y) are measurable multifunctions, L?-integrably bounded
by ¢(-) € L% (ie. for all n > 1, |U,(t)| < 9(t) a.e.) and U,(t) == U(t)
a.e.

H(L)3: Lp,L:T x HXxY — R are integrands s.t. for all n > 1

(1) t —» Lp(t,z,u) measurable

(2) (x,u) = Lyp(t,z,u) is convex,

(3) ¢1(t) + Mi(|z] + [[ul’) < La(t,z,u) < ¢o(t) + Ma(jz|* + [[ul’) ae

with ¢1, ¢ € L%, My, M, € Ry .
(4) Lp(t,-,-) = L(t,-,-) a.e.
THEOREM 3.1. If the hypotheses H(A), H(B)1, H(U)1, H(L)3 hold and

w3—5>x0 i H, then m,, > m as n — .

Proof. Let (z,u) be an optimal admissible pair for the limit problem (xx).
Its existence is guaranteed by Theorem 2.2. From the hypothesis H(L); and
Theorem 3.1 of Salvadori [9], we know that .J, — J. Then from the definition of
7-convergence (Mosco [5]), we know that we can find (y,,v,) € L2(H) x L*(Y) s.t.

(Yn,vn) =3 (z,u) in L2(H) x L2(Y) s.t
lim Jp (yn, vn) = J(z,u).

Also from Theorem 4.4 of [6], we know that S == SZ. Hence Theorem 3.33
of Attouch [1], tells us that u, = proj(vn; SF, ) — uwin L2(Y). Let 2, () € L*(X)
be the unique trajectory of (x*),, generated by the admissible control u,(-) € L2(Y)
(uniqueness follows from the strict monotonicity of A, (¢, -)). Then we have:

(d(Bz,(t) — Ex(t))/dt, o, (t) — x(t))
+ (An(t, 2a(t)) — A(t, (), 2a(t) — (1))
= ((Bpun)(t) — (Bu)(t), za(t) — z(t)) ace.
= (dE(za(t) — 2(t))/dtzn(t) — (1))
+ {An(t, 2a(t)) = An(t, 2(2), 24 (1) — (1))
+ (An(t, 2(1)) — A(t, 2(2)), 2a (1) — (1)
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((Bhug)(t) — (Bu)(t), z,(t) — z(t)) a.e.
= (dE(zn(t) — z(t))/dt, 2, (t) — z(t))
+ (An(t, 2(t)) — A(t, (1)), 2 (t) — 2(1))
< ((Bnun)(t) — (Bu)(t), zn(t) — z(t)) a.e.
Integrating over [0,¢] and performing integration by parts, we get,
(B2, (0) — B 2a(t)] < | BV 20 — B |

+ 2/0 [An(s, 2(s)) = A(s, 2(s))ll, - [len(s) — z(s)|| ds
t
+ 2/0 |(Brun)(s) — (Bu)(s)| - |#n(s) — z(s)|| ds.

Applying the Cauchy-Schwartz inequality on the integrals of the right-hand
side, we get
|E'x,(t) — E'?a(t)| < |E'Paf — B x|
+ 2||An($) - A(x)”]ﬂ(x*) - 2M{ + 2||Bpun — BU||L2(H) -2My
(recall that from the proof of Theorem 2.1 — in particular inequality (3) — we
have ||~"Un||L2(X)7 ||~'U||L2(X) < Mj for alln > 1).
From hypothesis H(A);(5) we have 2||A,(z) — A(m)HLg(X*) — 0asn — oo.
Also note that (see hypothesis H(B)1)
| Brun — Bu||L2(H) < 1Bpun — Bun||L2(H) + | Bun — BU||L2(H)
<||Bn = Bllcll¢ll, + | Bun — Bul| g2z = 0.

So EY?g,(-) — EY?z(-) in C(T,H) implies that Ez,(-) — Ez(-) in
C(T,H). Furthermore {J,}n,>1 is a sequence of convex integral functionals,
uniformly bounded in every ball in L?(H) x L?(Y). So, from a well known result of
convex analysis (see for example Rockafellar [8]), we know that {J,}»>1 is locally
equi-Lipschitzian. Thus we have:

|0 (Yn,vn) = In(@n, un)| < k[ || Eyn — Ewn”LZ(H) + [lvn — Un||L2(Y)] -0, k>0
= lim J,(xp,un) = J(z,u) =m
= limm, < m. (1)

On the other hand let {(zn,un)}n>1 be a sequence of optimal pairs for the

approximating problems (xx),. By passing to a subsequence if necessary, we may
assume that u, — u in L*(Y). Since S3 == S%, we will have that u € S7. Let
z(-) be the unique trajectory of the limit problem (xx), generated by the admissible
control u(-). As before, we can show that Ex, — Ez in C(T, H). Since J,, — J,

from the definition of the 7-convergence, we have
From (1) and (2) above, we conclude that m,, - m.Q.E.D.
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4. An example. In this section, we present an example of a degenerate

parabolic optimal control problem, illustrating the applicability of our work. So,
let Z be a bounded domain in R” with smooth boundary I' = 0Z. The optimal
control problem under consideration, is the following:

J(z,u) = /Ob/ZL(t,z,H(z):c(t, z),u(t, z)) dzdt — inf =m

s.t. a(z)% +‘ ‘22 (—1)l*lD* A (t, 2, n((t, 2)))

b
:/ / k(t,s, z,2")u(s,2") dz'ds;
0o Jz
DPxlrxr =0, |B|<m—1, z(0,2) = z0(2)

(%)

/ u(t,2)>dz < r(t)*; wu(-,-) — measurable.
z

Here @ = (a4, ... ,qy) is a multi-index, |a| = >} _; @ is the length of the multi-
index and n(z(2)) = {D%z(z) : || < m}. We will need the following hypotheses
concerning the data of (xxx):

H(A)y: Ay : T x Z xR™ = R (ny = (n+m)!/(nlm!)) are functions s.t.

(1)
(2) for every (t,2) € T x Z, n € A(t,z,7) is continuous,
)

(3) |4a(t,2,m)| < alt, z) + b(2)|Inl| a-e. with a(-, -) € L*(T x Z)4, b(+) €
LOO(Z)-H

(4) X jaj<m(Aalt, z,m) — Aalt, 2,1)) (M — 1) = 0 for all (t,2) € T x Z
and 7,7 € R"™,

(5) 2 aj<m Aalt,z,m)Na > €30 4 <pm s -0, ¢ > 0.
ke I2(TxT x Z x Z),

r(-) € L*(T)4,

6(-) € L*(Z), 6 >0,

for every n, (t,z) = Aq(t,2,n) is measurable,

L);: L:Tx Z xR xR — R is an integrand s.t.

(1) L(-,-, -, ) is measurable,
(2) for every (t,2) € T x Z, (x,u) = L(t,z,z,u) is L.s.c and convex in u,

(3) @(t,2) — M(2)(|z| + |u|) < L(t, z,z,u) a.e. with ¢ € L}(T' x Z), M €
L%(Z),.

Here H = L3(Z), X = H*(Z) and X* = H-™(Z) = (H*(Z))*. From the

well known Sobolev embedding theorem, we know that (X, H, X*) is a Gelfand
triple with all embeddings being compact.
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Let a: T x HY*(Z) x HJ"*(Z) be the time dependent Dirichlet form, associated
with the nonlinear, elliptic partial differential operator of our problem. So we have

a(t,z,y) = 3 [ Aa(t,z,n(2(2)))D%(2)dz

lal<m Jz

Using Cauchy’s and Minkowski’s inequalities, we get
| Aat @)Dy () d:
<

1/2 1/2
/|A (t,z,n(z |2dz) ( | D%*y( |2dz)
2
<

K /Z alt, 2)? dz)1/2+||b||oo m( /Z Da(z)? dz>1/2] ( /Z |D°‘y(z)|2dz)

Summing over |a] < m, we get [a(t,,y)| < (a(t) +b(t) 2ll g () - 19l g () Where

1/2

IA

a(+) = lla(t, -)|l, € L*(T)+ and b= ||6]|o- So there exists a generally nonlinear
operator A(t,-) : X —» X* s.t. a(t,z,y) = (A(t,z),y), where (-, -) denotes the
duality brackets for (H§*(Z), H-™(Z)).

Clearly from the Fubini’s theorem, a a(-,z,y) is measurable. So A(-,z) is
weakly measurable and since H ™(Z) is separable, from the Pettis measurability
theorem, we deduce that A(-,) is measurable. Also if z,, — = in HJ*(Z), then

<"4(t7 xn) - A(ta -’E),y)
= |X<3 : |4a(t, z,1(7n(2))) — Aalt, z,1(x(2)))] - |D*y(2)|dz = 0

= A(t, -) is demicontinuous, hence hemicontinuous.

Furthermore from the hypothesis H(A),(4), we have (A(t,z) — A(t,y),z —y) > 0,

while from the hypothesis H(A)2(5), we have (A(t,z),z) > é||x||§,3(z), é > 0.

Thus we have checked that the operator A(t, ) satisfies the hypothesis H(A).
Next let B : L?(T, L*(Z)) — L*(T, L*(Z)) be defined by

(Bu)(t,z) = /Ob/zk(t,s,z,z')u(s,z') dz'ds.

From the Krasnoselski-Ladyzenskaya theorem (see Martin [4]), we know that B(-)
is a completely continuous operator on L?(T,L?(Z)) = L*(T x Z). Also let E €
L(L?(Z))+ be defined by (Eu)(z) = 6(2)u(z) and set U(t) = {u € L*(Z) =Y :
|lull, < r(t)}. Clearly U(-) is measurable and |U(t)| < r(t) a.e. For the cost
functional we set for (z,u) € L?(Z) x L*(Z):

L(t, Ex,u) = / L(t, 2, 0(2)z(2), u(z)) dz.
A
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Let Lj be Caratheodory integrands s.t. Ly 1+ L and ¢(t,2) — M(2)(|z| +
lu]) < Lg(t,z,z,u) < k (see for example Pappas [7]). Then let ﬁk(t,Ex,u) =
[, L(t,2,0(2)z(z),u(z)) dz. Clearly Ly (t,y,u) is a Caratheodory function (i.e.
measurable in ¢, continuous in (y,u)) and so is jointly measurable. Also from
the monotone convergence theorem, we have that Lk 1 L and hence L is jointly
measurable. Furthermore L(t, -,-) is Ls.c. Function L(t,z,-) is convex and
¢(t) — M(ly| + [lull) < L(t,y,u) ae. with ¢(t) = |l¢(t, -)[l, and M = [[M]|.
So we have satisfied the hypothesis H(L),.

Rewrite the problem (xxx), in the following equivalent abstract form:

b
J(a,u) = /0 L(t, Ex(t), u(t)) dt — inf = n

st. d(Ez(t))/dt + A(t, 2(t) = (Bu)(t) ae. (***y
#(0) = ao(-)
u(t) € U(t) a.e.; wu(-) is measurable

All the hypotheses of Theorem 2.2 have been verified. So, applying Theo-
rem 2.2, we get:

THEOREM 4.1. If the hypotheses H(A)s, H(k), H(r), H(6), H(L)4 hold
and xo(-) € L*(Z), then (x*x) admits an optimal pair (x,u) € L*(T,HI(Z)) x
LA(T x Z) and \/6(z2) z(t, ) belongs to C(T,L*(Z)).
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