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OB OIIEHKAX CMEINIAHHOI'O MOJYJIA I'NNIAITKOCTHN
YHKIIVIU C IIPEOBPA3OBAHHBIM PAJIOM ®YPLE

M.K. IloramoB, 5.B. CumonoB, B. JlakoBuu

Abstract. Functions having mixed generalized Weyl’s derivatives are considered. Some
upper and lower estimates for the module of smoothness of such derivatives by means of function’s
proper module of smoothness are given.

Pesrome. PaccmarpuBaloTcs ¢GyHKIMM, MMEIOIME CMEIIaHHble 000OIIEeHHbIE IPOM3-
BoAHbIE B cMucye Beitna. Jlna MonyJiei ri1alkOCTA dTUX IIPOM3BOJHBIX IPUBEAEHB! OIIEHKH
CBEpXY Y CHU3Y Uepe3 MOIYJU IVIAJKOCTU CaMOil (pyHKIHN.

1. O6o3HauenUs

IIycrs L, (1 < p < 00) HPOCTPAHCTBO BCEX M3MEPUMBLIX (YHKIMA ABYX
nepemensbx f = f(z1,23), 2mM-N€PUOIUYECKUX TIO KAKIOMY IEPEMEHHOMY, IJIs

KOTOPHIX
27 27 1/p

11l = / / @1, 09)Pdardss | < oo
0 o0

LY (1 < p < 00) MHOMeCTBO (yHEmMiA f(21,22) U3 Ly, LIS KOTOPHIX

27

/f(a:l,w2)dx1 =0 [OJ4 DOYTHU BCEX Ty

0

o

/f(xl,m2)dm2 =0 pOad mIoYTH BCEX Zj.

0
wa; (f;0:)p (3 = 1,2) uvacTHEl MOAyab raagkocTu (B Merpuke L,) mopsaxa
a; (o > 0) no mepemenHnoit x; ¢pyurumm f(z1,22) € Ly:

o (f360)y = sup 1857l = sup | 50 (-1 () a1 + (o = k), 22
‘hlls(sl |h1‘551 k1=0 1 P
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con(fi80y = sup 1727l = sup Y (1% (32) flana + (2 = koo
|h2|<d2 h2|<d2 ||,=0 2 »

re (3) = @il — 1) ... (i — ki + 1)/k! (i = 1,2); Wayas(f;01,82)p - cveman-
HBIE Momynb riazkocTu (B Merpuke L,) mopsnka ag,a2 (o > 0,a2 > 0) mo
IEePEeMEHHBIM T, %2 COOTBETCTBEHHO (GyHKumu f(Z1,Z2) € Ly:

Garaalfi01,02) = sup  [IAZH(AL )]l
[h1]<01,|h2|<d2

Bcrogy Hmwke MBI He OyZeM pa3inyaTh SKBMBAJIEHTHHIE (YHKINU (oTmm-
YAIOMKeCsa Ha MHOKECTBE ABYMEDHOU Mepnl Hyib). IlycTsb

Snoo(f) = % / f(zy +t1,22) Dy (t1)dty,
Soom(f) = l / f(z'l,.'lfz + tQ)Dm(tz)dtz,

nm 7T2 //f X1 +t1,.€E2 +t2)D (tl) m(t2)dt1dt2,

—T —T
sin(m + 1/2)x
D =
m(2) 2sinz/2
Paccmorpum ¢yuruuio f € L,. Torma ee psan ®ypne moxer ObITh 3a-
IINCaH B BUOEC

E E nan COSN1x1 COSNYT2

n1= 0n2—0
2 . 3) . (4) . .
+ann, SIN N1 L1 COSN2Ty + Ap ny COSNIL] SINNT + Apy n, SINT T SIN n2:c2)
o> o

= Z Z Aping, (T1,22). (1)

ni =0 n2=0

O6Go3uauum
bn1n2 - a(n];)ng + a(n21)n2 + agli)ng + ag,l)nza ni,Na = 1) 27 cee
om1_1 oma _
Amﬂng = Z Z An1n2($lax2) my,mz2 =0,1,...,

[2’”1.1 1] no= [27112 1]
rae 2™ =0 gma m; =0 m [2™ ) =2 mmam; = 1,2, ..
Mycts My, — xnace ¢pysxmam f € LY, xosddumments $ypoe Ko-
TOPBIX HEOTPULATENbHbl WU [JIA AAHHBIX HEOTPUIATENLHBIX uucen ki u ko
ynoBaerBopswoT ycaosusam: (i = 1,2,3,4; ni,m2 =1,2,3,...)

(1,0) (%) k1 (%) k1, ko (1) k1,, ke
Anyn Gnin, My n2 = QningMq Mg™ — Ay g nQ(nl +1)"ny* >0,
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A(O’l)asﬁ)nznklnh = a7(':1)n2nlfln§2 - agfl) n2+1”1 (ng 4+ 1)k2 >0,

A(l’l)a%EnZn’fln? = A<170)(A(0’1)a$31)n2n’f1n2 ) >0,

agl)wnlfln =0 (n1 = 00,n3 = 0);

A — xnacc ¢ymrmum f € Lg, KO?()QUIMEHTE KOTOPBIX HEOTPUIATEILHLI U
PaBHEBL HYJIO, ecau ny 7# 2™ unm ecau ng # 2™2, my,me =0,1,....

Yepes a(ty,t2) 0603HaUAETCA HEKOTOPAS HEOTPULATEILHAS (YHKIWSA, KO-
tTopas usmepuma Ha [0,27]?, cymmupyema Ha [d1,27] X [02,27] ams moOBIX
81,02 € (0,2m), f:w f:w a(ty,t2)dt dts > 0 ymoBnersopser (7,0)-yCaoBuio, TO
€eCTb CyH.IeCTByIOT IIOJOKUTEILHBIEC UNCIIa T, O Ta.KI/Ie, uTo

27 27

//Ot(tl,tQ)tItgdtldtz < 0.
0 0

Mycts 7 = k10,0 = k20, e 0 < ky, k2,0 < oo. Torma

27 27

s~ o= ([ [ aterana
/n11/n2
1/n1 2« 27 1/n2
’“1"/ / aty, ts)t dtldt2+nk29/ /a(tl,tg)t’;zgdtldtg
0 1/ns 1/na O
1/n11/ny 1/6
+nklp ’“25/ /a(tl,tz)tf19t§29dt1dt2> ,nl,n2:1,2,...}
0 0

IIOCNIEe0OBATEILHOCTDL IIOJOKUTECIILHBIX ‘-II/ICe.TI, HOCTpOeHHa,H 10 (i)yKI_H/II/I
a(ty,tz); o(\, f) - npeoGpa3oBaHHLI C TOMOILIO PTOR MOCIEAOBATEIHLHOCTA
paz (1), To ects

oo oo
E Z Z nineg nan(xlme)-

Breznem kmacc GpyHKUUju M,g 392 cnenyromum obpaszom: ecau 0 < 0§ <1, o

0 .
MOJIOKUM M,glgm My, ,; ecim 0 > 1, TO M,gl}cz — kuacc GyHrmmi f(x1,22) €
Lg, koo (ppunmenTel Pypbe KOTOPHIX HEOTPUIATENbLHBI M [JIsI AAHHBIX IIO-
JIOXUTENbHBIX Yuceln ki, ka,0 u nmocnenoBaTenbHOCTH {Ap, n, } YAOBIETBOPSIOT
yeaosuam: (i =1,2,3,4;n1,n0 =1,2,...)

A0 () ki (05+1) ka(641) )30

ni n2

>0,

nin2
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A(O,l)aslil)n k1(0+1) k2(9+1)/)\ Z 0’

ning

A(l,l)a(i) k1(9+1) k2(9+1)/)\ >0

ninz — 77

agl)n2nf1(9+l) k2(9+1)/)\

=0 (n1 = 00,m2 = 00).

ninz

)

3ameruM, uTO B caydae 6 > 1 xmacc M,S k, COCTOUT HE TOJBLKO U3 KOH-
CTAHT U CIPABEAIUBO BIOMKEHUE Mk(n;m C My k-

PaCMOTpHM eme II0CJIEen0BAaTEIbHOCTD IIOJIOKHNTEJIbHBIX qrceJ

{n(n1,n2)}:
27 2w 2 2~ (n2—1)
/L(0,0) = //a(tl,tQ)dtldtQ, 0 TL2 / / t1,t2 dtldtz,
11
27 27 9—(n1-1) 9g—(n2-1)

nl, / / tl,tQ dtldtg, /J, nl,ng / / tl,tQ dtldtg,
2—m1

ni,na —1,2,

Ecnu F(61,02) > 0 u G(01,62) > 0 mas Bcex 6; € (0,2n] (i = 1,2), To
samuco F'(d1,02) € G(d1,02) 03HAUAET, UTO CYMECTBYET NOJIOMKUATENLHASA ITOC-
TOSIHHAS ¢, HE 3aBUCAMAA OT 01,02 U Takasa, uro F(d1,d02) < ¢G(61,02). Ecanm
omuoBpeMenno F'(81,d2) <« G(61,02) m G(61,02) < F(61,92), To Oymem nmucatn
F(61,52) = G(61,52).

2. $opMyMPOBKA OCHOBHLIX yTBEPKICHUIA

Il COKpaIeHns 3aIucu BBEOEM Cjenyiomee 0003HaUeHne:

01 02
®(61,02) = {// a(ty, t2) ‘*”k1+ﬂ1 k2+ﬁ2(f tl,tz) dtydts

01 2@

+52ﬁz€//a(t1;t2)t;ﬂ2owzl+ﬂl k2+,@2(f;t1,t2)pdt1dt2

2w 62

+ 5{”//a(tl,tz)t;ﬁl"wzﬁﬁl kot (f3 11, 1) pdtrdts

27 27

1/6
0 <320 —B10,—Ba0
+ 070852 //a(t17t2)t1 by thuﬁl k2+ﬁ2(f;t17t2)pdtldt2} .
31 bo
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TEOPEMA 1. IIyemp max(2,p) < 6 < 00 4 044 HEKOMOPBLT NOAOHCUMEAD-
woz wucen ki, ko gynryus aty,t2) ydoesemeopsem (1,0)-ycaosuio co anavenuem
T =ki0, 0 = ke0. Ecau ons gynsyuu f(x1,22) € Ly pao o(A, f) ecmov pad Pypve
nexomopoll gynwyuu ©(x1,22) € Ly, mo B(d1,02) K wg,,(p; 01, 02)p-

TEOPEMA 2. ITyems 0 < 6 < min(p,2) u 047 HEKOMOPHLL NOAOHCUMEABHBLE
wucen ki, ko dynwyus o(ti,t2) yoosaemeopsem (T,0)-ycaoguio co 3HAMEHUTMY
T =Fk10, 0 = ko0, a maxxce ycaosusm

27 27 01 d2

//Oé(tl,tz)dtldth/ /a(tl,tz)dtldtz

01 02 81/262/2
27 d2 01 2w

= 6;’“2"//a(tl,tz)t’y”dtldtQ x6;’“19//a(tl,tg)t’fladtldtg
61 O 02

0
01 02

x5;'“%{’“26//a(tl,tg)tf10t§29dt1dt2, Vé1,09 € (0,7). (2)
00
Ecau ons gynryuy f(x1,22) € Ly

27 2w

//a(tl,t2)w21k2 (fst1,t2)pdtidty < 00 (3)

00
mo cywecmeyem dynxyus o(x1,x2) € L, ¢ padom Pypve o(A, f) u
@(61’62) > Wgy 6, (90;61;52):0' (4)

TEOPEMA 3. Ecau gynxyus f(z1,z2) € M,gf}w NLy,, mo
a) ymeepacdenue meopemu, 1 cnpagedauso npu 1l < p <0 < oo;
6) ymeepacoenue meopemu 2 cnpasedauso npu 0 < 0 < p < 0o.

TEOPEMA 4. Ecau gynryus f(z1,22) € AN Ly, mo
a) ymeepaucdenue meopemu, 1 cnpagedauso npu 2 < 6 < 0o;
6) ymeepacoenue meopemu 2 cnpasedauso npu 0 < 6 < 2.

CnexncrBud. Ilyemo dynxyus a(t,ta) 04d HEKOMOPUT NOAONCUNEADHOLE
wucen ki, ko ydosaemeopsem (7,0)-ycroeuio co anavenuamu 7 = k16, o = k20, a
maxace yeaosuim (2).

a) Ecaub =2u f(z1,22) € Ly, mo dad cywecmeosanusd gynryuy ¢(21,L2)
€ Ly ¢ padom a(A, f) neobrodumo u docrmamanuro, 4mob

M

T 2T

a(tl, tz)wlzcle (f, t1, t2)2dt1dt2 < 00,

o

0
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npuvem VB > 0, B2 > 0, B(d1,02) < wg, g, (p; 01,02)2.
6) Ecau 0 =p u f(x1,22) € M,fle N Ly, mo 0as cywecmeosanus gynxyuu
p(x1,22) € Ly ¢ padom a(\, f) neobrodumo u docmamauno, wmobu

27 27

//a(tlat2)wg1k2(f;t17t2)pdtldt2 < 0o,
00

npuem VIB]. >0, /82 >0, (I>(61:52) = Wp1 B, (()07 51a62)10‘
B) Fcau 0 = 2 u f(x1,22) € AN Ly, mo 0ad cyuwecmeosanus ynryuy
p(x1,22) € Ly ¢ padom Pypve o(A, f) neobzodumo u docmamarro, 4mobs

27 27

//a(tlatz)wlzclkg(f;t17t2)pdt1dt2 < 00,
00

npunem V31 > 0, B2 >0, @(d1,02) X wp,,(¢;61,02)p-
3. BconomoraresbHLIE yTBEDsKIeHN

JIEMMA 1. [1] Ecau 0 < 0 < min(p,2) u oan gynwyuu f(x1,22) € L,

2 27

//a(tlatz)wzlk2(f§t1,t2)pdt1dt2 < o0,
0 0

mo cywecmeyem dynkyug o(z1,%2) € Ly ¢ padom o(A, f).
JTEMMA 2. [2] Iyemy f(z1,22) € L), 1 < p < 00, u umeem pad Pypve
S0Y Apyiny(21,%2). Tozda

ni=1ngs=1
27 27 o o p/2
= { [ [ <Z 3 A?m,n2> day e
0 0

mi1=1mo=1

1/p

JIEMMA 3. (2] Iyemv f(z1,22) € LY, 1 < p < oo, u umeem psd

(o) (o)
Pypve >, > Apin.(T1,22), a nocaedosameavnocms wucea {An,n,} maxosa,
ni1=1n2=1

Ymo [Apyny| <M u

2"1 1 2"2 1
E |)‘7)’L1TL2 - )\m1+1 n2| S M: E |)\n1m2 - )\nl m2+1| S M7
mp=2m1-1 mo=2m2-1
2m1 -1 2m2 -1

Z Z |)\m1m2 - /\m1+1 ma T /\ml ma+1 + )\m1+1 m2+1| S M

m1:2n1—1 m2:2n2—1
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o0 o0
Oasecexny,ng =1,2,.... Tozdapad >, Y. AninoAnins(T1,%2) ecmo pad Pypve
ni1=1ns=1
nexomopotli fywryuu @(x1, ) € LY, npuvem ||¢|l, < C||fll,, 20e nocmosnnas C
ne 3asucum om gynxyuu f(x1,z2).

JIEMMA 4. [3, 4, 5] ITycmo f(z1,22) € L,, 1 < p < 00, u umeem psd Pypve
(1). Tozoa

5 52

S (f;$1;$2)H

mime

1 1
a) w Ty )p X
) 5182 (f7 1 ’ 2 )P my p

+my | S (fy 21, @0) — S (f5 1, 22)
p

my || SSom) (01, 32) — SN (f; 01, 22)
p

+Hf($1;$2)+Sm1m2(f;$1,x2)_Smloo(f§x1,$2)_Soomg(f;xl,xz)
mi mao P

Z Z Aning :1:1,3:2) +myPimy P Z anln 2Anin, (21, 22)
ny= TJ’L1+1’I'L2 mg+1 ni1=1 no=1 P

o0 ma

Z Z Apms (@, @) || +m5 2| Y0 D B2 A, (31, 22)

ni1=1ns=ma+1 p ni=mi+1 na=1 P

6) Ecau f(x1,%2) € M,,, mo

1 —2 p—
wLﬁﬂz(f my m2 { Z Z n1n2 p n2 2

ni=mi+1 no=mo+1
mi ma

—B Bip+ 26+2
+m zpz anlw 1p+p— 2p+p

ni1=1 no=1

m1 oo
7ﬂ1p§: }: ﬂ1p+p2p2p
my bn1n2

ni1=1neo=mo+1
oo mo 1/p
—B2p -2 ,32p+1) 21p
+my E : ny” ny b s .
ni=mi+1 na=1

B) Ecau f(z1,22) € A, mo

W, B (f;27m1,27m2)p = { —2(m1B1+m202) Z Z 22(n1ﬂ1+n252)b2n12"2

n1= 0n2 0

mi 00 o0 >
422mif 3 N gmB2 o+ Y Y B

n1=0ns=mo+1 ni=mi+1 no=mgo+1

1/2
+ 27 2mabe Z 222"2@1)2"12,.2} :

ni=mi1+1 n2=0
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JIEMMA 5. [6] ITyemo gynxyur oft) usmepuma na [0,27], cymmupyema na
[0,27] Oas awbozo & € (0,27) u yooesemeopsem o-ycaoeuio, Mo eCMb CYULECTN-
27 o
syem nosoxcumenvroe wucao o maroe, wmo [ a(t)t’dt < oo. Tozda nocaedosa-
MEABHOCTID YUCEN

o 1n 1/6
An = /a(t)dt+n’“9/a(t)t’°"dt ,n=1,2 ...,
1/n 0

20e o = kO (0 <k, 6 <o0), umeem caedywouue ceolicmea:

)\n )\n—i-l
a) )\ns)\n+1, 6) )\2n<<)\n, e)n—kZm
JIEMMA 6. [7] IIycmb na [a,b] 300ana nocaedosameavhocms uaMepumus
dyrnxyul o1 (t), p2(t), . . . . Ecau cywecmeyem maxas nocmosunad k, wmo npu ecex

n ut 6yoem |pn(t)| < k u ecau npu ecaxom c (a < ¢ <b) limy,o0 [ on(t)dt =0,
mo 0ad #1000 cymmupyemod na [a,b] pyxnyuu f(t)

b
lim [ f(t)pn(t)dt = 0.

n—oo
a

JIEMMA 7. IIyems gynxyua ot) usmepuma na [0,27], cymmupyema na
[0,27] Oasa awbozo & € (0,27) u ydoesemeopsem o-ycaoeuio, Mo eCcmby CYuLECm-

8YEM NOAOACUMEABHOE YUCAO T MAKOE MO fo% a(t)t?dt < oo.
Toz0a daa awbozo 6 € (0,27)

2 5 ! )
/a(t)dt+5“’/a(t)t“dt = —aé‘”‘l/a(t)t"dt.
0

é 0

Loxazameavcmeo. Bospmem mobyio Toury 0 € (0,27) u 3apuxcupyem ee.
Ilanee, BO3bMEM NOCIENOBATENLHOCTL umcen {Ad,} rTakywo, uro
A, >0, §+Ad, € (0,2m) (n=1,2,...), lim Aé, =0. OGoznaunm

n—o0

27 )

Q) = / a(t)dt + 5~ / a(t)t” dt.

J 0
Paccmorpum
MNo+AS) Ao 1 [ T e
+ n) — _ —0 o
2 = Mﬂ( / a(t)dt + 6 a(t)t dt)
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0+Ad,

L[5+ A68,) 7 =6 / a(O)t7dt = A, (1) + An(2).

Ady,

+

[=)

Jlerko BUOeTL, YTO
[
lim An(2) = —06 7! / ()t dt.
n—0o00
0

Paccmorpum ¢yHKImMIO

onl®) = x0a1200 0 ((£) -1) 55

Torna

7 —§°
n(t)] = t)————=(d t<d+ Ady,
|90 ( )l X(5,5+A(5n)( ) (50A(5n ( < 6 <t<o+ )
t—o
— 0_5071 .
(09 Adn)X(5,56424,)(t)
2 o
Ecau o > 1, 10 |pn(t)| < “(Qﬂ Ecau 0 < 0 < 1, 10 |pn(t)| < o6~20+1
Y
Takum obpaszom, qus moboro n =1,2,... umeem
2 7 .
ln(t)] < o max <7( /%) ,520“) +1.
27
IIycts ¢ TakoBo, uto § < ¢ < 27. Torma
c 5+A6n 6+AG, .
T}eréo pn(t)dt = nlgr;o 6~ / t7dt — / dt As.
s s 5
—15—0 o+1 _ S§o+1
~ lim (oc+1)"1677[(0 + Ady) 0 ]_1:0’
n—00 Aé,

TO €CThL MOCJIENOBATENLHOCTL ¢n(t) yAOBIETBOpAET yCJIOBUSAM JeMMHL 6, B
COOTBETCTBUU C KOTOPO# lim, .o A,(1) = 0. Ilanee, BO3bMEM MOCIEHOBA-
TenbHOCTL uncen {Ad,} takyiwo, uro Ad, <0, §+ Ad, € (6/2,5) n=1,2,...),

lim A§, =0. Torma ouenku mus |, (t)| byayT cremyromumn: ecnu o > 1, TO

n—oo
lon(t)| < 0/8; ecm e 0 < o < 1, 10 |p,(t)| < 02177/5. Taxum obpazom, B
®TOM ciydae auas amoboron =1,2,... umeem

lon(t)] < 06" max (1,2'77) + 1.
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ITycts ¢ TakoBo, uto §/2 < ¢ < §. Torma

c 0+Abn 0+Abn 1
nlgréo pn(t)dt = nh_}rréo - / t7dt — / dt Ao,
5 5 5
= lim L o ——((0+ A8,) T — 67T — A6, | =

IIpumensas semmy 6, nonyunm, uyro lim A,(1) = 0.
n—oo

5
Tem caMmeM 10Ka3aHo, 9yT0 N (§) = —0d 7! /a(t)t"dt.
0

JIEMMA 8. ITocaedosamenvrocms wucea {An n, } uMeem caedyiowue ceol-
cmea: 0ad Abwx ni,ne = 1,2, ...

a) /\n1n2 < )\nl na+1 )\n1n2 < )‘n1+1 na»

6) )‘n1n2 > )\n1+1 n2 }‘nlnz > /\n1 na+1
nikt = (ng + 1)k mgk: T (ng 4 1)k’
B) )‘271.171,2 << /\n1n27 )\n12n2 << )‘nl'ﬂa;

A Agn1gn
]_") mima S M, 2m12m2 S ]\47 2n1—1 S my < 27!,1’ 27),2—1 S ms < 271/2;
)\2"12"2 mimse
2m1 2m2

-1
,7-1) ’\2"12"2 § : E : |/\m1m2 - ’\m1+1 ma T ’\ml ma+1 T )‘m1+1 m2+1| < Ma
1_2n1 1 m2—2"2 1
om1_ 1 om2 1
1 .
Agnigna E E |)‘m1mz /\m1+1 L )‘m1+1 m2+1| < M;
’ITL1:2"1 1 mo= ona— 1
211
—1
e) Agnigna E : [Amims = Ama+1ms| < M,
my=2"1—"1
2"1 1
§ : -1 —1 .
A2n12n2 |)‘m1m2 — Amai41 m2| S M, 2m2 S mo < 2”2,
mq=2"1"1
221
—1
}K) ’\2"12"2 E : |’\m1m2 - )‘m1 ma+1 S M;
mo=2m2"1
2"2 1
'I'L1—1 n1
A2n19m2 E |)‘m1m2 )\ml m2+1| <M, 2 <mg <2™.

meo=2M2 -1

Loxasamenvcmeo. TlorkakeMm cupaBeqnuBoCTh IyHKTa a). Vlcmonnsys
JIeMMYy 5, UMeeM
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27 27 1/n2
Aﬁ1n2=/ /a(tl,tQ)dt2+n§29 / aty, ta)th20dty | dt,
1/n1 |1/ne 0
1/n1 2 1/n2
+ nk? / th6 /a(tl,t2)dt2 + nk2? / alty, to)th20dty | dty <
0 1/ns
2 2 1/n2
< / /a(tl,t2)dt2+n’;2(’ / alty, ta)th2ldt, | dt,
14+1/n1 |1/n2 0
14+1/n1 o 1/n2
+ (nq +1)"? / the? /a(tl,tg)dtg + nka? / a(ty, ta)tk2%dty | dty
0 1/n2 0
=X i,

AHAJOrMYHO MPOBEPSAIOTCS OCTAJLHLEIE HEPABEHCTBA, IIyHKTOB a), 0), B),
r). IIposepum nyurr x). Ilycts 6 # 1. Ilna opoCTOTHL 3ammMCu BBELEM CJie-
ayomee 0003HAUEHTE

27 1/n2
B(t1,n2) = / a(ty, t2)dts + n5?* / afty, to)tk20dt,.
l/ng 0

Ucnonb3yss teopemy Jlarpamxa, KOTOPYIO MBI MOKEM IPUMEHUTH B CHIY
CIPABEMJIMBOCTY JIEMMEL 7, & TAaKXe CBOMCTBA MOCIENOBATEIBHOCTH {Ann,}
W3 DYHKTOB a), B), T) ®TOM J1e€MMEI, OyIeM UMETh:

|(/\m1m2 - )\m1+1 mz) - ()‘ml ma+1 — ’\m1+1 m2+1)|

2 1/ma 1/6
:‘ l( / ,B(tl, mz)dtl + mllc19 / ﬂ(tl, mz)tlfledh)
0

/m1

1+1/m1

27 1/6
- ( / B(t1, ma)dty + (my + 1)F? ﬁ(tl,mQ)t’fladh) ]

+1/m1 0
1/m1

27 1/0
- l( / Bt1, mo + 1)dty +mf? / B(t1,mo + 1)tf10dt1>

/ma 0
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27 1+1/ma 1/6
—( /ﬁ(tl,m2+1)dt1+(m1+1)’“6 /5(t1,m2+1)t’f19dt1) ]
0

+1/m1
1 1
:(m2+1 <&ma < m_z)
or 1/ma 1/6—1
:(m% - m21+ - %( / Blts, &bty +mf? / ﬁ(tl,sml)t’fladt1>
Jma 0
on £ms
|1/ €m§20 1( k26) / a(tl,tQ)t;”odtzdh
Jma 0
+/ma Emy
+mk / w2l M (=k20) / (t1:t2)tk29tk19dt2dt1]
0 0

) 2m 14+1/m1 1/6-1
~9 ( / B(t1, &l )dty + (mq + 1)F? / 5(t175mi)tlf16dt1>
0

+1/ma

27 fmg
L / 5;529—1(—@0)/a(tl,tQ)tQ”dtzdtl

+1/m1 0
1+1/7)'L1 Emg
+ (my + 1)k? / ;n’;zg—l(—kz)e)/ alty, ta)th2%¢ kladtgdtll
0 0

=(a1a2 — b1b2) = al(a2 - b2) + bz(al — bl)

1/m1 1/9—1
B(t, ;1) dt +mB? [ B4y, 1) th aty
ma mo /Y1
0

/m1

meo m2+1

1/m1 Emz

Emsy
{L/ kb= 1/ (t1, t2)tR20 dtodty +mk19/§_k2‘9 1/ (tl,tg)t“at’“adtldtg]

/m1 0

27 £m2
— & ka0 1|1 / /a(tl,t2)7f’2“29c11:2c1t1
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2 5M2
+ & ket 1|1 / /a(tl,tg)té”odt;;dtl
+1/my O
1/1+m1 E'mg
+ (my + 1)F? / /a(tl,tz)t’gzat’fledthtI]
0 0

1/my

1/6—1
0

/m1
1+1/m, 1/6—1
(/ Blt1, Epa)dts + (my + 1)F1° / ﬂt1,£mZ)t’f”’dt> }

+1/m,

1
( 55%3, Ema () < m) <
1/m1 1_4
1 1 1 dt k16 t 1 tkladt ’
k10ko | — — - — -
! 2<m1 m1+1)<m2 mo /'Btl’ m2 1+m /ﬂ( 17§m2)1 1
/m1 0
£} Emg
g ka1 gkab— 1/ / (t1, )tk 0¢k20 qt, dt,
mi ’
1 1
kkﬂ‘——l‘ 2 )(__ )(2) k16—1p—kz0—1
+ fuks 0 (m1 my + 1/ \mgy mz+1£ me
14+1/m1 Emoy
L alty, to)t¥20 dtadty + (my + 1)° / / (tl,tg)tk”gt’flgdtzdh]
+1/m1 0 0 0

€l

1/6-2 &
(/ﬂnﬁmdu+é”%9/ﬂm¢@ﬂWﬁJ /ﬁ@@@ﬂﬁﬁl
0 0

(2)

< s g
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ITpu 6 = 1 BekAaAKK ynpomatorcs, Tak Kak 1/6 —1 = 0. Torma nmeem

om1 om2
)‘2"1 2n2 E : § : |)\m1m2 - )\m1+1 ma T /\m1m2+1 + )\m1+1 ma+1
mp=2"1— 1 mo=2"2" 1
om1 om2 1
_1 1 1
K Aynigna E E — —Amyms
mi1 Mo
my=2"1" l,r"/2 ono—1
om1 _ om2 1

< )\2_n112n2 Agn1gma Z Z ii <M.

mpm
m1=271—1 pmy=2n2—1 1 2

ITepBoe HEpaBEHCTBO MyHKTA 1) NOKa3aHO. BTOpOE HEPABEHCTBO ®TOrO IIyHK-
Ta JOKA3LIBAETCH AHAJOCMYHO, TOJLKO M3MEHSIOTCH [OKA3aTenu cremenm: 6!
3amensercs ua —0 L.

TIlyukr 1) JOKAa3aH HOJHOCTHIO. HeTpyaHO MpOBEPUTH CHPABEIJIUBOCTh
IYHKTOB €), k). JleMmma 8 noka3zaHa MOJHOCTLIO.

4. Jloka3arTeJIbCTBO TeopeMbI 1

Paccmorpum ®9(61,82) = I + I + I3 + I;. TlycTts ny, ne — HaTypaJbHEE
umcna Takume, uro 2- %t < §; <27, §=1,2. Onennm Iy. Ilpumenss memmy
4 n. a), OymeM UMeTn

oo oo
(4
i< Y Y 2oy et iy 4 1w + 1) SEFIEER (1)

Vi=n1 va=ng
— k k1+61,0 o
£33 2+ L + DS () - S )

V1=n1 V2="n2

EY Y a4 L 4 1) |SOEE () - S ()

vi=n1 va=n2

+ Z Z H(Vl+17V2+1)Hf_soo2"27l(f)_52"171oo(f)+S2"1712”271(f)

V1=n1 V2=n2

0

p
=Is+ I+ I + Is.

OnenuMm cravana Ig. Ha ocHOBaHMM meMMBI 2

2 2w o o p/2 0/p
e Y 3 ([J(E 3 Ahmstertmsn)  dnds,
vVi=n1 v2=n2 0 0 mi1=vi ma=v2

Yuutusas, uto 6 > p u 6 > 2 1 npuMeHsas IATL pa3 00OOIMEHHOE HEPABEHCTBO
MwuUHKOBCKOrO, mOJIydaeM
27 2w

ne (]2 2 (22 s

V1i=n1 v2=n2 \Mi1=Vi1 Mma2=r2
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0/2qp/0 0/p
;,L2/0(I/1 + 1, vy + 1)> ] dmldx2>

(TS (£ (85 s

<
0 0 Lvi=ni \mo=nz \ra=ns (mi=v
0/2\ 2/6\ 0/2p/0 0/p
pz/a(vl+1,ug+1)} > ) ] dm1d$2>
2w 2me oo %) ma
(IS (S (8 o
0 0 vVi=ni \mo=n2 \mi=vi \vo=ng
, 6/2 2/0 0/21p/0 0/p
,u5(1/1 + 1, + 1)) dridzs
27 2w 0o mi 0o ma
(TS E(E{E
0 0 Lmi=ni \rvi=ni \mo=n2 \va=n2
2/6\ 0/2\ 2/64p/2 0/p
,u(V1 + 1,1/2 + 1)} > ) ] dl‘ldmg)
<

27 27 o 00 ma ma
TNE(E (& Zpmimr
2/0p/2 0/p
/,I,(I/l + ]., Vo + 1)) ] dz’lda:2>

T & > p/2 0/p
N (//l Z Z A3”14‘1m2+1)‘gml2mz‘| dZ‘ldl'z) .
0 0

mi1=ni m2=nz

Ucnonb3ys cBoficTBa MOCIENOBATENLHOCTH {Ap,n,} 13 nemMMmbl 8, ybOemmmcs,
YTO MOCIENOBATENLHOCTD

Agmigms
Briny = ————, 2™ <ny < 2Mtl oM <y < Qmatl
)‘nl’ﬂz

YIOBJIETBOPsAET yciaoBuaM jgeMMul 3. Torma, npuMensas semmsr 3, 2, 4 m. a),
IIOJIyYaeM OIEHKY

Z Z AmlfﬂzAm1mz($17$2)

mi1=2"1 mo=2"2

[
L wh g, (9327™,27m2),,.

P
AHanoruuHLIMU paccyskaeHuaMu Hakinem ouenku nuas Is, Ig, Ir:

I K wh g, (9327 ™,27™),, i=5,6,T.

Is
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B pesyabTate, 06benunsa onenku nusa Is, Ig, Iy, I3, nmeem:

I K wh g, (327,272,

IIpu Haxoxmenuu OoneHOK cBepxy mis I1, I, Is mpoBemeMm paccy:kaeHus,
AHAJOTMYHLIE TE€M, KOTOPLIE NeJyajauch npu oneHuBanuu Iy. B pesynbrarte
[IOJIY YUM

I K wh 5, (9327™,27m),, i =1,2,3.

Ob0benuHsas TOJTYyYEHHLIE OIEHKMA [JISI BCEX CHAATaeMLIX B BLIDAMKEHUU IS
@9(51,52) U TOJL3YSCh CBOMCTBAMU CMEMIAHHOTO MOAYJS TIAAKOCTH, Oymem
MMETb, YTO

@((51, 62) L Wg, B, (‘P; 617 52);0'

DTO 3aBepIIaeT NOKA3aTEILCTBO TEOPEeMEI 1.

5. Jloka3aTeIbLCTBO T€OPEMEI 2

IMycts gna ¢yueuuu f(zp,22) € L, Bunoaneno ycuaosue (3). Torma us
geMmul 1 caemyer, 4TO cymecTByeT (GyHKIMSI ¢(x1,22) € L, ¢ pagom Pypne
o(\, f). IlokakeM Tenepn, 4TO ClIpaBemauBa OUEHKa (4).

Tycts ny,ny — HATYypPAJIbHBE YMCaa Takue, uro 2 (Mt < § < 2-m
2-(n241) < §, < 272, Cormacuo memme 4 m. a)

oo oo
W2 (301, 02)p K W (9327527 < D0 D0 Nvvn A (1, 22)

v1=2"1 yy =272 p
2"1-1 oo
—-n § : § B1
+2 1 141 /\,,1,,214,,1,,2(.%1,.%'2)
v1=1 vo=2"2 P
co 2"2-1
—n § : E : B2
+2 22 Vs )‘V1V2AV1V2($1:$2)
v1=2"1 pp=1 P
2m1_1272-1
—n1f19—n2f2 § : B B2
+ 2 2 Ui Uy AylyZAy1y2(x1,m2)
ri=1 wvo=1 P

=B + 27ﬂ1ﬁ132 + 27”2,3233 + 27"1ﬂ127n2ﬁzB4‘

A'n/ n
U3 nemmur 8 ciemyeT, 9TO MOCHEAOBATENLHOCTDL B, ,, = ————2— 2™ <
)\2m1+12m2+1
ny < 2mtlogome < g, < 9metl v opnerBopsier yemosuam aemmur 3. Torga,

OPUMEHSAA JIEMMEL 3 U 2 ¥ yJYuThIBasA ycaoBue (2), nomydaem, 9To

o0 o0
B K Z Z Am1m2 Agm1gma <

mi1=ni+1 mo=ns+1 p
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27 27
(/ / [ > > A
0 o0 Lmi=ni+lmoe=na+1

—mog

2™ 2 2/6p/2 1/p
( / / a(tl,tg)dtldt2> ] d.?]ldxz) <
—(m1+1) 9—(ma+1)

27 27
(//[ Z Z Am . (29m1(k1+51)29m2(k2+ﬁ2)
0 0

mi1=ni1+1 me=na+1

oo

oo 2/6p/2 1/p
Yo D unm+lm+ 1)2"19(k1+ﬁ1)2"29(k2+ﬂ2)> ] da:1dm2> :
viem

1 v2=ma2

YuntrBas, uro 8 < 2 u § < p, IPOLOIKNM OLEHUBAHVE, VCIOJL3YsI HEPABEH-
cTBO MUHKOBCKOrO CHaudasia AJs CyMM, & IOTOM IJs UHTErPAJOB U CyMM:

n<([ILELE (L (B omrimm

0 o Lmi=ni+l \ve=ns+1 \ma=na2+1 \v1=m

2/0\ 0/2N 2/6qp/2 1/p
2u29(k2+,32)2m19(k1+,31)2m20(k2+,32)|Am1m2|9> ) } ] d.Tlde)

S(//l i { i <i< i {,U(Vl+1,V2+1)2*V19(k1+ﬁ1)

0 o Lmi=ni+1\va=no+l \ri=mi \ma=nas+1

6/2 2/6+p/2 1/p
2—"29(’62-‘1-52)27”19(/614—51)2m29(k2+ﬁ2)|Amlm2|6}2/6> ) } ‘| d$1d55'2>

S(//l i { Vzl ( i < ”22 H%(Vl+1,1/2+1)2*2V1(k1+ﬂ1)

0 0o Lvi=ni+1 Umi=ni+1 \wvo=no+1 \ma=na+1

0/2\ 2/6~ 0/27p/0 1/p
9—2v2(ka+B2) 92ma(k1+B1) 92ma(ka+P2) A2 > > } ] dx1d$2>

mimsa

27 27
2
<ff 2 S {5 8 s
0 vi=ni+1ve=ns+1 \mi=ni+1 mo=ns+1
0/29p/0 1/p
9—2v1(k1+p1)9—2v2 (k2+,32)22m1(k1+,31)22m2(k2+[32)Afmm2 } ] dzry dél?z)

S( i i <7?[ Z Z i (i + 1,05 +1)

vi=ni+1ve=na+1 \j mi=ni+1 ma=na+1
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P/2 0/p\ 1/
2—2'/1(k1+51)2—21/2(k2+52)22m1(k1+,31)22m2(k2+,32)A$n1m2‘| dx1d$2) )

27m1 272

1/6
S ( / / a(tl,tQ)wzl+B1 k2+ﬁz(f;t1,t2)pdt1dt2> .

0 0
Ouenum teneps Bs. [IprMenenue TOi ke MOCIENOBATEILHOCTY PACCYKICHUN,
KOTOpas OLlia IpUMEHEeHA IPU MOJYUeHUN OIEHKU CBepXy s By, JOKa3BIBaeT
CIIPABEAINBOCTDL CIENYIOMEN MENOYKN HEPABEHCTB!

2r 2 p/2 1/p
32 < (//lz Z Amﬂnz 2m1 — 12”222m1ﬁ1] d$1d$2>

mi1=1 mo=ns+1

<<< /[Z_ Z Am1+1m2<2 Z w(vi,ve +1)
0

m1=0 mo=ns+1 v1=0voa=mso

2/0 /2 1/p
2V10ﬁ12—1/29(k2+,32)> 22m2(k2+ﬁ2)‘| d$1d$2>

(L (B o

m1=0 \vo=no+1 \r1=0 \mo=no+1

2/0\ 6/2 2/6p/2 1/p
2V19ﬂ12—9”2(k2+ﬂ2)29m2(k2+ﬂ2)|Am1+1 me |0} > ) } ‘| d$1d$2>

v1=0 vo=no+1 mi1=vi mo= ’n.g—‘,—l
p/2 0/p\ 1/
2 —2 k 2 k 2
922v1819 va( 2+ﬂ2)2 ma( 2+ﬂ2)Am1m2] dib'ld.'L'g) >

27 2772

1/8
<K / / a(tl, t2)t1_961wz1+ﬁ1 ka+8s (f, t1, tg)pdtldt2> .
0

AnanoruynuMm 00Opa3OM [OKA3BLIBAETCS CIPABENJIMBOCTL OCTAJLHLIX OLIEHOK
st Bz, By:

27" 2r¢

1/6
B3 <« (/ / Oz(tl,t2)t2_9,32wzl+,31k2+,(32(f;t1,t2)pdt1dt2> :
0 2-n2

2 27

1/6
By < //a(t1,t2)t10ﬂ1t20ﬂ2wzl+ﬁ1k2+ﬁ2(f;t1,t2)pdt1dt2) .

—n1 Q—n2
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Tenepn, 00bequussa ouenku njsa By, By, B3, B4, HETPYAHO NOJIYyYUTL CIOPaBE-
JUBOCTL HEPABEHCTBA, (4).

Teopema 2 mokKa3aHA TOJHOCTBHIO.

6. Jloka3zaTeLCTBO TeOPEMEI 3a)

1 1
IlycTto HaTypajibHBIE UMCIa Mp,Ms TAKOBLI, YTO <6 < —,
my +1 mi
1
< 0y < —.
mo + 1 ma

1
®7(01,02) < Z Z (1, v2)w, 4, ke (f7 . V2>

vy= m1+1'/2 ma—+1

1 1
—,3 0 .
' Z Z Nl VI’VZ wk1+,31 k2+B2 (f7 V_l’ V_2>p

vi=1vy= m2+1
o0

1 1
—B26
Tmy ’ Z Z Nl VI’VZ wk1+,31 ka+ B2 (f7 l/_17 V_2>p

vi=mi+1lrvi=1

ma ma
s s 11
+m1 B1 m2 B2 Z Z Ml(yl,V2) yzﬂz wk1+51 ko+0B2 (f, ]/_17 ]/_2>
p

V1:1 1/2:1

= Bs + Bs + By + Bs,

rue
2 27 2 (v2—1)71
1 1 // t1,t2 dtidts, Nl(l I/z) / / Oé(tl,tz)dtldtz,
1/2_1
(n-1)""2x (1-1)"1 (rp—1)"!
/Ll(Vl,].) = / /a(tl,tg)dtldtg, /J,1(1/1,l/2) = / / Oé(tl,tg)dtldtQ,
vt 1 vt vyt
1 1 2
1/1:2,3,..., 1/2:2,3,....

Onenum Bj. Tax xak f € Mg, g,, TO MOKHO IPUMEHUTEL geMMy 4 m. 6):

Bs < Y > v, )

vi=mi1+1 ve=ma+1
0/p

[ —(k14+81)p —(k2+,@2)1’ Z Z P (k1+,31+1)1’ 2 (k2+ﬁ2+1)l’ 2 +
n1n2

ni1=1ns=1

0 [eS) 0/p
+ Y X m(um[ S $N S gy &’“*"1“""2]

vi=mi+1vo=mo+1 ni1=1ns=vo+1

[e’e] [e’e] 9/1’
+ Z Z Nl(V1:V2l > (kat-B2)p Z an1n2 2 (k2+ﬂ2+1)p 2]

vi=mi+1vo=mo+1 ni=vi+1 no=1
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+ Z Z /‘LI(V17V2) Z Z bnlnz ny~ 2 p >

vi=mi+1 vo=mo+1 ni=v1+1 na=vo+1
= By + Big + B11 + Bas.
Ouenum Bjs. Ilockonnky 6 > p, 10, npumensisi 0000mEHHOE HEPABEHCTBO
MWuUHKOBCKOrO, mOJIydaeM

By < Z Z L 1P~ (ny +1)P72

ni=mi ne=msq
ni no
> > mvi,wm)

V1i=m1 V2=m2

0/p

p/0\ 0/p

0/p
p 2 p—2
<[ X% marn
ni=mi+1ns=mo+1
Beenem onpenenesue “MOHOTOHHOI’ HOC.)'Ie,ILOBaTeJ'IbHOCTI/I ancen. Ilo-

caenoBaTenbHOCTE unced {Cp,n, } HA3EBACTCA “MOHOTOHHOR” | €Cm OHA yIOB-
nerBopsier yeaosuam AMOC, >0, AODC, .. >0, ALDC, ., >0.

Paccmorpum gse nmocaenosarensHocTu uucern: (i = 1,2,3,4)

(i)  k1(0+1) k2(9+1)
AninaMy n*k1(9+1) *k2(9+1))\9+1
)\9 ’ ninsg [ -
ninz

6

IlepBasi mocnenoBaTenbHOCTL “MOHOTOHHA” B CMIy TOro, 4uto f € M,glgm
MOKHO HEMOCPEACTBEHHO MPOBEPUTH, UTO BTOPAS MOCIEAOBATENLHOCTEL TAKKE
“momoronna”. Torma mx mpousBeneHUe

ald  pk(+1) k2(9+1) 0 pki(6+1) —k2(9+1) 0+1 _ (i)

Onins™1 )‘nﬂzz 1 )‘ ning anlnz)‘”1”2
TOXKEe “MOHOTOHHO”. A »TO 3HauwT, 4yTO0 @ € Myy. Ilpumensia nemmy 4 m.
6), umeem Bz < wglﬂ2(g0; 01,02)p. Ouenum Bii. U B »T0M Caydae BHOBDL
npuMeHnseM 0000mennoe HepaBeHCcTBO MUHKOBCKOIO, Tak Kak 6 > p,

vy =1 (mp—1)"1

Bn< Y / / oty , to)tR20 dt, dt,

vi=mi ”1—1 0
ma—1 o/p
—ﬁw (k2+l32+1)17 2 p—2
n1n2 nl
ni=vi+1 n2=1
[ [
p—2, (k2+B2+1)p—2
+ Z Z ni1+1ns nl + ]‘) n2

ni=—mi na2=—m

p/0\ 0/p

ni o0
S S )y )

V1i=mi1 V2=n2
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(ma—1)~"

( > mi l nZ / oty ta)tk2? dt, dt,

ni=mi n2=1 Lrvi=m 0

nin2

p/0\ 0/p
(ny +1)P~ —ﬁzObH (n gk2+52+1)P2)9/p] )

00 00 0/p
+< Z Z ni+1nz ’le + 1)13*2”2 /\If)tln2>
"1: :
oo ma2—1
— +1 2
< <m2 ﬂw Z Z b21+1n2(n1+ nr ? (B2 i )‘fllnz

ni=mi na=1
o] oo 0/p
+ 30 3 B i, +1)P 0] /\ﬁm) .

n1=mi n2=ms2
IIpumensas nemmy 4 u. 6), umeem By < wglﬂz (¢301,02)p. AHaNIOrUUHO mOMY-
JaeM CIpPaBeIMBOCTEL CJIENYIOMUX HEPABEHCTB

By <« wglm (p;01,02)p, Bio K wglm(cp;él,dg)p
AHaNIOrUYHO MPOBEPAETCA OLEHKA CBepXy mus Bs, Bg, Br:
B; < w, 5,(;01,82)p, i =5,6,7.
O0venuusis nonyvennunie onenku nus By, Bg, By, Bg, Oyzem nMern
B(81,02) K wp,p,(;501,02)p-

TO eCThb CIpPaBeIuBa OleHKa (4).
IIyukT a) TeopeMbl 3 JOKAa3aH MOTHOCTLIO.
Jloka3aTensCTBO MyHKTa 0) TeOpeMEl 3 HPOBOIAUTCA aHAJIOTUYHO.

Teopema 4 DOKa3LIBAETCA TAK XKe, KAK TeOPeMa 3, TOILKO BMECTO JIE€MMEL
4 n. 6) HaGO BOCHOJBL30BATLCA JEMMOH 4 1. B).

7. 3aMeuaHus

1. IIycts
A1) =
27 2w 1/n1 27 1/6
={,\m (// (t1, dtldt2+nk19// (tltg)t’fladtldtz) ,n1=1,...},
/ni 1
A2) =

2w 27w w 1/n2 1/6
={,\n2 (// afty, to dtldt2+nk29/ / a(tltg)t’2“29dt1dt2) ,n2=1,...};

l/nz
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a(A(1), f),0(A(2), f) — psansl, npeobpasosauusie n3 psazga (1) ¢ noMompio sTHX
nocaenosarenasrocTeit A(1), A(2), To ecTs

U()‘(l)af) = Z Z )‘n1An1n2(mlax2)a U()‘(2)af) = Z Z )\nQAnln2(x1)m2);
ni1=1ny=0 n1=0ns=1

51 1
1 27 1/0
+//a(tl,tz)wzl+ﬁl(f;tl)pdtldtz} ;
01
27 27
B(5) = {552" / / alty, t2)ty 'l g (Fita)pdtrdts
1 42

27 O2

1/
+//Oé(tl,tQ)wz2+52(f;t2)pdt1dt2} .
1 0

Torza B TepMuHAX YaCTHBIX MOZLYJEH IIaIKOCTA OyLyT BEDHEI TEODEe-
MBI, aHAJOIWYHBIE TeOpeMaM, CHOPMYJIMPOBHHLIM B OCHOBHOM YTBEDKIECHUM,
a4 MMEHHO:

TEOPEMA 11. ITyems max (2,p) < 0 < 00 4 04F NEKOMOPBET NOAOHCUMEND-
oz wucen ki, ko pynryud ats, ta) ydosaemsopsem (T,0)-ycao8uio co IHGHEHUTMY
T = k10,0 = ko8. Ecau Oas nexomopuz gynryud f(x1,22) € Ly paow o(A(1), f),
o(A2),f) ecmv paow Pypve mexomopwz Pynwyui M (z1,22) € Ly,
@) (21, 25) € L, coomeemcmeenno, mo ®(8;) < wg, (9P 68;),, i =1,2.

TEOPEMA 2 A. ITyems 0 < 6 < min(p,2) u 047 nexomopus nosoxcumens-
woz wucen ki, ko dymxyus a(ti,t2) ydosaemeopsem (T,0)-ycaosun co snave-
nugmu T = k10, 0 = k20, a maxace yeaosuam (2). Ecau oas gynkyuu f(z1,22) €
Ly

27 27 27 27
//Ot(tl,tQ)(xJZQ (f;tl)pdtldtz < 00, //a(tl,tz)wzl (f;tl)pdtldtQ < 00,
1 0 0 1

mo cyuecmeyiom ynxyuu oD (z1,29) € L, (i = 1,2) ¢ padamu Sypve a(\(i), f)
(i = 1,2) coomeememaenno u ®(5;) > wgs, (PP 8),, i=1,2.
TEOPEMA 3 I. Ecau gynryus f(x1,22) € M,gf;w NL,, mo
a) ymeepacdenue meopemur 1 n) cnpasedaueo npul < p <6 < oo;
6) ymeepacoenue meopemn 2 n) cnpasedauso npu 0 < 0 < p < oo.
TEOPEMA 4 1. Ecau gynryus f(z1,22) € AN Ly, mo

a) ymeepacoenue meopemur 1 1) cnpasedauso npu 2 < 0 < 0o;
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6) ymeepacoenue meopemvr 2 1) cnpagedauso npu 0 < 6 < 2.

CneactBud. Ilycrs ¢yurmus a(ty,tz) AIS HEKOTODHIX HOJOMKUTEILHBIX
uucen ki, ke ynosaersopser (T,0)-yCaoBuio co 3Hadenusamu 7 = k16, o = ko0,
a Takke ycaoBuaM (2).

Ilns cCOKpammeHus 3anucyu BBEAEM Clenyiomue 0ODO3HAUYEHNS:

27 27
I(I;G,p) ://a(tl,tg)wzl(f;tl)pdtldtz,
01
27 27
12:0.0) = [ [ att )l (fit)dnndte
10
a) Ecim 0 = 2 u f(x1,22) € L, TO ans CymecTBOBaHUS (YHKIMIA

e (21, 35) € Ly, o*®)(zy,3,) € Ly ¢ pagamu o(A(1), ), o(A(2),f) coor-
BETCTBEHHO HEOOXOomuMo u gocrarauno, urobn I(1;2,2) < oo, I1(2;2,2) < oo,
npugeMm V31 >0, B2 >0

®(01) < wp, (¢;01)2, B(d2) X wp, (p;02)2-
6) Ecniu 0 =p u f(z1,72) € M,gf}w N Ly, 10 pyist CymecTBOBAHMSA (Y HKIMHA
M) (zy 25) € L,, P (21,25) € L, ¢ pamamu a(A(1), f), o(A(2),f) coor-

BETCTBEHHO HeO0X0muMo u gocraravno, uyrobn I(1;p,p) < oo, I(2;p,p) < o0,
npuuem V3, >0, B2 >0

(I)((sl) = wg, (‘P;(sl)m ¢(62) = w,@2((10; 62)17'

B) Ecim § = 2 u f(z1,22) € ANL,, TO ons CymecTBOBAHUS (yHKIMH
90()‘(1)) ($1,IL'2) € LPJ 90()‘(2)) (1’1,.’172) € LIJ ¢ panaMu U()‘(l)af)a U()‘(2)af) COO0T-
BETCTBEHHO HEOOXOmuMO m mocTtatauno, utobwr I(1;2,p) < oo, I(2;2,p) < oo,
npuueMm V3 > 0, B2 >0

q)((sl) = wg, ((p;(sl)pa ¢(52) = U)BQ((P; 62)1?'

2. Beezmem no ananormu ¢ paboramu [1,8] crenyromue KIacChl QyHKIUN.

O60o3HaUNM
27 27
1(1,2,0,]7) ://a(t17t2)wzlk2(f;tlJtQ)PdtldtQ‘
00

SB(p,8)-knacc Becosa — knacc Qpyuxumit f(z1,22) € L, Takux, 9410
1(1;0,p) < oo, I1(2;0,p) < oo, I(1,2;6,p) < oo

SW(p,0) — wnacc Beitnas — xnacc ¢ymxumit f(zq,22) € Lp, RIS KOTOPHIX
cymecTByoT ¢yukmmm ©(z1,Ts) € Ly, oMW (zy,29) € L, @) (21,25) € L,
¢ pagamu o(A, f), o(A(1), f), d(A(2), f) coorBeTCTBEHHO.
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IMycte ¥(J,n) — menmpepuBHAA U HeoTpunatencHad Ha [0, 27]? GyHKmus,
obnamamomas CBOMCTBAMM

T(d1,m) < ¥(d2,m), 0< 01 <dp <2m, ¥(20,n) < ¥(4,7), 0<d<,

U(d,m) K ¥0,n2), 0<m <me<2m, ¥(6,2n) K ¥(4,n), 0<n<m

O6Gosuauum uepes SWH(p,0) — rnacc Belins-Hukoanckoro — xaacc
¢yurmmit f(z1,22) € SW(p,0) rakux, uro

wg, 82 (3 01, 02)p K ¥(61,02),
Wp,y ((p()\(l)) ) 61)p < lI’((Sla 27()7 Wp, (900(2)) ) 62)12 < 111(271', 62);
SBH (p,0) — rnacc Becosa-Hukonbcroro — kaacc ¢pysrnmit f(z1,22) €

L, rakux, uto ®(d1,d2) € ¥(d1,02), ®(61) <€ ¥(d1,27m), B(d2) < ¥(2m,02).

Torma u3 Teopem n CireACTBUI, CHOPMYIUPOBAHHLIX B IIyHKTE 2, MOXHO
[OJIyYNUThL CIPaBEMJIMBOCTL COOTBETCTBYIOIUX BIOKeHuit kiaaccos SWH(p,§)
u SBH(p,0). A nmenHo,

1) Ecinr max(2,p) < 6 < oo, to SWH(p,0) C SBH(p,0).
2) Ecn 1 < p< 0 < oo, o M) NSWH(p,0) c M) nSBH(p,0).
3) Ecmm 2 < 6 < 00, To AN SWH(p,0) C AN SBH(p,6).

Iycte ¢pymrnua a(ty,ts) yaosnersopsaer ycaosuaum (2). Torma cnpasen-
JUBLI U TaKWE BJIOKCHUSA:

4) Ecnn 0 < 6 < min(p,2), o SBH(p,8) C SWH(p,6).

5) Ecam 0 < § < p < 00, 0 M{’) N SBH(p,0) C M{’) nSWH(p,).
6) Eciu 0< <2, To ANSBH(p,0) C ANSWH(p,0).

7) Knaccot SWH(2,2) u SBH(2,2) coBnanaior.

8) Knaccu M,gf;w NSWH(p,p) u M,gf;w N SBH (p,p) coBmamaor.

9) Knaccot ANSWH (p,2) u AN SBH(p,2) coBnazaror.

3. Iycrs 0 < 6 < min(p,2) u KIS HEKOTOPHIX HOJOKUTEILHLIX YUCEJ
k1,k2,B1, B2 ¢yurmus a(ti,tz) yaoBaeTBopserT (7T,0)-yCIOBUIO CO 3HAUEHUSIMU
7= (k1 + 51)0,0 = (k2 + B2)6. Ilyctn, nanee,

27 27

= {anz - (n;ﬂen;ﬂza / / oty t2)t7 7015720 dt, dt,
-1 n2_1
”1_1 2w
T / aty, to)t R A0 P20 gt
0 -1
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27 "'2_1
+n1—ﬂ19ngkz+ﬁ2)9/ /a(tl,t2)t1_ﬂ19t§k2+ﬁ2)9dt1dt2

nq

nitngt 1/6
+ngk1+ﬂ1)9ngk2+ﬁ2)9/ /a(tl, tz)tglm+ﬂ1)9tgk2+ﬁz)9dt1dt2) , n1,ma=1,2,.. ‘},
0 0

27 27
p(1) = {Nm = (nf“ / /a(thtz)tfﬁladhdtz-l-

nq

"1_1 27 1/6
+n§k1+ﬁ1)9 / /a(t1,t2)t§kl+ﬁl)9dtldt2) , ng=1,2,... },

0
27 27

1
w2) = {an = (”;ﬁ29/ / alty, to)ty 7 dtydts+
1 n2—1

-1
27 Mgy

1/6
+n§’°2+ﬂ2)9/ / a(t1,t2)tgk2+ﬂ2)dt1dt2) , N2 = 1;27---}-
10

Ecnu pyuxums f(z1,z2) € L, Takosa, 4ro

27 27

//a(tl,tg)wzl+ﬁlk2+ﬂ2(f;t1,t2)pdt1dt2 < o0,
0 0

27 27 27 2w

//a(tl’t2)wzl+ﬁ1 (f;tl)pdtldtz < 00, //a(tl,tz)sz_i_ﬁz (f;tz)pdtldtz < 00,
0 1 1 0

TO CymecTBYIOT QYHKIMU @1 (Z1,T2) € Ly, gog“(l))(xl,xz) € Ly, ¢§“(2”(x1,a:2) €

L, c pagavu ®ypwe o(p, f),o(u(l), f),o(p(2), f) coorsercTBeHHO 1
Wy (P15 01) < B(81), w5, (01?5 62)p € B(62), 0, (01501, 82)p < B(81,52).

4. Ecmn pyurums f(zp,zs) € M,gfi_ﬂl kot ps () Lp, TO TpeTuit myHKT 3ame-
YaHUA CIPaBemIMB Ipu Bcex §, mexkamem B npenenax 0 < § < p < co.

5. Ecau ¢ymrmms f(z1,22) € AN L, TO Tpermil myHKT 3aMeYaHU
cupaseniuB npu Bcex 0, mekamem B npenenax 0 < 6 < 2.

6. Knacc SWH(p,0) n3 nmyuxkra 2 3aMeyYaHUs MOMKHO ONDENENUThL HE
¢ moMompio nocienoBarenbuocTeir A, A(1),A(2), a ¢ momompbo0 mOCIENOBA-
renvHOCTER W, (1), u(2) ® mOKA3aTH CIPAaBEIIMBOCTL BIOXKEHWH, COOTBET-
CTBYIOmMUX BIOkKeHUsM 4), 5), 6) IPUBEAEHHLIX B ®TOM IIYHKTE.
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