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Abstract. We present a construction of compact warped product manifolds
realizing certain generalized Einstein metric conditions.

1. Introduction

A semi-Riemannian manifold (M, g), n = dim M > 2, is said to be an Einstein
manifold if the following condition

(1) S = (k/n)g

holds on M, where S and k denote the Ricci tensor and the scalar curvature of
(M, g), respectively. According to [1], p. 432], (1) is called the Einstein metric
condition. Einstein manifolds form a natural subclass of various classes of semi-
Riemannian manifolds determined by a curvature condition imposed on their Ricci
tensor [1, Table, pp. 432-433]. For instance, every Einstein manifold belongs to
the class of semi-Riemannian manifolds (M, g) realizing the following relation

2) (VS = (s/(2(n —1)))g))(X,Y; 2Z) = (V(S = (8/(2(n — 1)))9))(X, Z;Y),

for all X,Y,Z € E(M), which means that S — (x/(2(n — 1)))g is a Codazzi tensor
on M. In the above formula V denotes the Levi-Civita connection of (M, g), (M)
being the Lie algebra of vector fields on M. Manifolds of dimensions > 4 fulfilling
(2) are called manifolds with harmonic Weyl tensor [1], p. 440]. In the following
we will denote by S™ a sphere of radius 1 in the Euclidean space E**1, n > 1. It
is known that every warped product S' xz M of the sphere S', with a positive
smooth function F, and an Einstein manifold (M,g), dim M > 2, realizes (2)
[1, p. 433]. Such warped product is a non-Einstein manifold, in general. We
say that (2) is a generalized Einstein metric condition [1, Chapter XVI]. On the
other hand, such warped product realize too another curvature condition, so called
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a condition of pseudosymmetry type (see section 2 of this paper). Namely, the
warped product S* x p M of the sphere S!, with a positive smooth function F, and
an Einstein manifold (M, g), dim M > 2, is a Ricci-pseudosymmetric manifold [15,
Corollary 3.2]. Thus, in particular, the warped product S* x g CP™ of S!, with
a positive smooth function F', and the complex projective space CP™ (considered
with its standard Riemannian locally symmetric metric) is a Ricci-pseudosymmetric
manifold. A semi-Riemannian manifold (M,g), dim M > 3, is said to be Ricci-
pseudosymmetric [6], [15] if at every point of M the following condition is satisfied:

* the tensors R - S and (g, S) are linearly dependent.

The tensors R - S and Q(g,S) are defined by

(R ) S)(X17X2;X7 Y) = (ﬁ(X, Y) ) S)(X17X2)

=-S(R(X,Y)X;1,X5) - (X1, R(X,Y)X3),
Qg,9)(X1, X2, X,Y) = (X AY) - 5)(X1, X2)
= —S((X N Y)Xl,Xg) - S(Xl, (X N Y)Xg),

respectively. In the above formulas R(X,Y)- and X AY - denote the derivations
of the algebra of the tensor fields on M, determined by the curvature operator
7~Z(X ,Y) and the wedge product X AY, respectively. The pseudosymmetric mani-
folds form very important subclass of the class of Ricci-pseudosymmetric manifolds
(see section 2). Evidently, any Einstein manifold is Ricci-pseudosymmetric. Thus
we see that (*) is a generalized Einstein metric condition. Recently, some exam-
ples of compact and non-Einstein Ricci-pseudosymmetric manifolds were found in
[19]. Namely, in [19, Theorem 1] it was shown that the Cartan hypersurfaces M
in the spheres S7, S'7 or §?° are non-pseudosymmetric, Ricci-pseudosymmetric
manifolds with non-pseudosymmetric Weyl tensor. The Cartan hypersurfaces M
in S* are non-semisymmetric, pseudosymmetric manifolds. It is known that Cartan
hypersurfaces are manifolds, with non- parallel Ricci tensor, satisfying a generalized
Einstein metric condition of the following form [20, Theorem 4.1]

3) (V(X,Y;2) +(VS)(Y, Z; X) + (VS)(Z,X;Y) = 0,

for all X,Y,Z € E(M). Evidently, the Cartan hypersurfaces do not satisfy (2).
Let f be a non-constant function satisfying on SP, p > 2, the equality [20]

(4) V(df) + fg =0,

where g is the standard metric on SP and V is the Levi-Civita connection of g. We
put

(5) F=(f+0c7
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where ¢ is a non-zero constant such that f-+cis a positive or negative function on SP.
In this paper we shall describe a family of compact Ricci-pseudosymmetric warped
product manifolds. Our main result states that the warped product S? xp M
of SP, p > 2, with the function F defined by (5), and an Einstein manifold M,
dim M > 2, is a Ricci-pseudosymmetric manifold. From this it follows immediately
that the warped product S? x g M of S?, p > 2, with the function F' defined by (5),
and a compact irreducible symmetric space M is a compact Ricci-pseudosymmetric
manifold. In particular, the warped product S? (resp., S%), with the function
F defined by (5), and the quaternion projective space HP™ (considered with its
standard Riemannian locally symmetric metric), is a non-pseudosymmetric, Ricci-
pseudosymmetric manifold with non-pseudosymmetric Weyl tensor. Applying this
construction of the warped product manifolds to the generalized Hopf fibrations [1,
p. 258): §2 — CP?"t1 s HP" and S® — S%"*t3 — HP", we obtain a local cur-
vature property of the projective complex space CP?"*! and of the sphere §47+3,
respectively. More precisely, at the end of section 4, we shall state that every point
of CP?"t1 (resp., $4"*3) has a neighbourhood on which is defined a Riemannian
metric isometric with the Ricci-pseudosymmetric warped product metric of an open
submanifold of the manifold S? xr HP", (resp., S® x HP™). We note that by
an application of Theorem 4.1 of [11] to the generalized Hopf fibration [1, p. 258]:
S7” — S5 — S8 we can obtain the following local curvature property of S!5.
Namely, every point of S'° has a neighbourhood on which is defined a Riemannian
metric isometric with the non-conformally flat, pseudosymmetric warped product
metric of an open submanifold of the manifold S” x z S®. Furthermore, applying
Corollary 3.2 of [15] to the Hopf fibration [1, p. 257]: S* — $?"+1 — CP"™ we see
that every point of S2"*!, n > 2, has a neighbourhood on which is defined a Rie-
mannian metric isometric with a non-conformally flat and non-pseudosymmetric,
Ricci-pseudosymmetric warped product metric of an open submanifold of the mani-
fold S x z CP™. In section 3 we will consider warped products manifolds. We com-
pute the local components of some tensors defined on the warped product S? x p M
of the sphere S?, with the function F defined by (5), and an Einstein manifold
(M, 3). The main results of this paper are presented in section 4. Throughout this
paper all manifolds are assumed to be connected, paracompact manifolds of class
C.

2. Curvature conditions of pseudosymmetry type

Let (M, g) be a connected n-dimensional, n > 3, semi-Riemannian manifold
of class C*°. We define on M the endomorphisms R(X,Y) and X AY by

R(X,Y)Z =[Vx,Vy]Z =VixyZ, (XAY)Z =g(Y,2)X — g(X, 2)Y,

respectively, where X,Y,Z € Z(M). We define the Riemann- Christoffel curva-
ture tensor R and the concircular tensor Z(R) of (M,g) by R(X1,...,X4) =

9(R(X1,X2)X3,X4), Z(R) = R — (k/(n(n — 1)))G, respectively, where G is de-
fined by G(X4,...,X4) = 9((X1 A X2)X3, X4). For a (0, k)-tensor field T', k > 1,
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we define the (0, k + 2)-tensors R - T and Q(g,T) by

(R-T)(X1,..., X; X,Y) = (R(X,Y) - T)(Xy,... , Xp)

= T(R(X,Y)X1, X, s X5) = = T(X1, - s Xp1, RO, Y)Xp),
Qg, T)(X1,..., X X,)Y)= (X AY) -T)(X1,...,Xk)
= _T((X/\Y)X17X2: 7Xk) - _T(X17 7Xk—17(X/\Y)Xk)'

The semi-Riemannian manifold (M, g) is said to be pseudosymmetric [13] if at
every point of M the following condition is satisfied:

(**) the tensors R - R and Q(g, R) are linearly dependent.
The manifold (M, g) is pseudosymmetric if and only if
(6) R-R=LQ(g,R)

holds on the set Ugr = {z € M|Z(R) # 0 at =}, where L is some function on Ug.
It is clear that any semisymmetric manifold (R - R = 0) is pseudosymmetric. The
condition (**) arose on the study on totally umbilical submanifolds of semisymmet-
ric manifolds as well as when considering of geodesic mappings of semisymmetric
manifolds [10], [23]. There exist many examples of pseudosymmetric manifolds
which are not semisymmetric (see, e.g. [11], [12], [13]). Among these examples we
can distinguish also compact pseudosymmetric manifolds. For instance, in [11] (see
Example 3.1 and Theorem 4.1) it was proved that the warped product S? x p S™~?,
p > 2,n—p > 1, with the function F defined by (5), is a pseudosymmetric manifold.
Another example of a compact pseudosymmetric manifold is the warped product
S1 xp S™~1, with a positive smooth function F', as well as n-dimensional tori 7™
with a certain metric (see [11, Examples 4.1 and 4.2]).

The manifold (M, g) is Ricci-pseudosymmetric if and only if
(7) R-S=LsQ(g,S)

holds on the set Us = {z € M|S — (k/n)g # 0 at z}, where Lg is some func-
tion on Ug. It is clear that if at a point x of a manifold (M, g) (**) is satisfied
then also (*) holds at z. The converse statement is not true. E.g. every warped
product My xg My, dimM; = 1,dimMy; = n —1 > 3, of a manifold (M, g)
and a non-pseudosymmetric, Einstein manifold (Ma, §) is a non-pseudosymmetric,
Ricci-pseudosymmetric manifold (cf. [15, Remark 3.4] and [13, Theorem 4.1]).
Warped products realizing (*) were considered in [6] and [15]. Recently, Ricci-
pseudosymmetric hypersurfaces immersed isometrically in a semi-Riemannian man-
ifolds of constant curvature were investigated in [4].

For any X,Y € (M) we define the endomorphism (X,Y) by

CX,Y)=R(X,Y)=(1/(n —=2))(X ASY +SX AY — (k/(n — 1)) X AY),
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where the Ricci operator S of (M, g) is defined by ¢g(SX,Y) = S(X,Y). The Weyl
curvature tensor C of (M, g) is defined by C(X1,...,X4) = g(C(X1, X2) X3, X4).
Now we define on M the (0, 6)-tensor C' - C by

(CC)(Xh 7X4;X7Y) = (é(X,Y) C)(Xl7 7X4)

=-C{C(X,Y)X1,...,Xy) = = C(X1, X2, X3,C(X,Y) Xy).

A semi-Riemannian manifold (M,g), dimM > 4, is said to be a manifold with
pseudosymmetric Weyl tensor [18] if at every point of M the following condition
is satisfied:

(¥*%) the tensors C' - C and Q(g,C) are linearly dependent.

The manifold (M, g) is a manifold with pseudosymmetric Weyl tensor if and only
if

(8) C-C=LcQy,0)

holds on the set Us = {z € M|C # 0 at z}, where L¢ is some function on Ug. The
condition (***) arose in the study of 4-dimensional warped products [9]. Namely,
in [9, Theorem 2] it was proved that at every point of a warped product My x g M,
with dim My = dim My = 2, (***) is fulfilled. Many examples of manifolds satisfy-
ing (***) are present in [3]. For instance, the Cartesian product of two manifolds of
constant curvature is a manifold realizing (***). Warped products satisfying (***)
were considered in [18]. In [3] it was shown that the classes of manifolds realizing
(**) and (***) do not coincide. However, there exist pseudosymmetric manifolds
fulfilling (8), e.g. Einsteinian pseudosymmetric manifolds [3, Theorem 3.1].

Remark 2.1. The above mentioned warped product S? xg S™7P, p > 2,
n —p > 2, is a pseudosymmetric manifold with pseudosymmetric Weyl tensor
which cannot be realized as a hypersurface isometrically immersed in a space of
constant curvature M™"t1(c), n > 4 [11, Theorem 4.1].

Further, we define on M the (0,6)-tensor Q(S, R) by
Q(SJR)(Xh tee 7X4;X7Y) = ((X As Y) ) R)(Xh tee 7X4)
= _R((X /\S Y)X17X27X37X4) -t R(X17X27X33 (X /\S Y)X4)7

where X AgY is the endomorphism defined by (X AsY)Z = S(Y,Z2)X -S(X,2)Y.
A semi-Riemannian manifold (M, g) is said to be Ricci-generalized pseudosymmet-
ric [10] if at every point of M the following condition is satisfied:

(FHH*) the tensors R - R and (S, R) are linearly dependent.

A very important subclass of Ricci-generalized pseudosymmetric manifolds form
manifolds fulfilling (see, e.g. [2]):

9) R-R=Q(S,R).
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Any 3-manifold (M, g) fulfils (9) [8, Theorem 3.1]. Moreover, any hypersurface M
immersed isometrically in an (n + 1)-dimensional Euclidean space E*t1, n > 4,
satisfies (9) [16, Corollary 3.1].

Remark 2.3. It is easy to see that if (**) holds on a semi-Riemannian manifold
(M, g), n >4, then at every point of M the following condition is satisfied:

(rokokokok) the tensors R - C and Q(g,C) are linearly dependent.

Manifolds fulfilling (*****) has been studied in [7], [9] and [14].

As it was proved in [16], at every point of a hypersurface M immersed iso-
metrically in a semi-Riemannian space of constant curvature M"+1(c), n > 4, the
following condition is satisfied:

(koK) the tensors R- R — Q(S, R) and Q(g,C) are linearly dependent.

Remark 2.3. In [16, Proposition 3.1] it was proved that every hypersurface M
isometrically immersed in a semi-Riemannian space of constant curvature M™!(c),
n > 4, satisfies the following equality R - R — Q(S,R) = —(((n — 2)&)/(n(n +
1)))Q(g,C), where & is the scalar curvature of M"*!(c) and R, S and C is the
Riemann-Christoffel curvature tensor, the Ricci tensor and the Weyl tensor of M,
respectively.

Using Theorem 3.1 of [ 8, which was mentioned above, and the fact that
the Weyl tensor of any 3-dimensional semi- Riemannian manifold vanishes identi-
cally, we conclude that (******) ig trivially satisfied on any 3-dimensional semi-
Riemannian manifold. Recently, warped products realizing (******) were consid-
ered in [5]. For instance, in [5] it was stated that every warped product M; X p Ms,
with dim M; = 1, dim My = 3, with an arbitrary positive smooth function F, satis-
fies (¥*****). The relations (*)—(******) are called conditions of pseudosymmetry
type. We refer to [10] and [23] as the review papers on semi-Riemannian manifolds
satisfying such conditions.

Remark 2.4. Every Einsteinian, as well as every conformally flat hypersur-
face M in M"™*1(c), n > 4, is a pseudosymmetric manifold [16, Proposition 3.2].
Thus every quasi-umbilical hypersurface M in M™*+1(c), n > 4, is pseudosymmet-
ric. We recall that an n-dimensional hypersurface M, in a Riemannian manifold N,
dim N > 4, is called quasi-umbilical if M has at every point a principal curvature
of multiplicity > n — 1. In [17, Theorem 1] it was stated that every hypersur-
face M in M™*1(c), n > 3, having at every point at most two distinct principal
curvatures is also pseudosymmetric. Necessary and sufficient conditions for hyper-
surfaces in M*(c), to be pseudosymmetric were found in [17]. In [17] it was shown
that the Cartan hypersurface M in S*(c) is a non-semisymmetric pseudosymmetric
manifold. The Cartan hypersurfaces in the sphere S™*1(c) are compact, minimal
hypersurfaces with constant principal curvatures —v/3c, 0, v/3¢ having the same
multiplicity. The Cartan hypersurfaces exist only for n = 3,6,12,24. More pre-
cisely, the Cartan hypersurfaces are tubes of constant radius over the standard
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Veronese embeddings i : FP? — §39+1(c) — E%¥+2  d=1,2,4,8, of the projective
plane FP? in the sphere S2?*1(c) in a Euclidean space E3?*2 where F = R, (real
numbers), C (complex numbers), Q (quaternions) or O (octonions), respectively.
These hypersurfaces were discovered by E. Cartan in his work about isoparametric
hypersurfaces. In [19, Theorem 1] it was proved that every Cartan hypersurface M
in S"*1(c), n = 6,12,14 is a non-pseudosymmetric, Ricci-pseudosymmetric mani-
fold with non-pseudosymmetric Weyl tensor.

3. Warped products

Let (My,g) and (Mas,g), dimM; = p, dimMy = n—p, 1 < p < n,
be Riemannian manifolds covered by systems of charts {U;z%} and {V;y*}, re-
spectively. Let F be a positive C* function on M;. The warped product
My x g M of (My,g) and (Ma, g) is the product manifold M; x M, with the metric
g=9gxpg=15g+ (F oI;)I5g, where IT; : M; X My — M; being the natural
projections, i = 1,2. Let {U x V;zt,... ,aP, 2Pt =yl ... ;2™ = y" P} be a prod-
uct chart for My x M». The local components of the metric ¢ = § X g § with respect
to this chart are the following g,; = gop if r =a and s = b, grs = Fgop if r = o and
s = 0, grs = 0 otherwise, where a,b,c,... € {1,... ,p}, a,8,7,...€ {p+1,...,n}
and r,s,t,... € {1,2,...,n}. We shall denoted by bars (resp., tildes) tensors
formed from g (resp., §). The local components of the tensors R and S of M; x p M>
which may not vanish identically are the following []:

Ropeqd = Rabcd;

(10)

(11) Raabp = —(1/(2F))Tabgap;

(12) Ragys = FRapys — (A1F)/(4F?))Gagpys,

(13) Sab = Sab — ((n — p)/(2F)) Tap,

(14) Sap = Sap — (1/(2F))(tr(T) + ((n — p— 1)/(2F)) A1 F)gap,

(15) Tup = VpFy — (1/(2F))F,Fy, tr(T) = g Tup A F = Ay F = G F, Fy,

where T is the (0, 2)-tensor with the local components T,;.

Ezample 3.1. (cf. [11, Example 2.1]) Let (M7,g) = SP be the sphere in a
Euclidean EP*T!, p > 2, defined by (2°)2 + (z!)? +-- -+ (2P)? = 1, with the induced
metric g. Let f be a non-constant function on S? satisfying (4). We put

(16) L=1-cr, 7=1/VF,

where ¢ is a non-zero constant such that f + ¢ is a positive or a negative function
on SP and F is defined by (5). Now, using (15), (4), (5) and (16), we can easily
verify that the tensor (1/2)T + F Lg vanishes on SP. Furthermore, from (4) we get

(17) Af=—f"+c, 2 €R.
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Combining (17) with (5) we can state that
(18) (1/(4F*)AF = c17* +2ct — 1, ¢1 €R,

holds on S?. Now we prove that 7 cannot be constant on a non-empty open subset
of SP. We suppose that 7 = const. on a non- empty open subset U C SP. Evidently,
we have also F' = textconst. on U. From (5) it follows that f = const. on U. Thus,
by (4), we have

(19) f=0onU.

On the other hand, it is known [21], [22] that every solution of (4) is a function @,
defined by ® = A\gz® + M\iz! +--- + A\pzP, \i = const., i = 0,1,...,p, restricted
to the sphere SP. Now (19) implies that \g = Ay = ... = A, = 0, i.e. f vanishes
identically on S?, a contradiction with the fact that f is non-constant on SP.

Ezample 3.2. Let (M,§), dimM =n —p > 2, p > 2, be a semi-Riemannian
Einstein manifold. We consider the warped product S? X M, where F' is defined
by (5). By (16), (18) and the fact that the tensor (1/2)T+ F Lg, defined in Example
3.1, is a zero tensor, (10)—(14) turns into

(20) Ropea = Gabeds

(21) Raaps = (1 — ¢7)Gaaps,

(22) Rapys = FZ(R)apys + (1 — c1)7* — 2¢7 + 1)Gapss,
(23) Sab = (n—1—(n—p)er)gas,

(24) Sap=((n=p=1)(1—ec1)7° = (2n —p = 2)eT + n — 1)gag,
(25) 1= (k/((n—p)(n—p-1))).

Next, by using (19)—(23) and the relations

Crstu = Rrstu - (1/(7'L - 2))((grusts + gtsSru - grtSus - gussrt)
= (k/(n = 1))Grstu),
(26) k=(n-p)(n—p—1)(1—-c1)m* =2(n—1)(n — p)er +n(n — 1),

we find the non-zero components of C'

(27) Cabea = (p/(p(p — 1)))Gabea;
(28) Caapp = —(p/(p(n — p)))Gaagps,
(29) i
(30)

Capys = FZ(R)apys + (p/((n — p)(n — p —1)))Gapys,
p=(plp~1)(n=p)n—p-1)/((n-1)(n~-2))1-c)7’.
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Furthermore, applying (18), (20)—(24), (27)-(29), we can easily verify that only
components of R-R, Q(g,R), R-S, Q(g,5), C-C, Q(g,C) and Q(S, R), which are
not identically equal to zero are those related to
(31) (R R)aabedap = —¢7(1 — ¢7)G gapegaps
(32) (R R)aapyas = F(1 = c7)gaaZ(R)sapy — T(c+ (c1 — & = 1)1
+ (- cl)c7'2)gadG5ag,y,
(R- R)apyoru = F(R - R)aproru—F (17’ +2e7=1)Q(9, R)aproru
Q(9, R)aabcdg = —¢TGdabcYas,
Q(9, R)aopyds = FgaaZ(R)sapy — (¢ + (c1 = )T)T9adGsapv
Q(9: R)aproru = FQ(g, R)aproru,
(R S)aags = 7(1 — e7)((n — p— 1)er — D7+ (0 — 2))gusgass
Q(9,5)aapy = 7((n — p —1)(c1 — D)7 + (n — 2)¢)gabgap,
(C - C)aabeas = ((n —1)p")/ (" (n — p)*(p — 1)))Gdabegas;
(C - Caapyis = —(p/ (p(n = P)))F gaa Z(R)sap~
— ((n=1)p*)/@*(n = p)*(n = p = 1)))9adGsapn,
(41)  (C-Clapyoru = F*(R- R)aproru
+ F(p/((n=p)(n —p—1))) = DQ(g: R)apyoru:
(42)  Q(9,C)aabeas = —(((n —1)p)/(p(p — 1)(n — p)))Gaabcgas;
(43) Q(9,)aapris = FgaaZ(R)sap-
+ (((n =1)p)/(p(n — p)(n — p — 1)))gaaGsap~
(44)  Q(9,C)aproru = FQ(9, R)aproru,
(45) Q(S,R)aabedp = —(—(n—p—1)+ (2n — 2p — 1)er
+(n=p=1)(((1=¢) = (n=p)*)7* =e17°)) G dabcJas;
(46)  Q(S,R)aapyas = —F*(n—1— (n — p)ct)gad Z(R)sapy
—7(c+((p=2)c® =p(l=c1)) 7+ (1 =c1)er?)gaaGoapy

N AN N AN N N S
w
=2}

— N — N

QS, R)agysru = F((n—p—1)(I —c1)7”
— (2n—p—2)er + 1 —1)Q(g, R)aprora-

4. Main results

THEOREM 4.1. Let (N,g) = SP xp M be the warped product of the sphere
SP, with the function F defined by (5), and an Einstein manifold (M,g), p > 2,
dim M =n —p > 3. Then we have:
(?) (N, g) is a non-Einstein Ricci-pseudosymmetric manifold.
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(#) (N, g) is a pseudosymmetric manifold if and only if (M, §) is a space of constant
curvature.

(#4i) If l # ¢1 then (N, g) is a non-conformally flat manifold.

() (N,g) is a manifold with pseudosymmetric Weyl tensor if and only if (M, §)
is a space of constant curvature.

(v) The tensor R- R — Q(S, R) is a non-zero tensor on N.

(vi) (N, g) is a manifold do not satisfying (3).

(vii) Ifl # c1 then the tensors R-R—Q(S, R) and Q(g,C) are not linearly dependent
on N.

(viii) If | # c¢1 then (N, g) is a manifold with non-harmonic Weyl tensor.

The constants ¢1 and | are defined by (18) and (25), respectively.

Proof. (i) From (23)—(25) it follows that (1) is not satisfied on N. Further,
(37) and (38) lead to (7).

(ii) We assume that (NN, g) is pseudosymmetric. Let z be a point of N. If
the tensor Z(R) = R — (k/(n(n — 1)))G vanishes at z, i.e. £ € N — Ug, then (12)
implies that the tensor Z(R) = R — (&/((n — p)(n — p — 1)))G vanishes at z. Let
now & € Ur. We prove that the tensor Z(R) must also vanishes at . Since (6) is
fulfilled at z, (31)—(33) together with (34)—(36) imply that (16) and

(48) R-R= (17 +¢1)Q(4, R)

hold at z. We suppose that Z(R) is non-zero at z. Now, from (48) we can deduce
that the function ¢;72 + c7 is constant on a non- empty subset U’ C SP. From this
fact it follows that 7 is constant on U’. But, as we have stated in Example 3.1, the
function 7 cannot be constant on an open non-empty subset of SP. So, Z (R) must
vanishes at z. Thus, (M, §) is a space of constant curvature. Conversely, if (M, g)
is a space of constant curvature, then pseudosymmetry of (N, g) was proved in [11,
Theorem 4.1(3i)].

(iii) This assertion follows immediately from (27)—(30).

(iv) We assume that (IV, g) is a manifold with pseudosymmetric Weyl tensor.
Let  be a point of N. Using (39)—(44) we can deduce, in the same way as in
the proof of the assertion (ii), that (M, g) is a space of constant curvature. The
converse statement was proved in [11, Theorem 4.1(ii)].

(v) (31) and (45) yield

((R : R) - Q(Sa R))aabcdﬁ
=—((n—p—1)(1 ~2c7+ (c— 1+ (n—p)*)7* + &17°) = *7%)gapG dave-

Thus R- R — Q(S, R) is a non-zero tensor on N.

(vi) From (26) it follows that the scalar curvature & of (NN, g) is not constant.
Since any semi-Riemannian manifold satisfying (3) must have constant scalar cur-
vature, (3) can not be fulfilled on N.
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(vii) If at a point z of N the tensor Z(R) vanishes then our assertion was

proved in [11, Theorem 4.1(v)]. If at a point = of N the tensor Z(R) is non-zero
then our assertion follows from (32), (46) and (43).

(viii) Using (23), (24) and (26) we get

VeSap = VSae = (1/(2(n = 1)) ((Ver)gab = (VoK) gac)
=—(((n=p)n=p=1))/(n = 1)) = c1)7((VeT)gap = (V57)ac)-

Thus (2) can not be satisfied on (N, g). Our theorem is thus proved.

Using the above theorem and Remark 2.4 we obtain the following statement.

THEOREM 4.3. Let (N, g) = SPx g M, be the warped product of the sphere S?,
with the function F defined in Example 3.1, and an Finstein manifold (M, g), p > 2,
dmM =n—p > 3. If (M,g) is not of constant curvature then (N,g) is a non-
conformally flat, non-pseudosymmetric and non-FEinstein, Ricci-pseudosymmetric
manifold. If the constants ¢1 and | defined by (18) and (25), respectively, are not
equal then the manifold (N,g) cannot be realized as a hypersurface isometrically
immersed in a space of constant curvature.

Remark 4.1. 1In [6, Corollary 2] an example of a Ricci-pseudosymmetric
warped product of the sphere S? and a compact Einstein manifold (M, g), dim M >
2, is presented. To construct this example we have needed Lemma 3.1(ii) of [12].
Let now (M, §) be a Riemannian manifold isometric with the Cartan hypersurface
M in the unit sphere S"~P*! n —p € {3,6,12,24}. We can apply the mentioned
above construction of warped product manifolds to obtain a Ricci-pseudosymmetric
warped product of the sphere SP and the manifold (]\Zf ,9)-

It is well known that every irreducible locally symmetric space (M, g),
dim M > 3, is an Einstein manifold. Thus we have the following corollary.

COROLLARY 4.1. Let (N,g) = S? xp M be the warped product of the sphere
SP, with the function F defined in Example 3.1, and irreducible locally symmetric
space (M,g), p> 2, dimM =n —p > 3. If (M,g) is not of constant curvature
then (N,g) is a non- conformally flat, non-pseudosymmetric and non-Einstein,
Ricci-pseudosymmetric manifold.

Using the above Corollary we can construct a family of Ricci-pseudosymmetric
manifolds. This family of manifolds contains also compact manifolds.

Ezample 4.1. Let (M,§), dimM = n — p > 3, be an irreducible symmet-
ric space of nonconstant curvature (see [1, Tables 1-4, pp. 201-202]. Then the
warped product (N,g) = SP xp M, of the sphere S? with the function F de-
fined in Example 3.1, and the manifold (M, g), p > 2, is a non-conformally flat,
non-pseudosymmetric, and non- Einstein, Ricci-pseudosymmetric manifold.

Using Theorem 4.2 and the fact that the projective space HP™, n > 1 (with
its standard Riemannian locally symmetric metric), is an Einstein manifold which
is not of constant curvature, we get the following corollary.
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COROLLARY 4.2. The warped product S**' xr HP™, of the sphere S**!,
k = 1,2, with the function F defined in Exzample 3.1, and the space HP™ (with
its standard Riemannian locally symmetric metric), is a non-conformally flat, non-
pseudosymmetric and non- Einstein, Ricci-pseudosymmetric manifold.

Ezample 4.2. We consider the generalized Hopf fibrations: $2 — CP2"t! —
HP" and S® — §%"+3 — HP", with the projections m; : CP?"+*1 — HP" and
my : S48 — HP", respectively. Let {U, }aca, be an open covering of the manifold
HP". Thus we have two families of diffcomorphisms @, : 71',;1Ua — Uy x Sk
k = 1,2. Further, we denote by i, , k = 1,2, the natural diffecomorphisms iy, 4 :
U, x Sk — §k+1 x U,. Thus on the open submanifolds: 77 'U, in CP?"t! and
7y U, in S4713 are given metric tensors ha,k, defined by hox = (ig,a © Pr,a)* Ik,
where g is the warped product metric on S¥*! xp HP™, k = 1,2, defined in
Corollary 4.2.
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