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ASYMPTOTIC FORMULAE FOR RECURSIVELY DEFINED
BASKAKOV-TYPE OPERATORS

O. Agratini

Communicated by Stevan Pilipovié

Abstract. We deal with Baskakov-type operators which are defined by re-
placing the binomial coefficients with general ones satisfying a recursively relation.
We establish a Voronovskaja-type formula and also we give a global approximation
property using some weighted norms.

Introduction. In [7] Campiti and Metafune introduced and studied a gen-
eralization of the classical Bernstein operators consisting in replacing the binomial
coefficients with more general ones satisfying suitable recursive relations. Their
work was motivated from the development of the study of connections between ap-
proximation processes and evolution problems through semigroup theory. During
the last years, F. Altomare and his Bari school considered the study of elliptic-
parabolic equations by means of positive operators. Among the former papers we
quote [2], [3] and for a unified treatment of this subject we mention the monograph
[5]. The class of evolution equations whose solutions can be approximated by con-
structive approximation processes has been enlarged and this fact has led to the
new types of operators, see [4].

In the same manner, we considered [1] a generalization of the Baskakov oper-
ators which are related to functions defined on an unbounded interval. We obtained
a decomposition of the Baskakov operator as a sum of elementary operators and
our operators are expressed through a linear combination of these last ones. Also,
we proved that these sequences of linear operators converge towards an operator
multiplied by an analytic function.

In this paper we continue to study these Baskakov-type operators previ-
ously introduced pointing out new regularity properties. The main result is a
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Voronovskaja-type formula where the second order derivative is perturbed by a
term depending on two fixed sequences. Also we establish global approximation
properties of these operators in some spaces of functions of polynomial growth.

Background. Let two fixed sequences of real numbers be: a = (an)n>1,
b = (br)k>o0 with a1 = bp. We consider the numbers ¢, (n > 1, k > 0) which
satisfy the following recursive formulae:

Cno =Gn, N 215 c1p=bg, k>0

(1)

Cnilk = Cnk + Cnyik—1, n>1land k> 1.

It is obvious that the sequences a and b determine uniquely these coefficients.
Actually, the coefficients from (1) follow the same rule as the binomial ones. Now,

we can define the linear operators Lﬁf’w as follows:

® s = s ()

where f € Cg[0, 00), the space of real functions continuous on [0, o) such that the
above series converges uniformly and f (m)z is convergent as x — 0o. The space is

endowed with the norm || ||« = sup ‘1’:5?2' Ifa, =X, n>1,and by = A, k > 0, then

Cnk = )\(”ﬂ:*l) and Lﬁf\’)‘) = )\Vn, where V,, represent the Baskakov operators.

We would like to mention some results from [1] which will be useful for the
purposes of this paper. For the sake of simplification we set:

zk

(3) Tk,n(m) = W, z > 0.

THEOREM A. For f € Cg[0,00) and n > 1 the following identity

(4) (L<a b>f Z Amnf)(@) + Z b (Bm,n f)(@)
m=1 m=0
holds, where: 5
(4100)(@) = (Bonf)(@) = 57257 (0);
for any m > 2,
0, m>n+1
6 Amaf@) = I m=n
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for any m > 1,

(6)
(Bn)(@) = tmn(@) f(m/n) + (1= b610) Y (n " : :Z -

k=m+1

)rk,n(x)ﬂk/n).

Here 6,,m represents Kronecker’s symbol. Also we shall put e;(z) = 27,
7 €N.

THEOREM B. For n > 3, the following identity holds:

(1) EVe)@) = 3 burma (@) + 3 amrrme1() + an/(1 + )71
m>1 m=2

THEOREM C. Assume that f belongs to Cp[0,00) and the sequences a,b are
bounded. Let the function ¢ be defined on (0,00) as follows:

8) w=o0+7 where o(x)= Z amT1,m-1(z), 7(x)= Z b Tm,1 ().
m=2 m=1

Then lim L%a’b)f = @f, uniformly on any compact K C (0, 00).
n—o0

Results. The first comment concerns our notation (3) which implies:

(9) Y orkol@) =14z, Y kreo(x) = (1 +2),
k=0 k=0
Z Erio(@) =2(1+2)2z+1) and rg.(z) = (1+2) "rpo(z).
k=0

Also, we recall some useful relations which are fulfilled by V,:

(10) (Voeo)() =1, (Vnel)(x) =z, (Vnes)(z)=a>+ w.

In what follows, we consider n > 2 and we calculate the expression of the
elementary operators Ay, n, Bm,n defined in Theorem A for the test function e;. It
is evident (A ne1)(z) = (Boner)(z) =0 and (A, ne1)(z) = 0 too, for m > n + 1.
In accordance with (9) we can write:

1 > T
(Apner)(z) = n(+2)" kZ:Oan,O(”’) “altaor



Asymptotic formulae for recursively defined Baskakov-type operators 155
For m < n — 1, by using (10), we have:

(Am,nel)(x)

:ﬁ{z (n—r.n+@>rm mt1(T Z+§:(n—zn+z)nn m+1(T )}

7

e

= o fx)m (n—m+ )z +1).
Similarly, for any m > 1, we can write:
(Broner)(®) = () = 2§ (" Y™
n 1+ z)m+1 p i n
= B (Vi) ) — er) + o g (Vo))

which implies (B, ne1)(z) =n " rp1(z)((n — 1)z + m).
The above relations and Theorem A lead us to the following result:

LEMMA 1. If the operators L%a’b) are defined by (2) then, for n > 2, we have:
n(L<” D) (x)

— anT
mz AmT1,m—1( (n—m+1)x+1)+m+mz>lbmrm,l(x)((n—l):c+m).

This lemma, allows us to state:

THEOREM 1. If the sequences a,b are bounded then the operators L%a’b) sat

isfy:
Tim nfea ()L eo)(z) — (LY er) (@) = —a(1+ 2)¢ (@),

where x > 0 and ¢ is defined by (8).

Proof. Let n > 3. Taking lemma 1 and identity (7) into account we can write:

. (L) () = L VanT
(1) (L)@ - (EEPe)@) = G o

m>1

n—1)ayz
Because of boundedness of a, the term ﬁ converges to zero as n — 0o.
x
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On the other hand, from (8) we obtain:

> 1—(m—1z ™ Y (m — x)
al(x)=2am7(l+m)m+l, Zb 1+x"‘+2’

m>1

consequently:

Z am(m — 1)zry m_1(z) = o(z) — z(1 + z)o' (z)

m>2

and
Z b (z —m)rma(z) = —2(1 + 2)7' ().
m2>1
Using these relations in (11), for n — oo we get to the desired result.

Now, we need the expression of operators Ay, n, Bm,y (n > 2) for the test
function ey. From (9) we deduce:

B 1 i 5 _ z(2z+1)
(nnea)e) = S 2 7m0 @) = ot s

For 2<m <n-1, we take p=n —m + 1 and in view of (10) we can write
successively:

_ x > (p+Ek—1 N
(A nez)(z) = 20+ a)m kZ:O ( & )Tk,p(w)(k +1)

— xpz — es )l 2 ey )l i € )\ T
= m (Vpe2)(@) + 2 (Vper) (@) + 5 (Voeo) (7))

21+
= m&?(p +1)a® + 3pz + 1),
For m > 1, we have:
(Bre)) = Do) = i (") @+ iy
+om(n — 1) (Vo_1e1)(z) + (n — 1)2(vn,1ez)(g;)}.
Thus,
(Brne2)(2) = ———(n(n — 1)2® + (n — 1)(2m + L)z + m?).

n?(1 4 x)m+!
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We can summarize these relations below.

LEMMA 2. If the operators Lﬁf’b) are defined by (2) then, for n > 2, we have:

n—1
) B am 5 anz(2z + 1)
n(L&Yes)(x) = mzﬁ n r1,m-1(z)(p(p + 1)z° + 3pz + 1) + n(1+ z)n1
bm
+ 3 Prpa(@)((n = Dna® + (n = 1)(2m + )z +m?),
m>1 n

where p=n—m + 1.

Set pr(t) = (t— )" (t20, x> 0).

THEOREM 2. If the sequences a,b are bounded then the operators Lﬁf’b) sat-
isfy:
lim n(L{"¢,0)(2) = 2(1 + 2)p(z),

n—oo

where z > 0 and ¢ is defined by (8).

Proof. Because L%a’b) are linear operators, it is clear that:
(L 6p.0)(x) = (LY ep) (x) — 20(LE M er) (z) + 22 (L o) ().

Using (7), Lemma 1 and Lemma 2 after a short calculation, we get:

n—1

PEED6e)@) = (0 42) 3 amrimes6) + 67 4 2)7(e) + L ROrs2),
where
n—1 zm
R(n;z) = mzﬁ a(m, m)amﬁ —+ mz>1 B(m, z)bn, W +v(n, )

and
a(m,z) = (m? —3m+2)z? —3(m — )z +1,

B(m,z) = —(2m + 1)z +m?,

’Y(nvx) = an( ad

W((Tﬂ —2n+2)z +1).

But R(n;z)/n tends to 0 for n — oo and according to (8) this completes the proof.

Now, we can state and prove the announced Voronovskaja-type formula.
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THEOREM 3. Let f € Cp[0,00) be twice differentiable at some point x > 0

and assume that f(t) = O(t?) as t — co. If the operators LY are defined by (2)
and a,b are bounded then

(12)
Tim n((L{E f)() — @ e0)@) = TFD (@) (@) + 20/ (2) 7' (@)

Proof. In order to prove this identity we use Taylor’s formula:
k
1) =10 = (5 =a) 1@+ (G =2) (1@ +e(; -2))
where ¢ is bounded and %gr(l) e(t) = 0. Then
a a — wk k
(13) (LD f)(@) — @) (L5 eo) (x) = kzz()cn,km(f(ﬁ) - f(:v))
= (@)L e1)(z) — 2(Lieo)(x)) + %f”(w)(Lﬁf"’) $z,2)(x)

T gc"”“ (1—+$:)n+‘k (Z - ””)25(% -a).

If X is an upper bound for the sequences |a|, |b|, then (2) implies |cp x| <
)\("+,':71). It follows:

5 oarnatl (5 2) e (£ )

where ©,(t) = ¢g2(t)e(t — x). We also used the Voronovskaja’s formula for
Baskakov operators [8], that is li_>m n((Vof)(z) — f(x)) = (@2 +z) f"(x)/2. There-

fore, from (13), Theorem 1 and Theorem 2, we obtain the desired result.

<A lim n(Vptpy 2)(z) =0,

n—oo

lim n
n—oo

In what follows we assume ¢(z) # 0 for every z > 0.

Remark. The right-hand side of (12) can be arranged under the form
(2¢(z))'z(1 + 2) L (¢2(2) f'(z)). Therefore, theorem 3 shows that (L f)(z) —
f(x)(L%a’weo)(x) is of order not better than 1/n if 2L (p?(z)f'(z)) # 0.

In order to prove a global approximation theorem for Lﬁ{l’w in polynomial
weight spaces, we define the weights wy as follows wo(z) = 1, wy(z) = (1 +
zN)~1 x>0, N > 1. Also, we introduce the spaces Cx = {f € C[0,0); wnf
uniformly continuous and bounded on [0,00)} endowed with the norm ||f||xy =
sup,>o wn (z)|f(z)|. Finally, we recall the notations

Apf(z) = f(x+2h) —2f(x+h)+ f(z), wi(f,0)= sup [|AZflIN.
0<h<6
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In the sequel, we consider that a,b are non negative bounded sequences and
we shall denote by K a constant which may be different at each occurrence, it
depends only on a,b and N.

Introducing iy, Mp,r the r-th order moment (r € N) of V,, respectively of

L%a’b), we need the following result due to Becker.

1, r odd

0, r even.
Then, the r-th moment of the Baskakov operators is

LEMMA 3 [6, p. 131]. Let r > 2 and 0, = {

[r/2]

o) = 3 s (Y (22)

where the by, . ; coefficients are positive and bounded with respect to n. Moreover,
tn,r(Z) is a polynomial of degree r.

Now, we can state the following result

LEMMA 4. Let r be integer, 0 <r < N. The quantities m, ™ "(1+zV)"!
are bounded with respect to x (x > 0) and to n (n € N).

Proof. If the sequences a,b are non-negative and A = max{ sup @, sup bk},
then Li”|g| < LYV |g] = Malg|. We easily deduce n>1 k20

(14) Mn,2i S )‘Nn,2i; i 2 0.

If r is odd, according to Cauchy’s inequality, we get

1/2 1/2 1/2 1/2 —O(m%'ﬂ)

(15) M 2ita] < gma 4 < Aty o fhr, i T — 0.

Also, the boundedness with respect to n follows from the coefficients of py, ;
being bounded in n, see Lemma, 3.

LEMMA 5. For f € Cn[0,00) the following inequality

(16) LS fllv < Kl £llw

holds.

Proof. We can write
LN i) = n(s) Y cnarints) (14 (- #) +4)")

< A(Vieo)(@)(1 + 2V +Z( )mw 1N (1 4 2¥) 1 < Koy
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since the sum is bounded in x and in n - see lemma 4. For f € Cy, we have

WN(Z')|(L§LG’b)f |<’lUN Z’wN( ) ( )(wN(z))_lcn,ka,n(!E)

< ||f||NwN(w)L§? " (1/wn;z) < Knllflln

and this implies (16).

LEMMA 6. For g€ C% ={g: g,9',9" € Cn} the inequality
(A7) wn(@)|(L$ g)(x) — g(2) (LM eo) (@)

z+1 z(r +1
< (Y 2l + 2Dy ), 21,020

holds.

Proof. We use the Taylor expansion

t
ot) — 9(z) = (t - 2)g'(z) + / (t — u)g" (u)du

. t

/(t—U)g"(U)dU ||9"”N/ lt_ulﬁ(u)d

Lo 2(L 1

3 llg"|-N(t — ) (er"”V(x))-

where

IN

IN

This implies
(18)  wn (@)|[(L{" g)(x) — g(x) (LY eo) ()|
< (LEMoua D@9l + 39"y (n2(x) + on @D (222;0)).
Taking into account (15), (14), (10) and Lemma 3 we can infer

(LD o) (@) < Mil/2 = 2/ TETD,

and

N
(L 222 @) = mopfa) + 3 (Z-V) Mg 22

wN
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Py, being a polynomial of degree k with all coefficients bounded in n.

Inserting the above relations into (18) we obtain (17).

THEOREM 4. Let f belong to Cn[0,00). If the sequences a,b are non-negative
and bounded then

a:(;r-l—l))‘

(19)  wn@)|(LE (@) = F(2) (L eo)(2)] < Knwi (f, -

Proof. For any h > 0 we introduce the modified Steklov means by

hJ2 ph)2
fh(m):(2/h)2/0 /0 2f (@ + 5+ 1) — (& + 25 + 2t))ds dt.

From above, we get

h/2  ph)2
) fule) = 2/h)? / [ A f@asan,

fa(@) = 2/h) (AL f(2) = A 14 2f (2)), 0 <to < h/2,
#(x) = h7(8A% o f (z) — AL f())

and hence
(20) If = frlly < wi (£, h),
(21) I falln < 4h7'wii (£, h), 77 lln < 9B Wi (£, h).

Clearly, we have:

wn (@)L F)(@) = f@) (L eo) ()] < wn (@) LD (f = fa; )]
+ wn (2)|(Ln fr) () — fr(2)(Lneo)(2)| + wn (@) fn(x) — f(2)||(Lneo) ()]
Below we estimate the terms on the right side separately. Using (16), (20) and (14)

we can write
wn (@)L (f = fri )| < Knwi(f,h)

and
wn (2)|fa(x) = F(@)]|(LE e0) ()| < Ay (£, h)

where A is an upper bound for a and b.
Using (17) and (21) we get

wn (@) [(LE fn) (@) = fu(@) (L e0) (2)]

zz+1)4 z(z+1) 9\ ,
<t ()



162 Agratini

Choosing h =

1
2@ +1) and collecting the above inequalities we obtain (19).

Remark. In particular, if 0 < a < 2 and f € Lipha = {f € Cn[0,00) :

w3 (f,8) = O(8%), § = 07} then the conclusion of the theorem becomes

z(x + 1))0/2.

wn (@)L f)(@) = F(@) (L De) )] < Ky (55
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