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GENERALIZED LINE GRAPHS WITH THE
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ABSTRACT. All connected generalized line graphs whose second largest
eigenvalue does not exceed 1 are characterized. Besides, all minimal gen-
eralized line graphs with second largest eigenvalue greater than 1 are de-
termined.

1. Introduction

In this paper we consider simple graphs with (0,1) adjacency matrix. The
eigenvalues of a graph are denoted by Ay > As > --- > A,,.

The second largest eigenvalue A2(G) of a graph G has attracted much attention
in literature (see, for example, [3] and [6]).

Graphs with A2(G) < 1 have been studied in 1982 by Cvetkovié [2]. It turned
out that some of these graphs are the complements of the graphs whose least
eigenvalue is greater than or equal to —2, while, on the other hand, the complement
of a graph whose least eigenvalue is not less than —2 always has Ay < 1. A
representation of graphs with A2(G) = 1 in the Lorentz space is given in 1983 by
Neumaier and Seidel [8]. Bipartite graphs with A\2(G) < 1 have been characterized
in 1991 by Petrovié [9]. In particular, trees with second largest eigenvalue less than
1 were treated by Neumaier [7]. Line graphs whose second largest eigenvalue does
not exceed 1 have been studied in 1998 by Petrovié¢ and Milekié [10].

The exact characterization of graphs with second largest eigenvalue around 1
still remains an interesting open question in the spectral theory of graphs.

In this paper we explicitely characterize all connected generalized line graphs
with property A2(G) < 1. We prove that a connected generalized line graph G has
this property if and only if G is an induced subgraph of any of 11 graphs displayed
in Fig. 2. We note that one of the mentioned 11 graphs represents in fact a class
of graphs.
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In this paper we also determine all minimal generalized line graphs with the
property A2(G) > 1. There are exactly 21 such graphs (see Fig. 3).

Throughout this paper H C G will denote that H is an induced subgraph of a
graph G.

We now recall to some known classes of graphs.

DEFINITION 1. The cocktail party graph on 2n vertices denoted by CP(n), is
the regular graph on 2n vertices of degree 2n — 2.

DEFINITION 2. A generalized line graph, denoted by L(H;ay, ... ,a,), is con-
structed from a graph H with n vertices vy, ... ,v, and nonnegative integers ay, .. . ,
ay in the following way: it consists of disjoint copies of L(H) and CP(a;) (i =
1,...,n), with additional lines joining a vertex in L(H) with a vertex in CP(a;) if
the vertex in L(H) corresponds to a line in H that has v; as an end point.

Special cases include an ordinary line graph (a; = --- = a, = 0) and the
cocktail party graph CP(m) (n =1 and a; = m).

DEFINITION 3. A generalized cocktail party graph (GCP) is a graph obtained
by deletion of independent edges from the complete graph K,,. Any vertex of degree
n — 1 is said to be of [-type, while the other are said to be of a-type.

D. Cvetkovié¢, M. Doob and S. Simié¢ characterized generalized line graphs by
showing that there are exactly 31 minimal nongeneralized line graphs.
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PROPOSITION 1 ([4] AND [5]). A graph G is a generalized line graph if and
only if it does not contain any of the 31 graphs in Fig. 1 as an induced subgraph.

2. Main results

Let Fi,... ,F11 denote the generalized line graphs displayed in Fig. 2. Here
the line between ‘ CP(r ‘ and | Kgio | denotes the join of graphs CP(r) and
Kgio, ie. all posible edges between the graphs CP(r) and K, o are present.
The graph Fi; is a graph with 2r 4+ 3s + 3t vertices which contains the generalized
cocktail party graph (GCP) with 2r a-type vertices and (s + 2t) I-type vertices as
an induced subgraph (r > 1,s>1,¢ > 1).
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Fig. 2

THEOREM 1. Graphs Fy-Fi; from Fig. 2 have the property Ay (F;) < 1 (i =
1,...,11).

PrOOF. We easily get by computer that Ao (F;) <1 (i =1,...,10).

Let A be the adjacency matrix of the graph Fiq, let A be an eigenvalue of Fi;
distinct from +1,—2 and 0, and let x be an eigenvector of Fj; belonging to the
eigenvalue A. From equality

Ax = Ax
we get that x = (x,... ,z,9,-..,Y,2,...,2,22,... ,22) and all eigenvalues of the
N—— S—— Y—™—™——
2r s+2t 2s t

graph Fi; distinct from £1,—2 and 0 are determined by equation

(1) P(A\) = CoX* + C1 A% + CoA + C3 = 0,
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where

Co=1,
Ci=—2r+s+2t-3),
Cy=—2(r+s+2t),
C3=4(r—1).

For r = 1, in the sequence (Cy, C1, C2,C3) there is exactly one sign change,
and for r > 1 there are exactly two sign changes in this sequence. Since P(0) =
4(r —1) > 0 and P(1) = —3(s + 2t) < 0 we conclude that equation (1) has exactly
one root greater than 1. It follows that A2(F1;) <1. O

In the sequel, we shall determine all connected generalized line graphs G with
the property

(2) (@) < 1.

The property (2) is hereditary because, whenever G satisfies (2) and H C G,
it follows that H also satisfies (2). The hereditary property (2) implies that there
are minimal generalized line graphs that do not satisfy (2); such graphs are called
forbidden subgraphs.

In the set of all generalized line graphs with at most 7 vertices, there are exactly
21 forbidden subgraphs (18 connected and 3 disconnected); see Fig. 3. Exactly 5
of these graphs are not line graphs: Ga, G4, G10, G13 and G1g. We use them in
the proofs of Lemmas 2 and 3. The remaining graphs from the set {Gy,...,Ga1}
are taken from the results in [10].

Now, let £ denote the set of all connected generalized line graphs G such that
G contains as an induced subgraph neither of the graphs G1—G»; in Fig. 3. Clearly,
since the complement of a generalized cocktail party graph G is a graph with the
least eigenvalue —1 (in fact, it is a line graph), its second largest eigenvalue is less
than 1 and it belongs to £. Denote by Ly the set of all other members of £ distinct
from generalized cocktail party graphs.

Let G = L(H; a4, ,a,), where ag = --- = a, = 0. Then G is a line graph
and the following lemma holds.
LEmMA 1 [10]. If G = L(H;ay,... ,a,) € Lo, a1 = --- = a, = 0, then G is

an induced subgraph of some of the graphs F1—Fg and Fy; displayed in Fig. 2.

Now, let G = L(H;aq,... ,a,) € Lo, where V(H) = {v1,... ,0n}, a1 > -+ >
a, and a; > 0.

Denote by Gy generalized cocktail party graph induced by vertices of the graph
CP(a1) and vertices of the graph L(H) which correspond to lines in H that have
v1 as an end point. Let {z1,... ,2,} be the set of all I-type vertices of the graph
Go. Then m > 1 (in the opposite case we would have that G is disconnected graph,
what is a contradiction).
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Denote by T the set V(G) \ V(Go). By Definition 2 we have that the vertices
from T are not adjacent to a-type vertices of Gy. Also, they can be adjacent to at

most two vertices from the set {z1,...,2,} (in the opposite case we would have
H,y C G, what is a contradiction*). Hence we have

ANV A NRVAN
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Fig. 3

T=ToUTLUT,,

where Ty is the set of vertices which are not adjacent to vertices from {z;,... ,2Zn},
T; is the set of vertices which are adjacent to exactly one vertex from {z1,... , %}
and T, is the set of vertices which are adjacent to exactly two vertices from
{z1,... ,Zm}. Also, we have

T :TEIU--'Usz

and
T, = Twlwz u---u Twm—1wm )

where Ty, is the set of vertices from 71 which are adjacent to a vertex z;, and Ty, 4;
is the set of vertices from T5 which are adjacent to vertices z; and z; of the set
{.’L'l, e ,IL'm}.

*To be short, we shall often reduce the mentioned sentence symply by “Ha9 C G”
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LEMMA 2. If G = L(H;a4,... ,a,) € Lo, a1 > -+ > ap and aq = 1, then G is
an induced subgraph of some of the graphs Fy,Fyy and Fy; displayed in Fig. 2.

Proof. In the proof we distinguish the following four cases:

Case A. In this case we have
T=TyUT,,.

Each vertex from the set T,, can be nonadjacent to at most one vertex from
this set (Hay C GV Hag C G). Tt follows that the graph induced by vertices of the
set Ty, is generalized cocktail party graph. Denote by {y1,...,yp} the set of all
[-type vertices of this graph.

The vertices from T, are not adjacent to a-type vertices of generalized cocktail
party graph induced by vertices of T,, (Has C GV Hys C G), and they can be
adjacent to at most two vertices from the set {y1,...,yp} (Hi1 C G). Hence we
have

To=ToUTYUTY,

where 77 is the set of vertices which are not adjacent to vertices from {yi,... ,yp},
T7? is the set of vertices which are adjacent to exactly one vertex from {y1,...,¥p}
and TY is the set of vertices which are adjacent to exactly two vertices from
{y1,..- ,yp}. Also, we have

Y =Ty U---UT,,

and
0 0 0
T2 = Tyly2 U---u Typ—lyp )

where Ty, is the set of vertices from T} which are adjacent to a vertex y;, and T}, v;
is the set of vertices from T3 which are adjacent to vertices y; and y; of the set

{y1,---Yp}

The vertices of the set Tp have the following properties:

(1) 1T =0 (G2 C G);

(2) The set T, does not contain adjacent vertices (G4 C G) and |Tp| < 2
(H26 C G),

(3) |Tl?iyj| <1 (Hyp CGV G4 CG)

(4) The sets Ty, and Ty, are not coexistent (Hig C G V G4 C G). The sets
T@?,-yj and Tz?iyk are not coexistent, too (Hig C G V G4 C G);

(5) The graph which is induced by vertices of the set Tj is the graph without
edges (G2 C G).

By properties (1)—(5) we conclude that the graph G is an induced subgraph of
the graph Fi; in Fig. 2.
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Case B. In this case we have
T=ToUTy UTy, UTg,g, -

The vertices of the set T have the following properties:

(1) To =0 (Gm C GV Hyy C G),

(2) The set Ty, does not contain adjacent vertices (Gi13 C G) and |Ty,| < 2
(Har C G);

(3) |Tav1w2| S 1 (H23 C GVH30 C G),

(4) I T,, # 0 and Ty,4, # 0, then a vertex from the set T, is adjacent to a
vertex from the set Ty, ., (H31 C G);

(5) f T, # 0 and T,, # 0 and if vertices z € T,, and y € T,, are adjacent,
then |Tz1| = |T$2| =1 (H21 C GV Hsy C G) and Ty, 5, = 0 (G18 C G)

In view of properties (1)—(5) we have that the graph G is an induced subgraph
of the graphs Fy or Fyg from Fig. 2.

Case C. The vertices of the set T" have the following properties:

(1) To=0 (Glo C GV Hyy C G),

(2) The set Ty, does not contain adjacent vertices (Gi13 C G) and |Ty,;| < 2
(Haz C G);

(3) [Tysz;] <1 (H2s C GV Hzo C G);

(4) The sets Ty, and T,,,, are not coexistent (G1o C GV Hs; C G);

(5) If |T3| < 1, then the graph which is induced by vertices of the set T' is the
graph without edges (G1o C GV Hay C G);

(6) If |T»| > 1, then the graph which is induced by vertices of the set T' = T
is the complete graph (Hs; C G), and |T3| = 2 (G1s C G).

In view of properties (1)—(6) we have that the graph G is an induced subgraph
of the graphs Fy or Fy; from Fig. 2.

Case D. The vertices of the set T have the properties (1)—(4) from Case C. The
following properties also hold:

(5) The sets Ty,,; and Ty, are not coexistent (Hz; C GV Gio C G);

(6) The graph which is induced by vertices of the set T is the graph without
edges (G10 CGVHy CGV Hy C G)

Now using the mentioned properties we find that the graph G is an induced
subgraph of the graph Fi; displayed in Fig. 2. O

LEMMA 3. If G = L(H;ay,--. ,a,) € Lo, a1 > -+ > a, and ay > 1, then G is
an induced subgraph of the graph Fi, displayed in Fig. 2.

PROOF. The vertices of the set T have the following properties:

(1) To = 0 (G1o C G);

(2) The set Ty, does not contain adjacent vertices (Gi13 C G) and |Ty,| < 2
(Hx C G);

(3) |T:ciwj| <1 (H23 C GV Hsy C G),

(4) The sets Ty, and Ty,,; are not coexistent (Hz; C G V Gio C G). The sets
Ty.z; and Ty 4, are not coexistent, too (H3; C GV Gip C G);
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(5) The graph which is induced by vertices of the set T is the graph without
edges (G10 cGvV G13 C G)

By properties (1)—(5) we conclude that the graph G is an induced subgraph of
the graph Fj; in Fig. 2. O

Thus, collecting the former conclusions from Lemmas 1-3, we arrive to the
following theorem. We note that a generalized cocktail party graph is an induced
subgraph of the graph Fi;.

THEOREM 2. If a connected generalized line graph contains as an induced
subgraph neither of the graphs G1—G»;1 in Fig. 3, then G is an induced subgraph
of some of the graphs F1—Fy; in Fig. 2.

THEOREM 3. A connected generalized line graph G has the property A2 (G) < 1
if and only if G is an induced subgraph of some of the graphs Fy-Fy, in Fig. 2.

PROOF. Assume that G is a connected generalized line graph with the property
A2(G) < 1. Then by the Interlacing theorem (cf. [3, p. 19]) we conclude that G
does not contain any of graphs G1—G2; in Fig. 3 as an induced subgraph. In view
of Theorem 2, G must be an induced subgraph of some of the graphs F1—Fj; in
Fig. 2.

Conversely, let a connected generalized line graph G is an induced subgraph of
any of the graphs F;—F}; in Fig. 2. Because the property (2) is hereditary and the
Theorem 1 holds, we have that A\y(G) < 1. O

In the sequel, we shall determine all minimal generalized line graphs with the
property A2(G) > 1.

THEOREM 4. There are exactly 21 minimal generalized line graphs with the
property Ao(G) > 1. These are the graphs G1—Go; in Fig. 3.

PROOF. By a straightforward verification one can easily prove that graphs G1—
G2 in Fig. 3 are minimal with respect to the property A2(G) > 1. We shall prove
that they are only generalized line graphs which are minimal with respect to this
property.

Let G be an arbitrary connected generalized line graph which is minimal with
respect to the property A\2(G) > 1 and which is distinct from the graphs G1—
G1s. Then G does not contain any of graphs G1—G2; as an induced subgraph. By
Theorem 2 we get that G is an induced subgraph of some of the graphs Fi—Fi,
in Fig. 2. But Theorem 1 and the Interlacing theorem also give A2(G) < 1, which
is a contradiction. Thus, G1;—G1g are the only minimal connected generalized line
graphs with the property A2(G) > 1.

Now assume that G is an arbitrary disconnected generalized line graph which
is minimal with respect to the property A2(G) > 1. Then G has no isolated vertices
and it has exactly two connected components F; and E,, where A\;(E;) > 1 and
M1 (Es) > 1. Hence, we have that graphs F; and Es contain the graph P3 or the
graph K3 as an induced subgraph and PsUP; C Gor PUK3 C Gor KsUK3 C G.
So we get that G19—G2; are the only minimal disconnected generalized line graphs
with the property XA2(G) > 1. O
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