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AN EQUATION WITH LEFT AND RIGHT
FRACTIONAL DERIVATIVES

B. Stankovié

ABSTRACT. We consider an equation with left and right fractional derivatives
and with the boundary condition y(0) = 1im+ y(z) =0,y(b) = lim y(z) =0
x—0 z—b—

in the space £1(0,b) and in the subspace of tempered distributions. The
asymptotic behavior of solutions in the end points 0 and b have been specially
analyzed by using Karamata’s regularly varying functions.

1. Introduction

In the last years differential equations of fractional orders have been used in
many branches of mechanics and physics. Many results have been published with
concrete problems solved in classical spaces of functions and in the spaces of gen-
eralized functions. We cite only some of them, recently published or with a new
approach: [2]-[4], [7], [8], [13], [15], [17], [19], [20], [22], [23] and with Karamata’s
regularly varying functions: [11], [24]. In this paper we treat such an equation with
the boundary condition y(0) = y(b) = 0 in the space £(0,b) and in a subspace
of tempered distributions constructed for this problem. We specially discussed as-
ymptotic behavior of solutions in the end points 0 and b using Karamata’s regularly
varying functions and quasi-asymptotics in the space of tempered distributions.

As far as we are aware the equation treated in this paper has been solved only
in [1] and [18] in some very special cases.

2. Preliminaries

2.1. Regular variation. A positive measurable function f, defined on a
neighborhood (0, ¢) is called regularly varying at zero of index r if f(1/x) is regu-
larly varying at infinity of index —r; we write f € R,. A function f € R, if and
only if f(z) = z"l(x), x € (0,¢), where ¢ is slowly varying at zero (cf. [5], [12]).

We need to measure the behavior of a function not only at the points zero and
infinity but also at a point b € R.
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260 STANKOVIC

DEFINITION 1. A function f such that f(b—t) =
varying at the point b € R4 of index r. (g(t) = t"
(b—1t)"4(b— x), for an € > 0).

g(t) € R is called regularly
£(t), t € (0,¢) and f(t) =

DEFINITION 2. [5, p. 436]. Let I be an interval in R. The class BV, I is
the class of all right-continuous functions f : I — R that are locally of bounded
variation on I, i.e., V(f;J) < oo for each compact set J C I.

DEFINITION 3. [5, p. 104]. Let f € BViy(][0,00)) be positive; f is quasi-
monotone if for some § > 0

x

/ Bldf(1)] = 0@ f(z)), = — o

0

2.2. Fractional integrals and derivatives on the interval (0,b), 0 < b <
o0. Let ¢ € £1(0,b) and « € (0,1). The integrals

00 = o [ e ar,

(@) ) (t—7)t=
0

1 (1)
I,p)(t) = dr,
L)) = 7 [ o e
t
are called fractional integrals of order o (Riemann-Liouville fractional integrals).

The fractional derivatives of order « are defined as:

- L d [ )
(D ‘p)(“‘m_a)%/ - T

(Put)) = Ty 1 / A ar.

For any function ¢ € L£(0,b) we have D* o [% = ¢ and D, o I, = .
This follows from Theorem 2.4, p. 44 in [21] and the connection: (I%p)(b — t) =

(Lap(b —7))().

3. Behavior of fractional integrals at 0 and b

3.1. Elementary access. The asymptotic expansions of the fractional inte-
grals I%p as * — 0 or * — oo are known only in the case the expansions involved
the power, logarithmic and exponential terms (cf. [21]).

In [11] the following is proved.

THEOREM A. Let f : R — R be a continuous and bounded function with
lir%f(z) = f(0) #£0 and let 0 < a« < 1. Then lirrb(IO‘f)()\x)/(Io‘f)(x) = \“.
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We use here the asymptotic behavior not only of I“p, but also of I,¢ and
not only at z = 0 but also at z = b > 0. Also, the Karamata regularly varying
functions contribute to the preciseness of the asymptotic behavior found.

PROPOSITION 1. Let o € (0,1).

1) If g € £LY(0,b), then I,g € L1(0,b).

2) If g € £1(0,b), g € Ry and g(t) = t741(t), t € (0,e), e >0, v+ a > 0, then
[ o),

. g\7™

lim (1,9 /7'1 ”

t—0+

3) If g € L1(0,b), g is reqularly varying at b and g(b —t) = tPls(t), t € (0,¢),
B > =1, where {2(1/t) is slowly varying quasi-monotone at infinity, then (I,g)(t)
is reqularly varying at b,

I(1+p)
Pla+8+1)

PROOF. 1) follows from the property that the set {I,g, o > 0} is a semigroup

(cf. [21], p. 48).
2) Let t € (0,&/2). Then:

(1) t/b(Tf(;)ladT:jJrj(Tf(tT))ladr.

For the first integral, where ¢ is fixed so that g(t) = t7¢;(t) we have:

¥ ; y—n
/ d’T— / T4 (7 \/ T dr
T—t T—tla (r—t)l-«
t

ATt YH+a—n
2) <1 / _dar < v (T =) <€
(r—t)l-« o

(Ing)(b—1t) =t>*P lo(t), te€(0,6/2).

< , 0<t<e/2,
t e

t
where 7 is a positive number such that a +vy—n > 0.

For the second integral in (1) the following properties hold:

(3) ‘(T f(;)la <G _gs(/;))la L e<T<b, te(0,¢/2)
and
(4) m 9090

lim =
t—ot (T —t)l-e  gl-a’
With the properties (3) and (4) we can use Lebesgue’s theorem:
b b

. 9(7) g(7)
1 —_— = .
oo (T —t)t-= dr / Tl-o
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Hence for every € > 0 we have:
b

b
g(T) = g(T) r Y+a—n 0"
/ L / dr + O+, £ — 0t .

T—t)lf l-a
g

Since by (2)

Foha| o
0
we have:
[ ) [ o(r)
g T g T « —_
/(7-_y)1—ad7-_/7-1—ad7-+0(6 ), e -0,
5 0

which proves assertion 2).
3) Let us consider now (I,g)(b —t).

b b
T —7)Ply(b—7
(Lot = o [ or) 1 t/(b Pla=r)

(t—b+t)t- F(a)b

&)
_ ! /“;@ad% te (0,e/2).
0

L) ) (t—ax)!
Hence
1 1 v Bl () 1
T lo\ T
I.g)(b——) = / de, —€(0,e/2
( g)( y> Da) J (1fy —w)ime y €02
Yyt Oouflf(ﬁm)b(l/u) J y~(Bt+a) Oovflf(ﬁJra)gQ(l/vy) J
“tw ) T e [ e
y
It only remains to apply Theorem 4.1.5 in [5] (cf. also [6]), which gives
1 _ I'(1+ ) 1y 1
Lg)(b— =) =y Bt =20y (= - 2
L) (b- ) =v i) <O,
or
I'(1+3)
L) b—t) =t TPy e (0,e/2).
a0 = CE D o), e 0.272)
This proves assertion 3). O

PROPOSITION 2. Let o € (0,1).
1) If h € £1(0,b), then I*h € £1(0,b).
2) If h € £L1(0,b) and h is regularly varying at b, h(b —t) = t741(t), t € (0,¢),
€ >0, then
lim (I*h)(b —t) = (I*h)(D).

t—0+
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3) If h € £1(0,b) and h € Rg, h(t) = tPls(t), t € (0,¢), B> —1, where l5(1/t)

is quasi-monotone reqularly varying, then

_ ta-i—ﬁ F(B + 1)
Tla+pf+1)°

4) If h € £1(0,b) and additionally lirél+ h(t) = A, then
t—

(Ih)(t) = la(t) -

(I°h)(t) = F<aA_|_1)t°‘ +o(1), t — 0.

PROOF. The proof for 1) is the same as the proof for 1) in Proposition 1.
2) We have

b—t b

1060 = 5 | i =t | g
0

t

We denote by g(t) = h(b —t). Then g satisfies condition 2) in Proposition 1.
Therefore

b b
o h(b - _ 1 h(T) 4 (e
lim (I°h)(b — 0/ e dr= F(a)o/(bT)lad = (I°h)(b),

t—0t

which proves 2).
3) Let t € (0,£/2). Then

(IR)(t) = r(la) / R dr.
0

Introducing t = 1/y, we have:

1y 1
(D) Y [0y [
en ) =t / A=y @ O/u—x)wd |

Hence, by Theorem 4.1.5 in [5] and by [6]
1 1 / TG +1) 1
Jr
I“(h)(~) = y ﬁe =y P ().
( )(y) F(a 2 / 1—x)! 4 Na+p+1) Q(y)
0

o ats_LB+1)
(I°h)(t) =t +ﬁmez(t).
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It only remains to prove 4). For t € (0,¢/2), h(t) = A+ r(t), r(t) — 0, t — 0.
Then
A
IO[ _ (6%
)@ TlatD)
t t

- 'F(la) 0/ (tAfS(f_l ar - F(loz) O/ (t—f)l—oé B ‘F(la) 0/ (t_r(:))l_a dr|.

We fix € in such a way that |r(¢)| < 4, t € (0,¢/2), then for any § > 0 thereis e > 0
such that

t 1
I°h)(t) — A < 3(e/2)%, 0<t<e/2.
‘( O~ Al S T2 ¢/
This concludes the proof of Proposition 2. O

REMARK. The quoted Theorem A is a consequence of Proposition 2.4).

3.2. Application of Abel-Tauberian type theorems. We point at the
possibility to use Abel-Tauberian type theorems to find asymptotic behavior of
fractional integrals.

If the function g € £1(0,b), then it can be always extended by a function
g € L£1(0,00), g(z) = g(z), € (0,b). Then the Laplace transform of g exists and
of 1*g, too. Let L denote the Laplace transform; then

(L1°g)(s) = = (£9)(s).

If we suppose: 1) g(t) ~ t741(¢t), t — 0, then by Karamata’s Tauberian theorem
(cf. [5, p. 233))

(Lg)(s) ~ %Kl (é), s — o0 (sreal).
Consequently
) (£1°9)(s) = o (£7)s) ~ 20 (D) 5= oo
If in addition we suppose: 2) for some o € (—1,7) t~7g(t) is bounded on every
[a,00) and g(t)/t7(t) is slowly decreasing, then from (5) if follows that

g(t) ~t7(t), t—0.

Using Tauberian type theorem we introduce an additional Tauberian condition.
However this approach can be useful if we look for conditions on the function f to
make sure the existence of a solution to equation

(I°g)(t) = f(t), te€]0,00).
As it is shown above, if f has it Laplace transform (Lf)(s), s > sop = 0, ¢ can
belong to the class of functions which have g(t) ~ t7¢1(t), t — 0 only if

chHis~T0 g o

gaty+1
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Conversely, if
I(y+1)
(Lf)(s) ~ Wfl(t)
and g satisfies the additional condition 2), then g(t) ~ ¢t7¢1(t), t — 0.
4. Behavior of solutions to equation (D,Dy)(t) = g(t), 0 <t <b

THEOREM 1. Let o € (0,1) and g € £L1(0,b), then the family of functions

(6) Ft) = (I*Lag)(t) + CL(I*(b = 7)*7H)(t) + Cat® ™!, t € (0,b)
satisfies the equation
(7) (DD f)(t) = g(t), t€(0,0),

and belongs to L£(0,b).

If in addition o € (1/2,1) and the function g has the properties:

1) glt) = £41(2), £ € (0,), = >0,

2) g(b—1t) =tPly(t), t € (0,¢), B> —1,
where £2(1/y) is quasi-monotone slowly varying at infinity, then there exists fo(t)
belonging to the family f(t), given by (6) which satisfies boundary condition

(8) fo(0) = fo(b) =0

and with the properties

1) fo(t) € £1(0,0),

b T a—1
2) fo(t) = Bt* +o(1), t — 0%; B = I‘(la -Of fl(*t)l dr + I‘(ba + 1)’
3) lim fo(b—1) = (I"Lg)(b) + W ),
9 folt) = I°Lug)(£) + Co(I(b — 7)™=1)(8), where €y = L 10D®)

(I%(b = r)*=1)(b)

PROOF. By the properties of D, D%, I, and I, we cited in the Preliminaries,
it is easily seen that f € £1(0,b) and:

DaDa(IaIag) = Da(DaIa)Iag =Dolag=9.

It is well known (cf. [21, p. 36]) that (D“h)(t) = 0 if and only if h(t) = Ct*~!
and (Dyh)(t) = 0 if and only if h(t) = C(b — t)*~!. Hence, it follows that the
family f, given by (6) is a solution to (7).

We can take that fo(¢) has the analytical form

fot) = (I°1ag)(t) + C1L(I*(b—7)*71)(t), t € (0,).

We took that Co = 0 in f(¢) because of the boundary condition (8). Since f €
£1(0,b) (cf. Propositions 1 and 2), then fo € £1(0,b), as well. This proves the
property 1) of fy.

With the supposed properties of g, by Proposition 1 we have

t—0+ Tl-a

b
lim (Tng)(t) = ﬁ / 90 4
0
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tOHrﬁ
9 I,g)(b—1t) = —— (), te(0,e/2).
o) L) —1) = gyt 0.5/2)
If we apply Proposition 2 to h = I, g, then we obtain from (9)
« J— ta
(10) (I I"“g)(t)*Air(aJFU +o(l), t—0,
where
b
1 /g(T)
F(a Tl-o
0
and
b ()
. g(u
11 lim (I°I,g)(b— I°I,g)
(1) lim (L) —1) = ("Lo)®) = 75 [ 5= /<u_7>1—a

0 T

With regard to the function (I*(b— 7)®~1)(¢) which appears in fo(t), we have
by Proposition 2:

a—1
(12 (1= 7" = gt +ol) =0
and
13) (I(b—7)>"1) i —1 pPet P pet
(13) (I*(b—7) / b—r2<1 " T(a)2a-1|, T(@)a-1)
0

From (10)—(13) it follows 2) and 3) in Theorem 1. Now it is easy to satisfy the
boundary condition taking that

C1 = (I"Lag)(0)/(I*(b = 7)*71)(b).
The proof of Theorem 1 is complete. O

5. Equation (7) in the subspace of tempered distributions Dj

5.1. Preliminaries. We use the following notation: &’ = §’(R) for the space
of tempered distributions, 8, ={T € &', suppT C [0,0)}.
The following class of distributions {fg; 6 € R}:

[ H@)tPHr(B), 8>0,
(14) fﬁ(t)—{ £ (8), B<0,34+m>0 meN,

belonging to S’ , has an important role in definition of the asymptotic behavior
of distributions; f(™ is the m-th derivative in the distributional sense and H is
Heaviside’s function. By f(=#) for f € S’ we denote fg * f, where x is the sign
for the convolution and § € R. If 8 > 0, (=7 is called the operator of fractional
integral of order 3, but if 3 < 0, f(=P) is operator of fractional derivative of order
—3 (cf. [26, p. 36]).

The class {f3; 8 € R} with the operation convolution form an Abelian group:
fou % Jpo = fo14+82> fo =0 (cf. [26, p. 36]).
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If T € 8 is regular distribution defined by the function f, then we write
T =[f].

To measure the asymptotic behavior in S, we use the quasi-asymptotics.
(cf. [9], [10], [16]).

DEFINITION 4. Let f € S/ and ¢(z), = € (0,a), a > 0, be a measurable positive
function. It is said that f has the quasi-asymptotics at 07 related to c¢(1/k) if there
isagedS!, g#0such that

i (40 0@) = (o @), €S,

We write for short f < g at 0% related to ¢(1/k).

It has been proved (cf. [9], [16]) that c(x) = 2P4(x), x € (0,¢), e >0, BER, ¢
is slowly varying at zero and g = C'fg4;.

Let f(b—x) denote the distribution which is obtained after exchange of variables
infeS&. If

. b—x/k
: <(1f/(/g)ﬂg({/1)€)v‘?($)>=<9($),<p(w)>, BER, ¢S,

k—oo

we say that f has quasi-asymptotics at b related to (1/k)?¢(1/k) and write for short
f(b—1t) < g at brelated to (1/k)%4(1/k).

The quasi-asymptotics at b describes the distribution f in a neighborhood of
the point b.

If3=0,¢=1 and:

a) f(b—1t) L C < oo, C >0, at b we say that the distribution f has C as its
value at the point b. In this sense we write f(b) = C;

b) feS,, f(t) L C <00, C>0,at 0F, we write f(0) = C (cf. [14]).

The quasi-asymptotics at 07 is a local property.

LEMMA 1. Let f € S,. Then f & Cfoy1 at 0% related to c(1/k) = (1/k)*4(1/k)
if and only if there exists v € R such that fy * f L Cfatrt1 at 07 related to

(1/k)7e(1/k).

For the proof cf. [9], [26]. For the applications of the quasi-asymptotics it is
important to know:

LEMMA 2. Let f € S’ be regular distribution defined by the function f(x) which
is locally integrable on [0,0), 0 < b, B > —1.

1) If f(t) ~ CtPL(t), t — 0, then f < Ct? at 0 related to t°4(t).

2) If f(t) L CtP at 0T related to (1/k)PL(1/k) and t™ f(t) is monotone for
some m € N on (0,¢), e >0, then f(t) ~tPL(t), t — 0.

For the proof cf. [9].
We need a special space of generalized functions and we are going to construct
it. Let A be the subspace of S, :

A={T e S8; suppT C [b,0)}.
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In S we define the following equivalence relation: f ~ g < f—g € A. Let B
denote the quotient space B = S, /A. An element of B is a class defined by a
TeS,.

DEFINITION 5. By D; we denote the space:
D, ={T, € D'([0,b)); 3T €S, T|(—oo,p) = Tp}-
(T'|(~o0,p) is the restriction of 7' on (—o00,b)).
LEMMA 3. Dj is algebraically isomorphic to B.

PROOF. Let T, € Dj; then there exists T' € S’y such that T|_ ) = Tp.
The distribution T" defines the class ¢/(T) € B. Then to T, € D, it corresponds
cl(T) € B. Conversely, to the class c¢/(T) € B there corresponds T, = T'|(_ oo p),
Ty € Dj. Both correspondences are unique. O

In Dj we can define convolution. Let T, and S belong to Dy and let ¢/(T") and
cl(S) be the elements from B corresponding to T and S respectively. Then by
definition

Ty # Sy = (T'% 5)|(—o0,0) »
where T' € ¢f(T) and S € ¢(5). It is easily seen that this convolution does not
depend on the elements we choose from ¢f(T') and cf(S). Let Ty = Ty, + Ay € ¢(T)
and Ty = T+ Ag € cl(T). Also, let S; = Sp+As € ¢€(S) and Sy = Sp+ Ay € £(S),
Ay, As, Az and Ay belong to A. Then
Ty xS, —ToxSo =Ty %S1 —T1 xSy +T1 %Sy —To x5y

:Tl*(Sl _SQ)+(T1 —Tg)*SQ

:Tl*(A37A4)+(A17A2)*SQ €A,
by the properties of convolution in S’ . Hence, (T1 * S1)|(—o0,p) = (T2 * S2)|(—00,b)-

We introduce another operator denoted by Q.

DEFINITION 6. Let T}, € Dj such that there exists T3 (b) or Ty, is regular distri-
bution Ty, = [f], f € £1(0,b). Then QTy(t) = Ty(b —t) (Tp(b — t) is obtained by
change of variable in T3).

Now we can extend the operators D? and Dg into Dy, 3> 0.

DEFINITION 7. Let T}, € Dj for which there exists T3(b) or Ty, = [f], f €
£1(0,b). Then

(15) DTy = (fp * T)l(ooys >0,
where ¢f(T') € B and T corresponds to Ty;
(16) DgTy = Q(f-p * QTy)|(-c0p)), B> 0.

REMARK. If T} = [f], and if DPf and Dgf exist, then DT}, = DP[f] = [D?f]
and DgTy, = Dg[f] = [Dpf], which means that with Definition 7 we extended the
operators D” and Dg on Dj.

By Lemma 2 it is easy to obtain the quasi-asymptotic behavior of DATy, if we
know the quasi-asymptotic behavior of Tj. The same is with the fractional integral.
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Also we can use Abel-Tauberian-type theorems in the space ', (cf. [26, p. 132])
or in the space of Modified Fourier Hyperfunctions (cf. [25]) to find the quasi-

asymptotic behavior of f if we know the quasi-asymptotic behavior of f(=#) for
G >0and 3 <0.

5.2. The solution to equation (7) in D, with the initial condition
£(0) = 0. To equation (7) there corresponds in Dj; the following equation (cf. (15)
and (16)):

(17) Q(ffoz * Q((f*a * f)|(—oo,b)))|(—oo,b) =9, gE¢€ Dl/) and Ce(f) €B.
If for g € Dj, there exists G € S, G|(_oop) = g such that there is G(b), then
g9(b) = G(b).

THEOREM 2. Suppose: 1) g € Dj, 2) there exists g(b), and 3) 0 < o < 1. The
general solution to equation (17) in Dj is the restriction of f on (—o0,b), where

(18) f=fa*x(Q(fa * (Q9)(—00,p)) + Crfa * (Qfa) + C2fa -

If:

1) Q(fa * (Qg)) L Cfai1 at 0 related to (1/k)P0(1/k),

2) B+a>0,Cy=0 and vy =min(8 + a, a),
then f has the quasi-asymptotics at zero related to (1/k)V¢(1/k) and f(0) = 0. (For
the meaning of f(0) see 5.1).

3) If in addition % < a < 1 and the first summand in the sum which defines f
has its value in b, then Cy can be found in such a way that f(b) = 0.

PROOF. Since {fg, § € R} form an Abelian group with ¢ as the unit element,
it is easy to construct a solution to (17) applying one after the other the inverse
operators to those appearing in (17). In such a way we find as a solution to (17):

(19) fi = (fo*x (Q(fa * (Q9)) (—00,0)))|(—00.b) -
To find a solution fa of the homogeneous part of (17) we start with
(20) Q((f—oz * f2)|(—oo,b)) =0, or (f—or * f2)|(—oo,b) =0

which is equivalent to

(fima * £2)P(—oory = 0, 0 fioa * fal(~oop) = Ca.
This gives the solution fy to the homogeneous part of (17):

(21) fo = fa—1 % Ca|(—oop) = Cofal(—co,p) -
But if for fs:
(ffa * Q(ffa * f3)|(—m,b))|(—M,b) =0,
then by (20) f_o * f3|(—00,p) = C1Qfal(—o0,p) and f3 is the restriction on (—oo,b)
of the distribution:
(22)

C1 Qo = Cufor | HO-0) 1) L5 | = &1 | B s [ =]
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f3 is another solution to the homogeneous part of (17).

The general solution f to (17) is f = f1+ fo+ f3, where f1, fo and f3 are given
by (19), (20) and (22) respectively.

It remains to prove that f satisfies the boundary conditions f(0) = f(b) = 0.

The first summand f; in the sum which determined f, because of Lemma 1 and
suppositions 1) and 2), has the quasi-asymptotics at zero related to (1/k)*T4¢(1/k).

Since Qfo = [H(z)H (b — z)fa(b — )], then (Qfa)(0) = fa(b). By Lemma 1,
the second summand f3 of the mentioned sum has the quasi-asymptotics at zero
related to (1/k)®. Now, it is easily seen that f has the quasi-asymptotics at zero
related to (1/k)7¢(1/k) and consequently f(0) =

We have only to prove that f(b) = 0. Let us consider first the summand f5 in
the sum which defines f. It is easily seen that

b—t

Qo+ QDo) = [HHO ) [ T 0r].
0

Since
bt b a—1 pRo—1
lim (b—7)

U dr=——— S <a<l,
t—ot+ J (b—t—T1)l7 TT -1 2°°¢
0

2a—1
there exists (fo * Qfa)(b) = M'

in such a way that f(b) = 0. This completes the proof of Theorem 2. O

Now by supposition 3) we can find Cy

EXAMPLE. Let g(z) = d(xz — h), 0 < h < b. Then by the property of J-
distribution: §(—xz) = d(x) we have (Qé(z — h)) = 6(b—x — h) = d(z — (b — h))
and

fox(Qo(x = h)) = foxd(x = (b—h)) = fa(z — (b—h)).
Hence
(fo* (Qo(z = h)))|(~cop) = [H(b—z)H(z — (b— h)) fa(z — (b= h))],
Q(fa * (Qd(z = h)))|(—cop) = [H(@)H(b — 2 — (b—h))fa(b—z — (b— h))]
= [H(z)H(h — z)fa(h — z)].

fa ¥ (Qfa  (Q5(x = h)))|(—c0p) = fo x H(z)H(h — ) fa(h — )

x H(h —t)e-t
2 dt.
(23) a/ a:—tlo‘

b—
b—

Hence, f; is the regular distribution defined by the function (23).
For f3 we have

% _ f\a—1
) CifurQF = Cufarw HWHO - 2)fulo-2) = gt [ =00
0
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Consequently, f3 is also the regular distribution defined by the function (24). By
(23) and (24) f is the regular distribution defined by the function

x

(x —t)t—= (x —t)l—«

T Y _ _ fa—1 T _ pa—1
PO UL Sl fET
0

first

(@ J

To find the asymptotic behavior of such an f at the end points, we analyze

z/k z/k

/Mdt:kl_a/wdt:k_ajwmwdu

x/k —t)l-o x — kt)l-o (x —u)lt—

xO{
— kT .k — .
a

This says that

ba—l
T(a)T(a+1)

Since the quasi-asymptotics is a local property, we have that

f /gJ bafl
YT T(@)T (a4 1)

f3 20 at 0 related to (1/k)“.

fa+1 at zero related to (1/k)“.

Consequently,

i
2
3
[4
5
©
[7

8

]
]
]
]
]
]
]
]

f '_(L a—1
IMNa)'(a+1)
Finally f(b) satisfies the condition f(b) = 0 if C is defined by

h
(h —t)o1 pra-t
/7( t) dt +C{——=0.
0

(14 C1)fat1 at O related to (1/k)°.

b—t)l-o (2a—1)
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