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�®â æ¨ï. �¤¨¬ ¨§ ¢®§¬®¦ëå ®¡®¡é¥¨© ¯à ¢¨«ì® ¬¥ïîé¨åáï
äãªæ¨©   ¬®£®¬¥àë© á«ãç © ï¢«ïîâáï ¤®¯ãáâ¨¬ë¥ äãªæ¨¨ ¤«ï ª®-
ãá . �®¯ãáâ¨¬ë¥ äãªæ¨¨ ¤«ï ¯à®¨§¢®«ì®£® § ¬ªãâ®£® ¢ë¯ãª«®£® ®á-
âà®£® â¥«¥á®£® n-¬¥à®£® ª®ãá  ¡ë«¨ ¢¢¥¤¥ë �. �. �à®¦¦¨®¢ë¬ ¨
�. �. � ¢ìï«®¢ë¬ ¢ 1984 £®¤ã ¢ á¢ï§¨ á ¯à¨«®¦¥¨ï¬¨ ¢ â ã¡¥à®¢®© â¥®à¨¨
¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥. �  áâ®ïé¥© áâ âì¥ ¯à¨¢®¤ïâáï ®¯à¥¤¥«¥¨ï ¨
¯à¨¬¥àë ¥ª®â®àëå ª« áá®¢ ¤®¯ãáâ¨¬ëå äãªæ¨© ª®ãá ,   â ª¦¥ ¬®£®-
¬¥àë¥ â ã¡¥à®¢ë â¥®à¥¬ë ¤«ï ¨å. � ª ç¥áâ¢¥ ¯à¨«®¦¥¨ï ¢ ª®æ¥ áâ -
âì¨ ¤    á¨¬¯â®â¨ª    ¡¥áª®¥ç®áâ¨ ¡¥§£à ¨ç® ¤¥«¨¬ëå à á¯à¥¤¥«¥-
¨© á ®á¨â¥«¥¬ ¢ ¯à®¨§¢®«ì®¬ § ¬ªãâ®¬ ¢ë¯ãª«®¬ ®áâà®¬ â¥«¥á®¬
®¤®à®¤®¬ ª®ãá¥ ¨§ Rn.

1. �¢¥¤¥¨¥
� ª å®à®è® ¨§¢¥áâ®, ¯à ¢¨«ì® ¬¥ïîé¨¥áï äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©

¢¢ñ« ¢ 1930 £®¤ã � à ¬ â  [18] ¨ ¤®ª § « ¤«ï ¨å â ã¡¥à®¢ë â¥®à¥¬ë [19, 20,
21]. �¡®¡é¥¨ï¬ ¯à ¢¨«ì® ¬¥ïîé¨åáï äãªæ¨©   ¬®£®¬¥àë© á«ãç ©
¯®á¢ïé¥ë à ¡®âë � ©è áª®£® ¨ � à ¬ âë [4], �à®¦¦¨®¢  ¨ � ¢ìï«®¢ 
[8]{[13], �à¨¢ã¤  ¨ �¥§¨ª  [14], ¤¥ �    [15], ¤¥ �   , �¬¥ï ¨ �¥§¨ª 
[17, 16], �«î¯¯¥«ì¡¥à£, �¨ª®è  ¨ �¥àä [22], �®§«®¢  [23], �¥¥àè ¥àâ  [30,
31, 32], �¥¥àè ¥àâ  ¨ �¥ää«¥à  [33], �®«ç ®¢  [34], � £ ¥¢  ¨ � ¨£à ¥¢ 
[35, 36], �¬¥ï [38], �áâà®£®àáª¨ [39, 40, 41, 42], �¥§¨ª  [43, 44, 45, 46],
�¢ ç¥¢®© [47], �â ¬  [50],  ¢â®à  [52, 57, 59].

� ¯à¨¬¥à, � ©è áª¨ ¨ � à ¬ â  [4], à áá¬ âà¨¢ «¨ ¥¯à¥àë¢ë¥ äãª-
æ¨¨ f : G → R+, £¤¥ G − ¯à®¨§¢®«ì ï â®¯®«®£¨ç¥áª ï £àã¯¯ ,   ª®â®à®©
§ ¤  ä¨«ìâà U ®âªàëâëå ¢ë¯ãª«ëå ¬®¦¥áâ¢ ¨§ G á® áçñâë¬ ¡ §¨á®¬. �à¨

2000 Mathematics Subject Classi�cation: Primary 40E05, 60E07.
�«îç¥¢ë¥ á«®¢  ¨ äà §ë: ¯à ¢¨«ì® ¬¥ïîé¨¥áï äãªæ¨¨ ¢¤®«ì á¥¬¥©áâ¢  ®¯¥à â®-

à®¢, ¢¯®«¥ ¤®¯ãáâ¨¬ë¥ äãªæ¨¨ ¤«ï á¥¬¥©áâ¢  ®¯¥à â®à®¢, ¤®¯ãáâ¨¬ë¥ äãªæ¨¨ ¤«ï ª®ã-
á , ¡¥§£à ¨ç® ¤¥«¨¬ë¥ à á¯à¥¤¥«¥¨ï, á¯¥ªâà «ì ï ¬¥à  �¥¢¨.

� ¡®â   ¯¨á   ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨á-
á«¥¤®¢ ¨© (£à âë 05-01-00583 ¨ 06-01-00263) ¨ £à â  ¯à¥§¨¤¥â  �� ¯® ¯®¤¤¥à¦ª¥ ¢¥¤-
ãé¨å  ãçëå èª®« ��-4129.2006.1.
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íâ®¬ ä¨«ìâà U áç¨â ¥âáï G-¨¢ à¨ âë¬, â® ¥áâì, ¤«ï ¯à®¨§¢®«ì®£® ¬®¦¥á-
â¢  U ∈ U ¨ ¯à®¨§¢®«ì®£® í«¥¬¥â  h ∈ U , Uh ∈ U ¨ hU ∈ U. �®£« á® [4],
äãªæ¨ï f  §ë¢ ¥âáï ¯à ¢¨«ì® ¬¥ïîé¥©áï ¯® ®â®è¥¨î ª ä¨«ìâàã U,
¥á«¨ ¤«ï ª ¦¤®£® h ∈ G áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
g→∞

f(gh)
f(g)

= ϕ(h),

£¤¥ g → ∞ ®¡®§ ç ¥â áå®¤¨¬®áâì ¯® ®â®è¥¨î ª ¤ ®¬ã ä¨«ìâàã. � [4]
¡ë«  ¤®ª §   â ª¦¥ â¥®à¥¬  ® à ¢®¬¥à®© áå®¤¨¬®áâ¨.

�áá«¥¤®¢ ¨ï � ©è áª®£® ¨ � à ¬ âë [4] ¯à®¤®«¦¨«  �áâà®£®àáª¨ ¢
à ¡®â å [39, 40, 41, 42]. � ª ç¥áâ¢¥ £àã¯¯ë G ®  à áá¬ âà¨¢ «  à §«¨çë¥
ª®ãáë ¢ Rn: £¨¯¥à®ªâ â, á¢¥â®¢®© ª®ãá ¡ã¤ãé¥£®, ¯à®¨§¢®«ìë¥ ®¤®à®¤ë¥
ª®ãáë, ¨ ¯®«ãç¨«  ¢ íâ®¬  ¯à ¢«¥¨¨ àï¤ ®¢ëå à¥§ã«ìâ â®¢.

�¬¥© [38] ¨§ãç « ¨§¬¥à¨¬ë¥ äãªæ¨¨ f : R2
+ → R+ â ª¨¥, çâ® ¤«ï

¥ª®â®àëå ¢á¯®¬®£ â¥«ìëå äãªæ¨© r, s : R+ → R+, r(t) → ∞, s(t) → ∞
(t →∞) ¨ ¥ª®â®à®© ¯®«®¦¨â¥«ì®© äãªæ¨¨ λ(x, y) ¨ ¢á¥å x, y > 0 áãé¥áâ¢-
ã¥â

lim
t→∞

f(r(t)x, s(t)y)
f(r(t), s(t))

= λ(x, y).

�¥¥àè ¥àâ [30, 31] ¨áá«¥¤®¢ « äãªæ¨¨ f(t) ®¤®© ¯¥à¥¬¥®© t, § ç¥¨-
ï¬¨ ª®â®àëå ï¢«ïîâáï ¥¢ëà®¦¤¥ë¥ «¨¥©ë¥ ®¯¥à â®àë ¨§ Rk ¨ à á¯à®á-
âà ¨« ¯®ïâ¨¥ ¯à ¢¨«ì® ¬¥ïîé¨åáï äãªæ¨©   íâ®â á«ãç ©.

�®«ç ®¢ ¢ [34] ¢¢ñ« ¨ ¨§ãç¨« ¯à ¢¨«ì® ¬¥ïîé¨¥áï äãªæ¨¨ f(x),
®¯à¥¤¥«ñë¥ ¢ ¥ª®â®à®¬ m-¬¥à®¬ ª®ãá¥, § ç¥¨ï¬¨ ª®â®àëå ï¢«ïîâáï
§ ¬ªãâë¥ (ª®¬¯ ªâë¥) ¬®¦¥áâ¢  ¨§ Rd.

�®£« á® �¥§¨ªã [43], á«ãç ©ë© ¢¥ªâ®à X á® § ç¥¨ï¬¨ ¢ Rn  §ë¢ ¥â-
áï ¯à ¢¨«ì® ¬¥ïîé¨¬áï   ¡¥áª®¥ç®áâ¨ á ¯®ª § â¥«¥¬ α > 0 ¨ á¯¥ªâà «-
ìë¬ (¢¥à®ïâ®áâë¬) à á¯à¥¤¥«¥¨¥¬ Ps   ¥¤¨¨ç®© áä¥à¥ Sn−1 ⊂ Rn,
¥á«¨ áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ìë¥ ç¨á«  c ¨ σk (k ∈ N) â ª¨¥, çâ® ¯à¨ k →∞

kP{σ−1
k X ∈ A(r,B)} → cr−αPs(B)

¤«ï ¢á¥å ¬®¦¥áâ¢ B ⊂ Sn−1 ¥¯à¥àë¢®áâ¨ ¯à¥¤¥«ì®© ¬¥àë Ps ¨ r > 0,
£¤¥ A(r,B) = {x : x ∈ Rn, |x| > r, x/|x| ∈ B}. � à ¡®â¥ [5] � áà ª, �í¢¨á
¨ �¨ª®è ¯®ª § «¨, çâ®, ¥á«¨ á«ãç ©ë© ¢¥ªâ®à X ¯à ¢¨«ì® ¬¥ï¥âáï  
¡¥áª®¥ç®áâ¨ á ¯®ª § â¥«¥¬ α > 0, â® ¤«ï ¯à®¨§¢®«ì®£® x ∈ Rn ¨ ¥ª®â®à®©
¬¥¤«¥® ¬¥ïîé¥©áï   ¡¥áª®¥ç®áâ¨ äãªæ¨¨ L(t) áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
t→∞

P{(x,X) > t}
t−αL(t)

= ω(x),

¯à¨çñ¬ áãé¥áâ¢ã¥â x0 6= 0, ¤«ï ª®â®à®£® ω(x0) > 0. �®ª § ® â ª¦¥, çâ® ¤«ï
¥æ¥«ëå α > 0 á¯à ¢¥¤«¨¢® á®®â¢¥âáâ¢ãîé¥¥ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥, ¯à¨çñ¬
¯à¥¤¥«ì ï ¬¥à  Ps ®¯à¥¤¥«ï¥âáï ®¤®§ ç® ¯® äãªæ¨¨ ω(x). �«ï á«ãç ï
α = 2 ¯à¨¢¥¤ñ ª®âà¯à¨¬¥à.
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� áâ âì¥ [52]  ¢â®à ¨áá«¥¤ã¥â ¯®«®¦¨â¥«ìë¥ ¨§¬¥à¨¬ë¥ äãªæ¨¨ f(x),
®¯à¥¤¥«ñë¥ ¢ ª®ãá¥ Γ ⊆ Rn â ª¨¥, çâ® ¤«ï ¢á¥å x ∈ Γr {0} ¯à¨ xt → x

(1),
f(txt)
f(te)

→ ϕ(x) ∈ (0,∞) (t →∞)

£¤¥ t − ¯®«®¦¨â¥«ì ï ¯¥à¥¬¥ ï,   e − § à ¥¥ ä¨ªá¨à®¢ ë© ¢¥ªâ®à ¨§
Γr{0}. �®¢®ªã¯®áâì â ª¨å äãªæ¨© f(x) ®¡®§ ç ¥âáï ç¥à¥§ Π2(Γ) (Π2(Γ) ¥
§ ¢¨á¨â ®â ¢¥ªâ®à  e ∈ Γ r {0}). �â®â,   â ª¦¥ àï¤ ¤àã£¨å ª« áá®¢ äãªæ¨©
à áá¬®âà¥ë ¢ ¥¤ ¢® ¢ëè¥¤è¥© ª¨£¥  ¢â®à  [57] ( £«¨©áª¨© ¢ à¨ â [59]).

�ãáâì ¥®âà¨æ â¥«ì ï äãªæ¨ï λ(x) ¥¯à¥àë¢    ¥¤¨¨ç®© áä¥à¥
Sn−1 ⊂ Rn. � à ¡®â¥ [36] � £ ¥¢ ¨ � ¨£à ¥¢  §ë¢ îâ äãªæ¨î f(x), x ∈ Rn,
(β, λ)-¯à ¢¨«ì® ¬¥ïîé¥©áï, ¥á«¨ ¯à¨ |x| → ∞

sup
ex∈Eλ

∣∣∣∣
f(x)

rβ(|x|) − λ(ex)
∣∣∣∣ = o(1),

£¤¥ ex = x/|x|, rβ(t) ¯à ¢¨«ì® ¬¥ï¥âáï ¯à¨ t → ∞ á ¯®ª § â¥«¥¬ β,   Eλ =
{a ∈ Sn−1 : λ(a) > 0}. �â® ®¯à¥¤¥«¥¨¥ ¡«¨§ª® ª ®¯à¥¤¥«¥¨î â®«ìª® çâ®
ã¯®¬ïãâ®£® ª« áá  Π2(Γ), £¤¥ Γ = {x ∈ Rn, x = ta, a ∈ Eλ, t > 0}. � ª,
¥á«¨ ¬®¦¥áâ¢® Eλ § ¬ªãâ®, â® ¬®¦¥áâ¢® ¢á¥å ¨§¬¥à¨¬ëå (β, λ)-¯à ¢¨«ì®
¬¥ïîé¨åáï äãªæ¨© á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬ äãªæ¨© ¨§ R2(Γ), ¤«ï ª®â®àëå
¯à¥¤¥«ì ï ¢ á®®â®è¥¨¨ (1) ®¤®à®¤ ï äãªæ¨ï ϕ(x) ¨¬¥¥â ¢¨¤ ϕ(x) =
c|x|βλ(x/|x|), x ∈ Γ, £¤¥ c − ¯à®¨§¢®«ì ï ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï (á¬.
â¥®à¥¬ë 1 ¨ 2 ¨§ [52]).

�  áâ®ïé¥© áâ âì¥ à áá¬ âà¨¢ ¥âáï ¥éñ ®¤® ¢®§¬®¦®¥ ¬®£®¬¥à®¥
®¡®¡é¥¨¥ ¯à ¢¨«ì® ¬¥ïîé¨åáï äãªæ¨© − â ª  §ë¢ ¥¬ë¥ ¤®¯ãáâ¨¬ë¥
äãªæ¨¨ ¤«ï ¯à®¨§¢®«ì®£® § ¬ªãâ®£® ¢ë¯ãª«®£® ®áâà®£® â¥«¥á®£® n-¬¥à-
®£® ª®ãá . �¨ ¡ë«¨ ¢¢¥¤¥ë �à®¦¦¨®¢ë¬ ¨ � ¢ìï«®¢ë¬ ¢ 1984 £®¤ã [8]
¢ á¢ï§¨ á ¯à¨«®¦¥¨ï¬¨ ¢ â ã¡¥à®¢®© â¥®à¨¨ ¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥. �
à §¤¥«¥ 2 ¯à¨¢®¤ïâáï ®¯à¥¤¥«¥¨ï ¨ ¯à¨¬¥àë ¥ª®â®àëå ª« áá®¢ ¤®¯ãáâ¨¬ëå
äãªæ¨© ª®ãá ,   â ª¦¥ ¬®£®¬¥àë¥ â ã¡¥à®¢ë â¥®à¥¬ë ¤«ï ¨å. � ª ç¥á-
â¢¥ ¯à¨«®¦¥¨ï ¢ ª®æ¥ áâ âì¨ (à §¤¥« 3, â¥®à¥¬  4) ¤    á¨¬¯â®â¨ª   
¡¥áª®¥ç®áâ¨ ¡¥§£à ¨ç® ¤¥«¨¬ëå à á¯à¥¤¥«¥¨© á ®á¨â¥«¥¬ ¢ ¯à®¨§¢®«ì-
®¬ § ¬ªãâ®¬ ¢ë¯ãª«®¬ ®áâà®¬ â¥«¥á®¬ ®¤®à®¤®¬ ª®ãá¥ ¨§ Rn. �¥®à¥¬ 
4 ¯à®¤®«¦ ¥â ¨áá«¥¤®¢ ¨ï  á¨¬¯â®â¨ª¨ ¬®£®¬¥àëå ¡¥§£à ¨ç® ¤¥«¨¬-
ëå à á¯à¥¤¥«¥¨©, ¯à®¢®¤¨¢è¨åáï à ¥¥ ¢ à ¡®â å �àã£«®¢  ¨ ¥£® ãç¥¨ª 
�â®®¢  [1]{[3], [24]{[29], �£¨¡¥¢  [49], �« ®¢áª®£® [51], �¬¥ï [37] ¨  ¢â®à 
[58]. �â¬¥â¨¬, çâ® ¯à®¡«¥¬¥ ¨§ãç¥¨ï  á¨¬¯â®â¨ª¨ ¡¥§£à ¨ç® ¤¥«¨¬ëå à á-
¯à¥¤¥«¥¨©   ¡¥áª®¥ç®áâ¨ ¯®á¢ïé¥® ¡®«ìè®¥ ç¨á«® à ¡®â (®á®¡¥® ¢ ®¤®-
¬¥à®¬ á«ãç ¥). �ï¤ ááë«®ª ¨¬¥¥âáï ¢ áâ âì¥ �àã£«®¢  ¨ �â®®¢  [2],  
â ª¦¥ ¢ áâ âì¥ �£¨¡¥¢  [49]. �¥ª®â®àë¥ ¢®¯à®áë  á¨¬¯â®â¨ª¨ ¬®£®¬¥àëå
¡¥§£ ¨ç® ¤¥«¨¬ëå à á¯à¥¤¥«¥¨©   ¡¥áª®¥ç®áâ¨ § âà®ãâë ¢ ª¨£¥ �¥-
�â¨ � â® 1999 £®¤  [48].
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2. �®£®¬¥àë¥ â ã¡¥à®¢ë â¥®à¥¬ë
�ãáâì Γ − § ¬ªãâë© ¢ë¯ãª«ë© ®áâàë© â¥«¥áë© ª®ãá ¢ Rn á ¢¥àè¨®©

¢ ã«¥, â®-¥áâì, § ¬ªãâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ Rn, â ª®¥, çâ® ¤«ï ¢á¥å x ∈ Γ
¨ t > 0 tx ∈ Γ, ¯à¨çñ¬ int Γ 6= ∅ ¨ int Γ∗ 6= ∅, £¤¥

Γ∗ = {y : y ∈ Rn, (y, x) > 0 ∀x ∈ Γ}.
�à¨ íâ®¬ á®¯àï¦ñë© ª®ãá â®¦¥ ¡ã¤¥â ï¢«ïâìáï § ¬ªãâë¬ ¢ë¯ãª«ë¬ ®á-
âàë¬ â¥«¥áë¬. �®«¥¥ ¯®¤à®¡ãî ¨ä®à¬ æ¨î ® ª®ãá å ¬®¦® ¯®ç¥à¯ãâì
¢ ª¨£¥ �« ¤¨¬¨à®¢ , �à®¦¦¨®¢  ¨ � ¢ìï«®¢  [7]. �®«®¦¨¬ G = int Γ, C =
int Γ∗.

�ãáâì § ¤ ® ¯à®¨§¢®«ì®¥ á¥¬¥©áâ¢® U = {Uk, k ∈ I ⊆ [0,∞)} «¨¥©ëå
®¯¥à â®à®¢ ¢ Rn, ª®â®àë¥ ®áâ ¢«ïîâ ª®ãá Γ ¨¢ à¨ âë¬:
(2) UkΓ = Γ ∀k ∈ I, Jk = det Uk.

�ë ¡ã¤¥¬ áç¨â âì, çâ® ¬®¦¥áâ¢® I ¨¬¥¥â ∞ á¢®¥© ¯à¥¤¥«ì®© â®çª®©. �¯¥-
à â®à Vk = (U∗

k )−1 ®áâ ¢«ï¥â á®¯àï¦ñë© ª®ãá Γ∗ ¨¢ à¨ âë¬. �«ï ¯à®-
¨§¢®«ì®£® ®¯¥à â®à  Uk ¬ë ¨¬¥¥¬ ç¨á« 
(3) Λ(k) = sup

|e|=1

|Uke|, λ(k) = inf
|e|=1

|Uke|.

�¯¥à â®àã Vk ¡ã¤ãâ á®®â¢¥âáâ¢®¢ âì ç¨á« :
1

λ(k)
= sup
|e|=1

|Vke|, 1
Λ(k)

= inf
|e|=1

|Vke|.

�¯à¥¤¥«¥¨¥ 1. �ë ¡ã¤¥¬ £®¢®à¨âì, çâ® á¥¬¥©áâ¢® Uk, k ∈ I ï¢«ï¥âáï
á¥¬¥©áâ¢®¬: ¯¥à¢®£® â¨¯ , ¥á«¨ Λ(k) → ∞ ¨ λ(k) → ∞ ¯à¨ k → ∞, k ∈ I;
¢â®à®£® â¨¯ , ¥á«¨ áãé¥áâ¢ã¥â b > 0 â ª®¥, çâ® Λ(k) →∞ ¯à¨ k →∞, k ∈ I ¨
λ(k) > b > 0 (k ∈ I); âà¥âì¥£® â¨¯ , ¥á«¨ Λ(k) →∞ ¯à¨ k →∞, k ∈ I.

�¯à¥¤¥«¥¨¥ 2. �ë ¡ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f(x), ®¯à¥¤¥«ñ ï,
¯®«®¦¨â¥«ì ï ¨ ¨§¬¥à¨¬ ï ¢ G, ¯à ¢¨«ì® ¬¥ï¥âáï ¢ G ¢¤®«ì á¥¬¥©áâ¢ 
U = {Uk, k ∈ I} ¨ ¯¨á âì, çâ® f ∈ R(U,Γ), ¥á«¨ ¤«ï ¥ª®â®à®£® ¢¥ªâ®à  e ∈ G
¨ ¤«ï ¢á¥å x ∈ G ¯à¨ xk → x (k →∞, k ∈ I)

(4)
f(Ukxk)
f(Uke)

→ ϕ(x) > 0, ϕ(x) < ∞.

�§ (4) á«¥¤ã¥â (á¬. [54, â¥®à¥¬  2]), çâ®

(5)
f(Ukx)
f(Uke)

x∈K
⇒ ϕ(x) ∈ (0,∞) (k →∞, k ∈ I)

¤«ï ¯à®¨§¢®«ì®£® ª®¬¯ ªâ  K ⊂ G, ¯à¨çñ¬ ϕ(x) ¥¯à¥àë¢  ¢ G. �®£« á®
(5) ¬ë ¡ã¤¥¬ § ¯¨áë¢ âì ϕ = He(U,Γ).

� ¬¥ç ¨¥ 1. �®¦¥áâ¢® R(U,Γ) ¥ § ¢¨á¨â ®â ¢¥ªâ®à  e ∈ G. �à¨ íâ®¬,
¥á«¨ (4) ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® ¢¥ªâ®à  e ∈ G, â® ®® ¡ã¤¥â ¢ë¯®«¥® ¤«ï
¯à®¨§¢®«ì®£® ¢¥ªâ®à  e1 ∈ G, ¯à¨ íâ®¬ äãªæ¨ï ϕ ã¬®¦¨âáï  

lim
k→∞,k∈I

f(Uke)
f(Uke1)

.
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�¯à¥¤¥«¥¨¥ 3. �ãªæ¨î f(x), ®¯à¥¤¥«ñãî ¢ G, ¬ë ¡ã¤¥¬  §ë¢ âì
¢¯®«¥ ¤®¯ãáâ¨¬®© ¤«ï á¥¬¥©áâ¢  ®¯¥à â®à®¢ U = {Uk, k ∈ I}, ¥á«¨ f ∈
R(U, Γ), f «®ª «ì® áã¬¬¨àã¥¬  ¢ G ¨ áãé¥áâ¢ã¥â k0 â ª®¥, çâ®

(6)
f(Ukx)
f(Uke)

6 η(x), k > k0, k ∈ I, x ∈ G,

£¤¥ e − ¥ª®â®àë© ä¨ªá¨à®¢ ë© ¢¥ªâ®à ¨§ G, ¯à¨çñ¬ η ¨¬¥¥â ¬¥¤«¥ë©
à®áâ ¢ G: ∫

G

η(x)
1 + |x|q < ∞

¤«ï ¥ª®â®à®£® q.
� ¬¥ç ¨¥ 2. �¯à¥¤¥«¥¨¥ 3 íª¢¨¢ «¥â® ®¯à¥¤¥«¥¨î 0-¢¯®«¥ ¤®¯ãá-

â¨¬®© äãªæ¨¨ ¤«ï á¥¬¥©áâ¢  U = {Uk, k ∈ I} ¨§ [7, £« ¢  II, à §¤¥« 5.2].
�¯à¥¤¥«¥¨¥ 4. �ãªæ¨ï f(x), ®¯à¥¤¥«ñ ï ¢ G,  §ë¢ ¥âáï ¤®¯ãá-

â¨¬®© ¤«ï ª®ãá  Γ, ¥á«¨ ¤«ï ¯à®¨§¢®«ì®£® á¥¬¥©áâ¢  «¨¥©ëå ®¯¥à â®à®¢
U = {Uk, k ∈ I}, ®áâ ¢«ïîé¨å ª®ãá Γ ¨¢ à¨ âë¬, áãé¥áâ¢ã¥â ¯®¤á¥¬¥©-
áâ¢® V = {Uk, k ∈ J ⊆ I} (J − ¥®£à ¨ç¥®), ®â®á¨â¥«ì® ª®â®à®£® f(x)
¡ã¤¥â ¢¯®«¥ ¤®¯ãáâ¨¬®©).

�®¦¥áâ¢® ¢á¥å ¤®¯ãáâ¨¬ëå äãªæ¨© ¤«ï ª®ãá  Γ ®¡®§ ç¨¬ ç¥à¥§ D(Γ).
�¯à¥¤¥«¥¨¥ 5. �ãªæ¨ï f(x), ®¯à¥¤¥«ñ ï ¢ G,  §ë¢ ¥âáï ¤®¯ãá-

â¨¬®© m-£® â¨¯  (m = 1, 2, 3) ¤«ï ª®ãá  Γ, ¥á«¨ ¤«ï ¯à®¨§¢®«ì®£® á¥¬¥©-
áâ¢  «¨¥©ëå ®¯¥à â®à®¢ m-£® â¨¯  U = {Uk, k ∈ I}, ®áâ ¢«ïîé¨å ª®ãá Γ
¨¢ à¨ âë¬, áãé¥áâ¢ã¥â ¯®¤á¥¬¥©áâ¢® V = {Uk, k ∈ J ⊆ I} (J − ¥®£à -
¨ç¥®), ®â®á¨â¥«ì® ª®â®à®£® f(x) ¡ã¤¥â ¢¯®«¥ ¤®¯ãáâ¨¬®©).

�®¦¥áâ¢® ¢á¥å ¤®¯ãáâ¨¬ëå äãªæ¨© m-£® â¨¯  ¤«ï ª®ãá  Γ ®¡®§ ç¨¬
ç¥à¥§ Dm(Γ), m = 1, 2, 3.

�¡®§ ç¥¨¥ 1. �¥à¥§ Rm(Γ), m = 1, 2, 3 ¬ë ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å
äãªæ¨© f(x), ®¯à¥¤¥«ñëå ¢ G, â ª¨å, çâ® ¤«ï ¯à¨§¢®«ì®£® á¥¬¥©áâ¢  «¨-
¥©ëå ®¯¥à â®à®¢ m-£® â¨¯  U = {Uk, k ∈ I}, ®áâ ¢«ïîé¨å ª®ãá Γ ¨¢ à¨ â-
ë¬, áãé¥áâ¢ã¥â ¯®¤á¥¬¥©áâ¢® V = {Uk, k ∈ J ⊆ I} (J − ¥®£à ¨ç¥®) â ª®¥,
çâ® f ∈ R(V,Γ) (á¬. ®¯à¥¤¥«¥¨¥ 2).

�¡®§ ç¥¨¥ 2. �¥à¥§ R(Γ) ¬ë ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å äãªæ¨© f(x),
®¯à¥¤¥«ñëå ¢ G, â ª¨å, çâ® ¤«ï ¯à¨§¢®«ì®£® á¥¬¥©áâ¢  «¨¥©ëå ®¯¥à â®-
à®¢ U = {Uk, k ∈ I}, ®áâ ¢«ïîé¨å ª®ãá Γ ¨¢ à¨ âë¬, áãé¥áâ¢ã¥â ¯®¤-
á¥¬¥©áâ¢® V = {Uk, k ∈ J ⊆ I} (J − ¥®£à ¨ç¥®) â ª®¥, çâ® f ∈ R(V,Γ) (á¬.
®¯à¥¤¥«¥¨¥ 2).

�á®, çâ®
D(Γ) ⊆ D3(Γ) ⊆ D2(Γ) ⊆ D1(Γ)

¨
R(Γ) ⊆ R3(Γ) ⊆ R2(Γ) ⊆ R1(Γ).

�à¨¢¥¤ñ¬ ¯à¨¬¥àë äãªæ¨© ¨§ R(Γ) ¨ D(Γ).
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�ãáâì Rn
+ = {x = (x1, . . . , xn) ∈ Rn, xi > 0 ∀i = 1, . . . , n} − ¯®«®¦¨â¥«-

ìë© ª®®à¤¨ âë© ã£®« (®ªâ â), V +
n = {x = (x0, x1, . . . , xn) ∈ Rn+1, x0 >√

x2
1 + · · ·+ x2

n} − á¢¥â®¢®© ª®ãá ¡ã¤ãé¥£® ¢ Rn+1.

�à¨¬¥à 1 [7, £« ¢  II, à §¤¥« 5.3, â¥®à¥¬  1]. �ãáâì f(x) − ¯®«®¦¨â¥«ì ï,
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ intRn

+, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

a 6 xj∂f(x)∂xj

f(x)
6 b, xj > 0, j = 1, . . . , n

¯à¨ ¥ª®â®àëå a, b ∈ (−∞,∞). �®£¤  f ∈ R(Rn
+). � ç áâ®áâ¨, ¥á«¨ a > −1, â®

f ∈ D(Rn
+).

�à¨¬¥à 2 [7, £« ¢  II, à §¤¥« 5.3, â¥®à¥¬  2]. �ãáâì f(x) − ¯®«®¦¨â¥«ì ï,
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ intV +

n ¨

a 6 (l, x)(l,∇f(x))
f(x)

6 b, x ∈ V +
n , l ∈ ∂V +

n , |l| = 1

¯à¨ ¥ª®â®àëå a, b ∈ (−∞,∞), £¤¥ ∇ = (∂/∂x1, . . . , ∂/∂xn). �®£¤  f ∈ R(V n
+ ).

� ç áâ®áâ¨, ¥á«¨ a > −1, â® f ∈ D(V +
n ).

�ãáâì Γ − § ¬ªãâë© ¢ë¯ãª«ë© ®áâàë© â¥«¥áë© ª®ãá ¢ Rn á ¢¥àè¨®©
¢ ã«¥. � áá¬®âà¨¬ äãªæ¨î χ, ¯à¥¤áâ ¢¨¬ãî ¢ ¢¨¤¥

(7) χ(t) = η(t)ϕ(t), t ∈ (0,∞),

£¤¥ äãªæ¨¨ η ¨ ϕ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬:

(8) �ãé¥áâ¢ãîâ ç¨á«  c1, c2 > 0 â ª¨¥, çâ® c1 6 η(t) 6 c2, t ∈ (0,∞).

(9) ω(λ, t) = η(λt)/η(t)
t∈(0,∞)

⇒ 1, λ > 1.

�ãªæ¨ï ϕ ¯®«®¦¨â¥«ì , ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¨(10)
ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬ a 6 tϕ′(t)/ϕ(t) 6 b (0 < t < ∞)
¯à¨ ¥ª®â®àëå a, b ∈ (−∞,∞).

�à¨¬¥à 3 [7, £« ¢  II, à §¤¥« 5.4]. �ãáâì äãªæ¨ï χ ã¤®¢«¥â¢®àï¥â ãá«®¢¨-
ï¬ (7){(10) ¨ ä¨ªá¨à®¢ ë ¢¥ªâ®àë li ∈ Γ∗, ç¨á«  Ai > 0 ¨ α ∈ R1. �®£¤ 
f(x) = χ(ω(x)) ∈ R(Γ), £¤¥

ω(x) =
∑p

i=1 Ai(li, x)αi

∑p+q
i=p+1 Ai(li, x)αi

, x ∈ Γ.

� ç áâ®áâ¨, ¥á«¨ −αia < 1 ¯à¨ i = 1, . . . , p ¨ αib < 1 ¯à¨ i = p + 1, . . . , p + q,
â® f(x) ∈ D(Γ).

� á«ãç ¥ Γ = Rn
+ á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ¬®¤¨ä¨ª æ¨ï ¯à¨¬¥à  3 (á¬.

[56, â¥®à¥¬  2]).
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�à¨¬¥à 4. �ãáâì § ¤ ë ¥ª®â®àë¥ ç¨á«  p, q ∈ N , ¯®áâ®ïë¥ cj > 0,
βj ∈ R1, ¢¥ªâ®àë lj ∈ Rn

+, αj ∈ Rn, j = 1, . . . , p + q ¨ ¢®§à áâ îé ï ¯®«®¦¨-
â¥«ì ï ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ϕ(t), t ∈ R1

+, ¯à¨çñ¬
t∂ϕ(t)/∂t

ϕ(t)
6 b < ∞ ∀t ∈ R1

+

¨
αijβj < 0 (i = 1, . . . , n, j = 1, . . . , p),

αijβj > 0 (i = 1, . . . , n, j = p + 1, . . . , p + q).

�®£¤  äãªæ¨ï

f(x) = ϕ

( ∑p
j=1 cj (lj , xαj )βj

∑p+q
j=p+1 cj (lj , xαj )βj

)
, x ∈ Rn

+

¯à¨ ¤«¥¦¨â R(Rn
+). �á«¨

γ =
(

min
i=1,...,n

min
j=1,...,p

αijβj − max
i=1,...,n

max
j=p+1,...,p+q

αijβj

)
b > −1,

â® f(x) ∈ D(Rn
+). �¤¥áì xαj =

(
x

α1j

1 , . . . , x
αnj
n

)
.

�ä®à¬ã«¨àã¥¬ ¥ª®â®àë¥ ¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ¨§ [52] (¯®¤à®¡ë¥ ¤®ª -
§ â¥«ìáâ¢  ¨¬¥îâáï ¢ [53]). �ãáâì, ª ª ¨ à ¥¥, Γ − § ¬ªãâë© ¢ë¯ãª«ë©
â¥«¥áë© ª®ãá ¢ Rn á ¢¥àè¨®© ¢ ã«¥. � ª®ãá¥ Γ ¢¢¥¤ñ¬ ®â®è¥¨¥ ¯®àï¤ª 
[6]: ¡ã¤¥¬ ¯¨á âì, çâ®

x
Γ
6 y (x

Γ
< y),

¥á«¨ x, y, y − x ∈ Γ (á®®â¢¥âáâ¢¥® x ∈ Γ, y, y − x ∈ G = int Γ). �¥©áâ¢¨â¥«ì-
ãî äãªæ¨î f(x), ®¯à¥¤¥«ñãî ¢ G,  §®¢ñ¬ ¥ã¡ë¢ îé¥© (á®®â¢¥âáâ¢¥®
¥¢®§à áâ îé¥©) ¢ G, ¥á«¨ ¯à¨ x, y ∈ G, x

Γ
< y f(x) 6 f(y) (á®®â¢¥âáâ¢¥®

f(x) > f(y)). � [53] ¤®ª §   á«¥¤ãîé ï «¥¬¬ .

�¥¬¬  1. �ãáâì f ¥ã¡ë¢ ¥â ¢ G (¥¢®§à áâ ¥â ¢ G).
(1) �®£¤  ¤«ï ª ¦¤®£® x ∈ G áãé¥áâ¢ãîâ ¤¢  á«¥¤ãîé¨å ¯à¥¤¥« :

lim
y↑x

f(y) ≡ lim
y→x,y

Γ
<x

f(y) = f(x−),

lim
y↓x

f(y) ≡ lim
y→x,y

Γ
>x

f(y) = f(x+),

£¤¥

f(x−) = sup(f(y), y
Γ
< x), f(x+) = inf(f(y), y

Γ
> x)

f(x−) = inf(f(y), y
Γ
< x), f(x+) = sup(f(y), y

Γ
> x), (á®®â¢¥âáâ¢¥®)

¯à¨çñ¬ f(x−) 6 f(x) 6 f(x+) (á®®â¢¥âáâ¢¥® f(x−) > f(x) > f(x+)).
(2) �«ï â®£®, çâ®¡ë f ¡ë«  ¥¯à¥àë¢®© ¢ x ∈ G ¥®¡å®¤¨¬® ¨ ¤®á-

â â®ç®, çâ®¡ë f(x−) = f(x+).
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�¡®§ ç¥¨¥ 3. �¥à¥§ M1(Γ) (á®®â¢¥âáâ¢¥® ç¥à¥§ M2(Γ)) ®¡®§ ç¨¬
¬®¦¥áâ¢® ¢á¥å ¥ã¡ë¢ îé¨å (á®®â¢¥âáâ¢¥® ¥¢®§à áâ îé¨å äãªæ¨© ¢ G,
¥¯à¥àë¢ëå \á¢¥àåã", â®-¥áâì â ª¨å, çâ® ¤«ï ¢á¥å x ∈ G f(x) = f(x+), M(Γ) =
M1(Γ) ∪M2(Γ).

�à¥®¡à §®¢ ¨ï � ¯« á  ¬¥àë µ ¨ äãªæ¨¨ f   Γ ¡ã¤¥¬ ®¡®§ ç âì
á®®â¢¥âáâ¢¥® ç¥à¥§ f̂(y) ¨ µ̃(y):

µ̃(y) =
∫

Γ

e−(y,x) µ(dx), f̂(y) =
∫

Γ

e−(y,x)f(x) dx

¢ ¯à¥¤¯®«®¦¥¨¨, çâ® ®¨ áãé¥áâ¢ãîâ ¯à¨ y
T
> a ¤«ï ¥ª®â®à®£® a ∈ T = Γ∗.

�ãáâì Γ − ¯à®¨§¢®«ìë© § ¬ªãâë© ¢ë¯ãª«ë© ®áâàë© â¥«¥áë© ª®ãá,
¤®¯ãáª îé¨© á¥¬¥©áâ¢® «¨¥©ëå ¯à¥®¡à §®¢ ¨© U = {Uk, k ∈ I}, ª®â®àë¥
®áâ ¢«ïîâ Γ ¨¢ à¨ âë¬ (á¬. (2)). �¯à ¢¥¤«¨¢  á«¥¤ãîé ï â ã¡¥à®¢  â¥®-
à¥¬  (á¬. [55, â¥®à¥¬  1]).

�¥®à¥¬  1. �ãáâì f(x) = u(x)v(x) (x ∈ G = int Γ), £¤¥ u(x) ∈ R(U,Γ)
(á¬. ®¯à¥¤¥«¥¨¥ 2), v(x) ∈ M(Γ) (á¬. ®¡®§ ç¥¨¥ 3 ¯®á«¥ «¥¬¬ë 1), v(x) > 0
(x ∈ G), ç¨á«  ρk > 0 (k ∈ I) ¨ ¤«ï ¢á¥å y ∈ C = int Γ∗ áãé¥áâ¢ã¥â f̂(y).
�à¥¤¯®«®¦¨¬, çâ® ¤«ï ¢á¥å y ∈ C

f̂(Vky)
Jkρk

→ ψ(y) < ∞ (k →∞, k ∈ I)

(Vk = (U∗
k )−1, Jk = det Uk).

�®£¤  áãé¥áâ¢ã¥â â ª ï ®¯à¥¤¥«ñ ï ¢ G äãªæ¨ï ϕ(x) < ∞ (x ∈ G), çâ®

(11)
f(Ukx)

ρk
→ ϕ(x) (k →∞, k ∈ I)

¯®çâ¨ ¢áî¤ã ¢ G ¨ ¬¥à  µ   Γ, çâ® ϕ ï¢«ï¥âáï ¥ñ ¯«®â®áâìî ¢ G ¨

ψ(y) = µ̃(y) < ∞ ∀y ∈ C.

� ç áâ®áâ¨, ¥á«¨ µ(∂Γ) = 0, â®

ψ(y) = ϕ̂(y) < ∞ ∀y ∈ C.

�á«¨ äãªæ¨ï ϕ(x) ¥¯à¥àë¢  ¢ G, â® á®®â®è¥¨¥ (11) ¢ë¯®«¥® à ¢®-
¬¥à® ¯® x ∈ K ¤«ï ¯à¨§¢®«ì®£® ª®¬¯ ªâ  K ⊂ G.

� ¬¥ç ¨¥ 3. �¥®à¥¬  1 ï¢«ï¥âáï   «®£®¬ â¥®à¥¬ë 1 ¨§ [7, £« ¢  II,
à §¤¥« 4.3]. �á®¢®¥ ¥ñ ®â«¨ç¨¥ ®â æ¨â¨àã¥¬®© â¥®à¥¬ë á®áâ®¨â ¢ ®á« ¡«¥¨¨
â ã¡¥à®¢  ãá«®¢¨ï ¨ ¢ ®âª §¥ ®â ¯à¥¤¯®«®¦¥¨ï ® à¥£ã«ïà®áâ¨ ª®ãá  Γ.

�ãáâì, ª ª ¨ à ¥¥, Γ − ¯à®¨§¢®«ìë© § ¬ªãâë© ¢ë¯ãª«ë© ®áâàë© â¥«¥á-
ë© ª®ãá, ¤®¯ãáª îé¨© á¥¬¥©áâ¢® «¨¥©ëå ¯à¥®¡à §®¢ ¨© U = {Uk, k ∈
I}, ª®â®àë¥ ®áâ ¢«ïîâ Γ ¨¢ à¨ âë¬. �¯à ¢¥¤«¨¢  á«¥¤ãîé ï â ã¡¥à®¢ 
â¥®à¥¬  áà ¢¥¨ï (á¬. [55, â¥®à¥¬  2]).
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�¥®à¥¬  2. �ãáâì f(x) = u(x)v(x) (x ∈ G = int Γ), £¤¥ u(x) ∈ R(U, Γ) (á¬.
®¯à¥¤¥«¥¨¥ 2), v(x) ∈ M(Γ) (á¬. ®¡®§ ç¥¨¥ 3 ¯®á«¥ «¥¬¬ë 1), v(x) > 0 (x ∈
G) ¨ ¤«ï ¢á¥å y ∈ C = int Γ∗ áãé¥áâ¢ã¥â f̂(y). �à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï
g(x) ¢¯®«¥ ¤®¯ãáâ¨¬  ¤«ï á¥¬¥©áâ¢  U = {Uk, k ∈ I} (á¬. ®¯à¥¤¥«¥¨¥ 3).
�á«¨ ¤«ï ¯à®¨§¢®«ì®£® y ∈ C

f̂(Vky)
ĝ(Vky)

→ 1 (k →∞, k ∈ I)

(Vk = (U∗
k )−1), â® áãé¥áâ¢ã¥â ¯à¥¤¥«

f(Ukx)
g(Ukx)

x∈K

⇒ 1 (k →∞, k ∈ I)

¤«ï ¯à®¨§¢®«ì®£® ª®¬¯ ªâ  K ⊂ G.

�ãáâì ∆Γ(x) ¥áâì à ááâ®ï¨¥ ®â â®çª¨ x ∈ Γ ¤® £à ¨æë ª®ãá  Γ (∆T (x)
¥áâì à ááâ®ï¨¥ ®â â®çª¨ x ∈ T ¤® £à ¨æë ª®ãá  T = Γ∗).

�¯à¥¤¥«¥¨¥ 6. �ë¯ãª«ë© ª®ãá Γ  §ë¢ ¥âáï ®¤®à®¤ë¬, ¥á«¨ ¤«ï
¯à®¨§¢®«ìëå â®ç¥ª x1 ¨ x2 ¨§ G = int Γ áãé¥áâ¢ã¥â ¥¢ëà®¦¤¥®¥ «¨¥©®¥
¯à¥®¡à §®¢ ¨¥ U (¢®®¡é¥ £®¢®àï, § ¢¨áïé¥¥ ®â x1 ¨ x2), ®áâ ¢«ïîé¥¥ ª®ãá
Γ ¨¢ à¨ âë¬, â ª®¥, çâ® Ux1 = x2.

�ãáâì Γ − ¯à®¨§¢®«ìë© § ¬ªãâë© ¢ë¯ãª«ë© ®áâàë© â¥«¥áë© ®¤®-
à®¤ë© ª®ãá ¢ Rn á ¢¥àè¨®© ¢ ã«¥. �¯à ¢¥¤«¨¢  á«¥¤ãîé ï â ã¡¥à®¢ 
â¥®à¥¬  (á¬. [55, â¥®à¥¬  3]).

�¥®à¥¬  3. �ãáâì f(x) = u(x)v(x) (x ∈ G = int Γ), ¯à¨çñ¬ v(x) ∈ M(Γ)
(á¬. ®¡®§ ç¥¨¥ 3 ¯®á«¥ «¥¬¬ë 1), v(x) > 0 (x ∈ G) ¨ ¤«ï ¢á¥å y ∈ C = int Γ∗

áãé¥áâ¢ã¥â f̂(y). �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:
(1) �á«¨ g(x) ∈ D1(Γ) (á¬. ®¯à¥¤¥«¥¨¥ 5), u(x) ∈ R1(Γ) (á¬. ®¡®§ ç¥¨¥ 1)

¨ áãé¥áâ¢ã¥â ¯à¥¤¥«

f̂(y)
ĝ(y)

→ 1 (y → 0, y ∈ C),

â®
f(x)
g(x)

→ 1 (x ∈ G, ∆Γ(x) →∞).

(2) �á«¨ g(x) ∈ D2(Γ) (á¬. ®¯à¥¤¥«¥¨¥ 5), u(x) ∈ R2(Γ) (á¬. ®¡®§ ç¥¨¥ 1)
¨ ¤«ï ¯à®¨§¢®«ì®£® b > 0 áãé¥áâ¢ã¥â ¯à¥¤¥«

f̂(y)
ĝ(y)

→ 1 (∆T (y) → 0, y ∈ C, |y| < b),

â® ¤«ï ¯à®¨§¢®«ì®£® δ > 0

f(x)
g(x)

→ 1 (x ∈ G, ∆Γ(x) > δ).
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(3) �á«¨ g(x) ∈ D3(Γ) (á¬. ®¯à¥¤¥«¥¨¥ 5), u(x) ∈ R3(Γ) (á¬. ®¡®§ ç¥¨¥ 1)
¨ áãé¥áâ¢ã¥â ¯à¥¤¥«

f̂(y)
ĝ(y)

→ 1 (∆T (y) → 0, y ∈ C),

â®
f(x)
g(x)

→ 1 (x ∈ G, |x| → ∞).

3. �á¨¬¯â®â¨ª  ¡¥§£à ¨ç® ¤¥«¨¬ëå à á¯à¥¤¥«¥¨© ¢ ª®ãá¥
�ãáâì Γ − ¯à®¨§¢®«ìë© § ¬ªãâë© ¢ë¯ãª«ë© ®áâàë© â¥«¥áë© ®¤®-

à®¤ë© ª®ãá ¢ Rn á ¢¥àè¨®© ¢ ã«¥. �à¨ x ∈ Γ ¯®«®¦¨¬

Γ(x) = {y : y ∈ Γ, x− y ∈ Γ} = {y : y
Γ
6 x},

Γ̃(x) = Γr Γ(x).

�à¥¤¯®«®¦¨¬, çâ® á«ãç ©ë© ¢¥ªâ®à ξ ∈ Rn ¨¬¥¥â ¡¥§£à ¨ç® ¤¥«¨¬®¥ à á-
¯à¥¤¥«¥¨¥, á®áà¥¤®â®ç¥®¥ ¢ Γ, ¯à¨çñ¬ ¯à¥®¡à §®¢ ¨¥ � ¯« á  ¥£® ¨¬¥¥â
¢¨¤:

Me−(λ,ξ) = exp
(
−

∫

Γ

(
1− e−(λ,x)

)
ν(dx)

)
(λ ∈ Γ∗),

£¤¥ ν − σ − ª®¥ç ï ¬¥à    Γ (¢®§¬®¦®, ¥®£à ¨ç¥ ï ¢ ®ªà¥áâ®áâ¨
ã«ï), ¤«ï ª®â®à®© ¢ë¯®«¥ë á®®â®è¥¨ï

∫

|x|61

|x| ν(dx) < ∞,

∫

|x|>1

ν(dx) < ∞

(á¬. [58, «¥¬¬  3]). �¥à  ν  §ë¢ ¥âáï á¯¥ªâà «ì®© ¬¥à®© �¥¢¨ à á¯à¥¤¥«¥¨ï
á«ãç ©®£® ¢¥ªâ®à  ξ. �®«®¦¨¬ ¯à¨ x ∈ G

f(x) = P{ξ ∈ Γ̃(x)}, g(x) = ν(Γ̃(x)).

�¯à ¢¥¤«¨¢  á«¥¤ãîé ï ¯à¥¤¥«ì ï â¥®à¥¬  (á¬ [55, â¥®à¥¬  4]).

�¥®à¥¬  4. �ãáâì äãªæ¨ï g(x) ï¢«ï¥âáï ¤®¯ãáâ¨¬®© äãªæ¨¥© ¯¥à¢®£®
â¨¯  ¤«ï ª®ãá  Γ (g(x) ∈ D1(Γ)) (á¬. ®¯à¥¤¥«¥¨¥ 5). �®£¤ 
(12) f(x) = (1 + o(1))g(x) (x ∈ G, ∆Γ(x) →∞),

â®-¥áâì, ¯à¨ x ∈ G = int Γ, ∆Γ(x) →∞
P{ξ ∈ Γ̃(x)} = (1 + o(1))ν(Γ̃(x)),

£¤¥ ∆Γ(x) ¥áâì à ááâ®ï¨¥ ®â â®çª¨ x ¤® £à ¨æë ª®ãá  Γ.

� ¬¥ç ¨¥ 4. �¥®à¥¬  4 ®¡®¡é ¥â á®®â¢¥âáâ¢ãîé¨¥ ãâ¢¥à¦¤¥¨ï ¨§ à -
¡®â [37, 58]. �â¬¥â¨¬, çâ® ¢ æ¨â¨àã¥¬ëå à ¡®â å ∆Γ(x) ¨¬¥«  ¯®àï¤®ª |x| ¯à¨
|x| → ∞; §¤¥áì ¦¥ ¤®¯ãáª ¥âáï áª®«ì ã£®¤® ¬¥¤«¥®¥ áâà¥¬«¥¨¥ ∆Γ(x) ª
¡¥áª®¥ç®áâ¨.
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�¥®à¥¬  4 ¤®ª §   ¢ [55], ª ª á«¥¤áâ¢¨¥ ¯ãªâ  1 â ã¡¥à®¢®© â¥®à¥¬ë 3.
� ¬ ç¨¢® ¡ë«® ¡ë, ¢®á¯®«ì§®¢ ¢è¨áì ¯ãªâ®¬ 2 (á®®â¢¥âáâ¢¥® 3) ¤®ª § âì,
çâ® (12) ¨¬¥¥â ¬¥áâ® ¯à¨ |x| → ∞ ¨ ∆Γ(x) > δ > 0 (á®®â¢¥âáâ¢¥® ¯à¨ |x| →
∞ ¨ x ∈ G). �¤ ª® á«¥¤ãîé¨¥ ¯à®áâë¥ á®®¡à ¦¥¨ï ¯®ª §ë¢ îâ, çâ® (12),
¢®®¡é¥ £®¢®àï, ¥ ¢ë¯®«¥® ã¦¥ ¯à¨ |x| → ∞ ¨ ∆Γ(x) > δ > 0. � á ¬®¬ ¤¥«¥,
¯ãáâì Γ = Rn

+ = {x = (x1, . . . , xn), xi > 0 ∀i = 1, . . . , n} ¨ ¯ãáâì |x| → ∞ â ª,
çâ® x1 = δ > 0, min(x2, . . . , xn) →∞. �®£¤ 

g(x) → ν(A),

£¤¥ A = {y : y = (y1, . . . , yn) ∈ Rn
+, y1 > δ} ¨, ¥á«¨ ν(A) > 1, â® ¥ ¬®¦¥â ¨¬¥âì

¬¥áâ  (12), â ª ª ª f(x) = P{ξ ∈ Γ̃(x)} 6 1.
� ª ç¥áâ¢¥ ¯à¨¬¥à®¢ g(x) ¬ë ¬®¦¥¬ ¯à¨¢¥áâ¨ ¯à¨¬¥àë 1{4 ¢ ¤®¯®«¨â¥«ì-

®¬ ¯à¥¤¯®«®¦¥¨¨, çâ® g(x) ¥ ¢®§à áâ ¥â ¢ Γ (á¬. à §¤¥« 2). �à¨¢¥¤ñ¬ ¥éñ
®¤¨ ¯à¨¬¥à, à §®¡à ë© ¢ [56].

�¥à¥§ F ®¡®§ ç¨¬ ª« áá äãªæ¨© à á¯à¥¤¥«¥¨ï   R1
+ â ª¨å, çâ® ¤«ï

¯à®¨§¢®«ì®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï F (x) ∈ F ¢¥à® ¯à¥¤áâ ¢«¥¨¥

(13) 1− F (x) ≡ F (x) = exp
(
−

∫ x

0

ε(u)
u

du

)
, ∀x > 0

¤«ï ¥ª®â®à®© ¨§¬¥à¨¬®© äãªæ¨¨ ε(x)   R1
+, ®¡« ¤ îé¥© á¢®©áâ¢ ¬¨:

(14) 0 6 inf
06x<∞

ε(x) 6 sup
06x<∞

ε(x) < 1.

(15) �«ï ¯à®¨§¢®«ì®£® x ∈ (0,∞)
∫ x

0

ε(u)
u

du < ∞.

(16)
∫ ∞

0

ε(u)
u

du = ∞.

� ¬¥â¨¬, çâ® ¯à®¨§¢®«ì ï ¨§¬¥à¨¬ ï äãªæ¨ï ε(x), ®¡« ¤ îé ï á¢®©áâ¢ ¬¨
(14){(16), ®¯à¥¤¥«ï¥â ¥ª®â®àãî äãªæ¨î à á¯à¥¤¥«¥¨ï F (x), ã¤®¢«¥â¢®à-
ïîéãî (13). � á ¬®¬ ¤¥«¥, ¨§ (14) á«¥¤ã¥â, çâ® ε(x) ¥®âà¨æ â¥«ì  ¯à¨ x > 0,
áâ «® ¡ëâì, F (x) ¥ ¢®§à áâ ¥â,   F (x) ¥ ã¡ë¢ ¥â ¯à¨ x > 0. �à®¬¥ â®£®, ¨§ (13)
á«¥¤ã¥â, çâ® F (0) = 0,   ¨§ (16) á«¥¤ã¥â, çâ® F (∞) = 1. � ª¨¬ ®¡à §®¬, ãá«®¢¨ï
(14){(16) ¤¥©áâ¢¨â¥«ì® ®¯à¥¤¥«ïîâ ¥ª®â®àãî äãªæ¨î à á¯à¥¤¥«¥¨ï F (x).
� [56] ¤®ª §   á«¥¤ãîé ï â¥®à¥¬ .

�¥®à¥¬  5. �ãáâì á¯¥ªâà «ì ï ¬¥à  �¥¢¨ ν ¡¥§£à ¨ç® ¤¥«¨¬®£® � á-
¯à¥¤¥«¥¨ï  ¡á®«îâ® ¥¯à¥àë¢    Rn

+ ¨ ¨¬¥¥â ¢¨¤:

ν(A) =
∫

A

h(x) dx,

£¤¥ A − ¯à®¨§¢®«ì®¥ ¡®à¥«¥¢áª®¥ ¬®¦¥áâ¢® ¨§ Rn
+,

h(x) =
m∑

i=1

cihi(x), x ∈ Rn
+,
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£¤¥ ci > 0 (i = 1, . . . , m) − ¥ª®â®àë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥,

hi(x) = hi1(x1) · · ·hin(xn)

¤«ï ¯à®¨§¢®«ìëå x = (x1, . . . , xn) ∈ Rn
+ ¨ i = 1, . . . m, £¤¥ hij(t) − ¯«®â®áâ¨

äãªæ¨© à á¯à¥¤¥«¥¨ï Fij(t) ∈ F ¤«ï ¢á¥å i = 1, . . . ,m ¨ j = 1, . . . , n. �®£¤ 
äãªæ¨ï g(x) = ν(R̃n

+(x)), x ∈ Rn
+, ¤®¯ãáâ¨¬  ¤«ï ª®ãá  Rn

+.
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